N.N.I'mxman, A.B. Ckopoxon
BBEJIEHUE B TEOPUIO CJYYAWHBIX IMPOIIECCOB

Knura mnpennasHaueHa [Uisi INEpBOHAYAIBHOTO M3Y4YEHMS TEOPHM CIy4alHBIX
MPOIIECCOB HA CTPOroil MaTeMaThdeckod ocHoBe. [lpeamonaraercs, 4To YHTATENb
3HAKOM C OOIIMM KypCOM TeopuH BeposiTHocTel. HeoOxoaumbie CBEACHUS U3 TEOPUU
Mephl TIPUBEICHBI 0€3 J0Ka3aTelbCTB. B KHHUre paccMOTpEHBI OOIIUE TOJIOKEHUS
TCOpHH, BKIIIOYAA aKCUOMATUKY TCOPHUUN BepOﬂTHOCTeﬁ 1 OCHOBHBIC KJIACCHI cnyqaﬁm,lx
npoueccos. IlepBas rnaBa mocpsiieHa 0ojiee 3JIEMEHTAPHOMY H3JI0KEHHUIO TEOPHUH.
Kuura paccuruTaHa Ha CTYACHTOB W AaCIIUPAHTOB YHHUBCPCUTCTOB, a TaKXEC Ha
Cl'IeIlI/IaJ'II/ICTOB-HeMaTeMa'I/I-KOB, Ke1armux O3HAKOMUTHCA C OCHOBHBIMU
MAaTCMAaTUYCCKUMHU METOJaMH TCOPHUUN CHy‘IﬂﬁHBIX mponeccoB.

Bropoe n3nanune KHUTH CyHIECTBEHHO IiepepaboTaHo.
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U3 NPEAUCJOBUS K NEPBOMY U3JXAHHUIO

Kuura paccudrasa Ha JHI, YCBOMBIIMX OGINHE Kypc TEOPUH Be-
POSITHOCTEH M NpPHCTYNHBIIMX K U3YYEHHIO TEOPUH CAydyafHBIX IpO-
1eccoB. ABTOPBI HAfAE€IOTCS, YTO OHa OYAET MOJe3HOH 4Jis CTYAEH-
TOB H acCNHPaHTOB YHHUBEPCHTETOB, a TaKiKe IS ClelHaJ UCTOB-He-
MaTeMaTHKOB, JKeAAIOUNX O3HAKOMHUTBLCSH € OCHOBHBIMH METOAAMH- U
pesy/abTaTaMH TEOPHH B CTpPOroM, HO He caMOM OOueM U wucuep-
MbIBAIOIEM H3JOKEHHH,

ABTOpBI He CTaBUJM CBOEH LEJbI0 OCBETHTbL BCE PAa3NeBt Teo-
puy, H HEKOTOphle BOIPOCHl H METOJLI, XOPOIIO OCBELIEHHLIE B
HMewlleHcsT Ha PYCCKOM s3BIKe JuTepatype, He 3aTparuBajich
B HacTosilllell KuHre (IOJYrpymnnoBas Teopus mNpoiueccoB Mapkosa,
3proluyeckue cBoicTBa mpoueccoB MapkoBa, o6obuieHHble cayyail-
HBle IIPOLECCH).

Teopua ciayyaliHBIX NPOLECCOB BBIAENHJIACH H3 TEOPHH BEPOSIT-
HOCTEH CpaBHHTe/bHO HefaBHO. OHa elle HACTOJBLKO TECHO CBsA3aHa
C ADYTHMH pasjieslaMH TCOPHH BEPOATHOCTEH, YTO rpaHuly, oTie-
JISIOMYIO TEODHIO CJAy4YalHBIX HPOIECCOB OT ITHX Pa3fesoB, YacTo
TPYAHO TOYHO ompefenuth. Tak, HampuMep, ¢ TEOPHEH CyMMUpOBa-
HHsl HE3aBHCHMBIX CJAY4aHHBIX BEJMYMH TEOPHS CayyaliHbIX Tipo-
[leccOB CBf3aHa PasjeJoM, H3YUAIOUIUM IPOLECCH C He3aBHCUMBIMH
MpHUpAalleHHsIMH, 8 C MAaTeMaTHYECKOH CTaTHCTHKOH — yepes craTH-
CTHYECKHE 3a/4aull TeOPHH CAy4alHBIX IPOLECCOB,

OxapakTepuayeM OCHOBHBle (C HauleHl TOYKH 3peHHs) 3afauH
B TEOPHHU CNyYaHHBIX IPOIECCOB.

1. Ilepsoit 3amauell TeopHH CcJAYYalHBIX MPOUECCOB SBJISETCH
NOCTPOEHHe MaTeMaTHYeCKOH MoNesH, AoNmycKawooule# crporoe (¢pop-
MaJbHOE) OIpeAe/eHHe CJAy4alHOTO mpolecca, a TaKxKe HCCIELO0-
BaHHe OOUIHX CBOHCTB ITOH MOJLEJH.

2. [dpyroit samauell ssjserTcsl KJIaCCHGHKAUMA cayyafHBIX mpo-
neccoB. OueBumno, 4TO BCsAKAs KJAACCH(QHKAlHs HOCHT OTYacTH
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NPOH3BOJIbHHIN XapaKTep; NO3TOMY HYKHO HCXOLUTb M3 ONpelelieH-
HBIX [DHHIMIOB, YKa3bIBAIOLUHX XOTH £bl «HANPaBJICHHE», B KOTO-
poM Bemerca kjaaccHdHkanua. Cyluecreymolias KjaaccHPHKauus
B TEODHH CJAYyYaHHBIX IPOLECCOB 3aKAKUaETCA B BHIEJEHNU U3 BeeH
COBOKYIHOCTH ~ CJlyyafiHBIX NPOLECCOB HeKOTOPHIX KJaccoB, NOMYy-
ckalomux OoJee WM MeHee KOHCTPYKTHBHOE onMcanue. Kaxiawii
KJ1acc XapakTepH3yercs TeM CBOHCTBOM, UYTO AOCTATOUHO HOMOJIHK-
TeJbHO 3afaTh JUMIb KOHEYHOE YHCI0 (DYHKUHOHAJBHBIX XapaKre-
PHCTHK, YTOOBI BBIACJAHTD M3 BCErO KJacca OTHAENbHBIH ciyyaiHbIil
npoiecc.

Huorpa paccmaTpuBaloT KJaacchl Npoleccos, AOMYCKAIOMHX €1H-
HoOOpasHoe pemenne onpenesnesHoro Habopa sagay. Ilpu paccmo-
TPEHHH TaKHX KJaCcoB, KaK NMPAaBHJO, He WHTEPECYIOTC Pa3JiHuueM
MeXY CJOyYaiiHbIMH NpOLECCaMH, €CJIHM TOJIbKO Yy HHX COBNANaloT
XapaKTepHCTHKH, HYXKHbBIe [Jis peilleHus STHX 3aj1ad.

MoXHO OTMeTHThL CJeAyIollHe LIHPOKHE KJacChl MPOLECCOB:

1) mpollecchl ¢ HE3aBHCHMBIMH MpPHPANEHUIMH,

2) MapKOBCKHe IIpOUeCCH,

3) rayccoBH IPOIECCHI,

4) cTanuoHapHBEIE B Y3KOM CMbIC]E,

5) cralMOHapHBle B UIHPOKOM CMBIC/IE LpOLECCH (K NOC/iCAHHM
MOKHO OTHECTH H NpPOUECCHl CO CTAUHOHADHBIMH MNPUPAILEHUSIMH).

3. Caenylomas 3azada TeCHO cBa3awa ¢ npeabinyiiefi. Ona 2a-
KJI0YaeTcsd B OTBICKAHHM AJA PA3JIMUHBIX KJACCOB CJAYYalHBIX NpO-
IieCCOB aHaJHTHYECKOro annapara, Qaiollero BO3MOMXKHOCTb BbIYHC-
JISITb BePOSITHOCTHBIE XapaKTePHUCTHKH CJAy4YalHBIX npoueccos. Hasd
IIpocTeHIINX BEPOATHOCTHBIX XapaKTEPHCTHXK TAKOH ammapart cosjal
H HCIOJIb3YeT, KaK NPAaBHJIO, HJH Teopuio AH({epeHInaNbHbIX YPAB-
HeHuil (OGBLIKHOBEHHBIX M C YaCTHHIMH [POH3BOAHBIMH), a TaKxKe
uHTerpo-nuddepennuanpible  ypaBHeHHS (B cJyuae MapKOBCKHUX
[IPOLLeCCOB M NpPOLECCOB ¢ HE3aBHCUMBIMH MpPUPALUEHHSMH), WJAH
TEOPHIO MHTCrPaJbHLIX YpaBHEHHH C CHMMETPHUECKHMH fapaMu
(B cayyae rayccoBblX MpoueccoB), uiH fipeob6pasoBanus Pypee u
TEOPHIO (QYHKUME KOMILIEKCHOTO IepeMeHHOro ([Js Tpoleccos
C He3aBHCHMBIMM NPHPALIEHHSIMH H CTALHOHAPHBIX NIPOLECCOB).

4. Crenyer BbIAEJAHTH 3a1aUy, CHITPABHIVIO BAXHYIO POJb B (GOp-
MHPOBAHHH HEKOTODLIX Da3/AeJOB TEOPHH CJAY4aHHBIX UPOUECCOB d
HMeKILYI0 BaXKHOe NPaKTHUECKOe 3HaYeHHE. \



U3 TIPENAUCJIOBHST K TIEPBOMY H3IAHUIO 7

B ofiem Buae 3agaya 3ak/a049aeTcss B HAWJYYILIEM ONpeleJeHHH
3Ha4YeHUs1 HeKoToporo (YHKUHOHAJA OT Mpouecca MO 3HAYEHHAM
apyrax QyHKUHAOHANIOB OT 3TOro e nponecca. [IpumepoM Moxer
CIyXKHTb YacCTHas 3ajava NpejcKasaHuda: HabJonas mpoumecc B Te-
4YeHUEe ONPENEJEHHOTO NPOMeXYyTKa BPEMEHH, OnpefesuTh 3HaueHHe
npouecca B HEKOTOPBHIH MOMEHT BPEeMEHH, He [PUHALJexaulufi
TOMY MPOMEXKYTKY.

5. BaxxHBIfl KJacc 3agay TEOpHH CIy4aiiiblX NPOLECCOB — H3yde-
HHE PasTHYHBIX Npeobpa3oBaHufl cayualHblx npoueccoe. ITH mpe-
06pa30BaHKA HCMOJAB3YIOTCS IS TOFO, YTOGH ¢ HX MOMOUILIO H3Y-
yaTh CNOXKHBIC HPOMieccH cBefenueM ¥ GoJee MPOCTLIM. K #3yueHHIO
npeo6pasoBaHui C/IyyafiHBIX MPOIECCOB MOMKHO TakKKe OTHECTH
TEOPHIO AH(pdepeHunaNbHbIX H HHTErPAJNbHBIX YDaBHEHHH, B KOTO-
pbie BXONAT CjyualHBIE NPOLEcch. DTOT KJAACC 3a4ay BKIOYEET
B ce0s W npejejbHEE TEOPEMbI AJis CAYYARNBIX NPOIECCOB, TaK KaK
onepanus NpeLebHOTO Mepexofa SABJAETCS HEKOTOPLIM lpeolpaso-
BaHueM.

OcHoBHbIME 06/1aCTAMH NPHMEHEHHS] TEOPHH CAyYalHBIX OpO-
[EeCCOB B HaCTOfllee BPEMS ABIAIOTCA PaiHo- H JIEKTPOTEXHHKA,
rje MPUMEHSIOTCS TJIaBHBIM 00pa3oM CTAIHOHAPHHE B MHPOKOM
CMBIC/Ie M rayccoBHl NpoUecch, KuOepHeTHKa (B YacTHOCTH, TEOpHUSA
uH(pOpMalKH), HCNONb3YIOWasi CTALHOHAPHBIE B Y3KOM CMBICAE M
MapKOBCKHE TIPOLEecCH. ‘

B maremartuueckoil 3KOHOMHKe, MaTeMaTHUCCKOH GHOMOTUM MPU-
MEHSOTCS Pas/HYHOrO PoAa MapKOBCKHE MNPOLECCHl, B MOJeKyJsp-
HOH TEOPHH rasoB HCMOJb3yeTCs APOHEece GPOYHOBCKOTO ABHXKEHHS,
B TEOPHM KaCKaJ0B KOCMHMYECKHX 4acTHI HaXoiAT cebe npuMeHe-
HHSl MapKOBCKHE MpOHECCh H IPOIecchl ¢ He3aBHCUMBIMH {Ipupa-
LIeHUSIMH.

BooOilie B nocrennee BpeMs METOAbl TEOPHH CAYYalHBIX MpPO-
[eCCOB HAXOAAT Bce HOBHe o6JgacTH NpUMEHEHHdA, W ceivac, mo-
KAy, HH CNHA M3 eCTeCTBEHHBIX HayK He H30exana xoTa GObl
B MaJoft CTereHH BJAUSHUS 3TOH TeopHH.

OxapakrepusyeM KpaTKO OCOGEHHOCTH COACDKAHHA HACTOSLIEH
KHHTH. B KHEHre BbineneHa raapa (nepmas), mocBsillenHas cayyai-
HbIM MpolleccaM B LIHPOKOM cMbicie. Tak MBI HasBaJHM Ty 4YacTb
TEOPHH CJAYYaHHBIX MPOLECCOB, KOTOpasl HMeEeT AeJO JHIIb ¢ pace
Npee/ICHASIME KOHEUHBIX HalopoB 3HaueHHH cayyadiHOro mpolecca.
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OTa uyacTh OueHb GJM3Ka K 3JeMEHTapHOH TEOPUH BepoATHOCTel,
He TpeGyer AJS H3JOXKEHHS CJOXKHBIX MAaTeMaTHYECKHX NOHSTHH H
4acTo OBhIBaeT NOCTAaTOYHA A5 HPHJIOKEHHH.

Hanee paccMaTphBalOTCst OGIUMHE BONPOCH! TEOPHH CJAyYaiiHbiX
QyHKUHE H 3aTeM KOHKDeTHble KJacchi cJyualiHbIX MPOHECCOB H
YacTHBI® BOMPOCH Teopuu. M3 cayuaiiHpix nponeccoB IIEPGKO OCBe-
HieHbl NPOLeCCh ¢ HE3aBHCHMBIMH NPHpALleHHSAMH (HM MOCBSIUIEHA
oHa riaBa) W mpoueccel MapkoBa (MM HOCBALIEHBI 1Be TJaBH).
Cranuonapusie NpOUECCH PacCMaTpPHBAIOTCH HacTUYHO B NepBOH
riase, 4aCTHUHO B NSATOH T/iaBe, MOCBAIIEHHON JHHEHHBIM NpPeEoH-
Pa3oBaHMAM clyyaiinbix nponeccoB. B aToll xe riase paccMoTpena
3ajlaua JIHHEHHOro mnporHosmposanuda. llenas ruasa ynesena mnpe-
HeJbHBIM TeopeMaM MJid CAyyaHHbIX IIPOLECCOB, HpPHYEM B 3TOH
rJlaBeé OCHOBHOE BHHMaHHE YHeJseTcd MPOHeccaM ¢ HEe3aBHCHMBbIMH
NpUpalleHusIMHE U MapKOBCKUM IpoleccaM.

BosibuiHCTBO MOCTPOEHHA NPOBOAMTCS AJisl TOFO CIydas, KOrAa
ClTyuaifiHBIH mpouecc MPUHEMAET 3HAYCHHS H3 KOHEYHOMEPHOTO eB-
KJHJ0Ba IPOCTPAHCTBA, B HEKOTOPHIX CIyYasX pPaccMaTpHBAIOTCH
KOMIIJIEKCHO3HAYHBIE  CIIHCMEDHLIE W  MHOTOMEDHBIE  NPOLECCHI,
a TaKxe MPONecch €O 3HAYEHHsIMH H3 MHOJHOTO METPHUYECKOro [po-
CTPAaHCTBA.

ITostomy npennosnaraercs, 4T0 uYHTaTe b BJAJEeT OCHOBHAIMU
NOHATHUSIMH JTHHEHHON ajreSpH (370 0COG0 BaXKHO [PH H3y4eHHH
rayccoBbIX TPOLECCOB) U TeOPUM TMJILORPTOBBIX MPOCTPAHCTB, HC-
NOJb3YEeMbIX [PH PAaCCMOTPEHHM JHHEHHBIX MpeoGpasoBaHuil cJay-
YaiHbIX NPOLECCOB, a TAKKE HEKOTOPLIMH CBEAEHHSIMH U3 (QYHKIHO-
HaJNpHOro aHamusa (IOJHOEe MeTPHUYECKOe [POCTPAHCTBO, KOM-
HaKTH).

Mepr He craBusM cBoefl LeJbI0 NaBaTh NOJHYIO GHOAHOTpaduio
paGor no Teopuu ciydafiHLIX NpPOIECCOB, a B CIHCKE JHTEPaTypLl,
KpOMe KHHUT, Ha KOTOPbiE€ MMRIOTCSl CCBIIKH B TEKCTE, NPHBEJH JHIIb
OCHOBHbI€ KHHTH [0 TEOPHH CJAyuyaHHBIX MPOIECCOB H TEOPHH Be-
POSITHOCTeH, HMEICIIHECsT Ha PYCCKOM sI3BIKE, 4 TaKiKe CTaTbhM, B KO-
TOPBIX BIEPBbe MOABAAINCE (DYHAAMEHTaJbHble Pe3y/abTaThl B JaH-
Hoil o6nacra.

Kanra penurcsa Ha raaBbl, raaBbl — Ha naparpagnl. OcHOBHbie
¢dopMysbl, a TaKKe TEOPEMEBI, JeMMbl HMEIOT HYMEPALHIO BHYTPH
Kaxjoro naparpaga. Ilpm cceskax BHYTpH ofHoro naparpada
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yKasblBaeTCs JIHIIbL HOMEp TeOpeMbl W/ix (GOPMYJBI, NPH CCLIIKAX
BHYTDH OJIHOW IJIaBbl K 5TOMy HOMepPY X0OGaBlisieTCst elle HOMep na-
parpaga, npu cchliKax Ha Pe3yJabTATH APYTHX TIMIaB 106aBjdercs
ellle H HOMep IJIaBH.

ABTOpPHl BHIDaXalOT CBOI NPH3HATENBHOCTH COTPYAHHKAM, aCTH-
paHTaM M CTyZeHTaM KadeIpbl TEOPHH BEpOfATHOCTel M MaTeMaTH-
YecKOH CTATHCTHKM KHEBCKOro rocynapCTBeHHOro yHHBepcHTETa 34
noMouls B pabore HaJ KHUTOH.

Kues, 21 oxrabpst 1963 r. Asroput



NPENHCJIOBHE KO BTOPOMY U3JIAHUIO

Bo BTOpoM M3mamuu OOLIMA IJIaH H UEJEBas YCTAHOBKA KHUIH
COXpaHHIUCh. Bce ke KHura nojpepriiach 3HAUHTENbHOH mnepepa-
Gotke. Hcxnouena raasa, NOCBsILEHHAs TEODHH MEpPBl, H HEKOTO-
pvie naparpadnl Apyrux raas. B § | Bropoit raaBm Ge3 moxasa-
TENbCTB CQOPMYJHPOBAHBI Ha sI3HIKE TEODHH BEPOSITHOCTEH Te pe-
3y/IbTaThl TEOPHH MePHl U HHTErpajla, KOTOphle B RajbHEHIIEM CYM«
TAIOTCA H3BECTHBIMY U MOCTOSHHO HCMOJAb3YIOTCH 6e3 AONOJHHTE/ be
HbIX CCHUIOK. BBenema noBasa riaBa — «Cuyualfinble mnocienoBa-
TeJBLHOCTH», Kyfa BOINEJ HOBHI MaTepHasl: MapTHHTaJb, TeOpHS
BOCCTaHOBJIeHHs, lenn MapkoBa. Paciuupena nepsas raasa, nocBsi-
lileHHasl MNpoHeccaM B IIHPOKOM cMbicie. [lo6GaBiieHbl HOBbIE napas
rpagel, B KOTODHIX pPacCMaTpUBAIOTCA ChyualiHble GayXKAaHusd,
oGobmwentnii npouecc Ilyaccora, Bompock abcoOTHON Henpepbiss
HOCTH Mep, NOPOXAaeMbXx AHGPY3HOHHBIMH TpoleccaMyi. BHeceHbl
U Ipyrae H3MeHeHHs.

Kues—Jorenx, H. H. Tuxman,
(eBpans 1976Kr. A. B. Cropoxod



rTABA I
CJIYYAVHBIE NPOLECCHI B LINPOKOM CMBICJE

§ 1. Onpenenenns

Teyenue caywalinoro mpomecca, Tax ke Kak H J1eTepMHHMPOBAH-
HOTO, ONIMCBIBAETCA HEKOTOPOH (yHKIHe#d E(8) (nmpurumaloiled peii-
CTBHTEJIbHDbIC, KOMILIEKCHBIC HJHM BEKTODHBIE 3HAYeHHA), rge O —
apryMeHT (YHKUMH CO 3HAYEHHAMH M3 MHOXKecTBa ©. DyHKIHIO
£(0), nabiofaemMyio B HEKOTOPOM OIIBITE, OCYIIECTBJAAS ONpee/IeH-
HLUH KOMIUIEKC YCIOBHE ¥, HA3LIBAIOT 86I60pO4HOL (ynKyuel wiu
peaausayuel ciydafiHoro npouecca.

Eciu 6 ¢uxcuposano, To snauenue £(0) spaserca cayyailHbiM.
list Toro yToGBI MMeTb BO3MOMXKHOCTH NMPUMEHSITh MaTeMaTHUECKHEe
METOAB K HCCJIENyeMOMY KpYyI'y BOIIPOCOB, €CTECTBEHHO MPearnoJo-
xuTh, uT0 §(0) siBAmerca ciayyalHON BeJHUHHOH (MJIH CAyYaiHBIM
BEXTOPOM) B TE€OPETHKO-BEPOSITHOCTHOM CMBICJIE.

CaienoBatenbHO, CayyadHbli NpoOIece SIBJISETCS CeMelcTBOM cay-
yafiHbIX BestnuuH §(0), 3aBHCAMMX OT mapamerpa 0, npo6eraouero
HEXOTOpOE MHOXKECTBO 3HaueHui O,

Ecin MHOXecTBO 8 npoM3BoJIBHO, TO BMECTO TepMUHA «cayyan-
HbIH Tponece» ynobHee N0JIb30BAThCSI TEPMHHOM «caydaiiHas $YHK-
Lusa», OCTaBJIAA Ha3BaHHe «CIYyYadHBIA NpoLecc» MJIS TeX CJAyuaes,
Xoria mapamerp 6 uHTepmperupyercs Kak BpeMsa. Korma apryment
ClyuaHOH (QYHKIHMHM sIBASETCA NPOCTPAaHCTBEHHOH NepeMeHHOI; 3TY
(QYHKUHIO HA3BIBAIOT €lle CAYLAHbIM NOALM. '

HanHoe onpepesienne cayyafiHOR GYHKHHH HYXKZaeTcs B yTO4-
Henuu. Pagu npoctote GyneM roBopuTs o ciydaitmoft dhyHKIHY,
NpUHHMAIOLIed JeHCTBUTENbHEIE 3HAUSHU:A. lIpexae BCero Hamo
BLIACHUTD, KaKOM CMBIC/ BKJAJbIBAETCS B TEPMUH «CeMelcTBO CJIy-
YaHHBIX BEJHYHH, 3aBUCAIIMX OT napamerpa 0». Hanmommum, uro
B COOTBETCTBHH C NPUHUNIIAMY TCODHU BEPOATHOCTEH KOHeyHasl Io-

C/1€0BATeNILHOCTD CJYYaHHbIX BeIHUHH &, &, ..., E, IOJHOCTBIO Xa-
pakTepusyeTca HX COBMeCTHOH (QyHKLHMeH pacnpeneneHns
F(xlr Xoy + ooy xn)=P{§l <X|, §2<x2r ey §n<xn}‘

IIpu nepexose k TeOpeTHKO-BEpPOATHOCTHOMY OMHCAHHIO caydafnHOR
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BMYHKIHH ~ BO3HHKAET BOMPOC:  KaX OHHCAaTh B32HMHBIE CBS3H
GeCKOHEYHOro uic/ia CaydyalHbix BCJUYKA — 3HAYEHUH CayuaitHOH
(PYHKIUH?

Ilpome Bcero cumrats cryuafinyo  QyHKiHEIO £(0) sanmaunof,
€C/IM OMNpeieleHbl BCeBO3IMOXKHEBIE TEOPETHKO-BEPOSTHOCTHRIE COOT-
HOLICHUA MeX[IY JIoOHM KOHEYHBIM Habopom 3HaUeHHH cayqaiineix

BeJIMUUH -
E(Gl)a §(62)’ R §(8r1)5 eie®’ (})
i=1,2, ..., m n=1,2 ...,

T. €. €CTH RaNLI COOTBETCTBYIOILME QYHKIHH pacupenetenus. C s1oi
TOUKH 3DCHHS CilyyaidHas QyHKUud £(0), 0 = O, onpenesserca ce-
MEHCTBOM pacnpemesieHuit
{
Fya, .0 (%) ¥ -. 0y %), 0,86, (2)

nj?
i=12,...,n5 n=129 ...,
H Raxnas QyHkuus Fo o (xl, Koy vony xn) HHTEpIpeTHpyeTCd
Y N 2

KaK COBMSCTHas (YHKUMA paclnpelefieHHs IOCAEL0BATEIbHOCTH
cayyarHbIX eeauynn (1).

Pasymeercs, niiga Toro utoGe takas HUHTEepUperanus Gblia BO3-
MOXKHOI, CeMeiCTBO paclpenestenuil (2) He MoXKeT GbiTb coBep-
WIEHHO TDOUSBOMLHBIM. OHO JO/MKHO YAOBNETBOPATH CIeAYIOIAM
OHUEBIJHLIM YCJIOBHAM, KOTOPEIE HASEIBAIOT YCAOBUAMU CO2AQCOBAH-
HOCTU ceMeHcTBa pacnpeneseHuil (2):

Fel’92'""en’en-f-l""'en—{-p (0 %50 - oy X, oo, L, + 0) ==
=F9,,92,---»9n(x1’ Xy voey %), (3)
F Xy Xy ooy, X Y=F (xx....x) 4
el,ez,...,en( 1> X ' %,) 0y 05,0 00y (Fip2 Fipp » X p (4)
rae by, dg, ..., in— /110628 NePECTAHOBKA HHACKCOB 1,2, ..., n

Hecoxomnmoers 3TuX  yenoBuii 0GocHOBEIBacTCS CAeAYIOUINMH
COOTHOLIEHHAMY:

FG:'62""’9n’en+1’ O (%0 %50 ooy X, oo, ..., + 00) =
=P{§(el) < X1, E(ez) <x‘27 vy E(en) <xn:
§(6n+l) < oo, ..., §(6n+p) < °°}=
=P{E0) <x,§(0) <z, ..., £(8,) < x,} =
=F61,62, ...,(')n(xl’ Kor oy xn)»
Foy o, K Ee o ovy %)=
=P{EOG)<x, E@) <1, ..., £(0,) < x,}=
PO t0) <x 26 <n) =

==F (x X,y en. x;)
050, o0 (Kipp Fapr o ven X1,
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Briieckazannoe NPHBOAHT K CJAELVIOLEMY OIpefeseHHIo.

Onpeneanernne. Cayuatinot pyuxyued E(8), sabaunoil na
mroscecree © (6 € ©) u npunumarowerd OeldcTsuTesbHble 3HAUE-
HUs, Ha3618QI0T cemelicTso pacnpedeaerui (2), ydosieTopsaouiee
ycaosuam cozracoeannoctu (3), (4).

HaGop ¢ynknuit Fel,e‘,,...,en (% Xys .., X,) HasbIBACTCH KOHEU-

HOMepHbiMY pachpedesenuamny cnydafinodl GyHKIHH.

[IpuBenenHoe Bhllle ompenesieHUe caydaiHoOd (YHKUIMH NpPUBJIE-
KaeT CBOCH 3JIEMEHTAPHOCTBIO U AOCTATOUHO B TeX cJiydasX, KOTAA
Hac HHTEPECYIOT 3HAUeHHsi CAyYaHHBIX BeduudH E(0) Ha KoHeYHOM
MHOXKeCTBe 3HaueHHH aprymenta 0. C ApYroH CTOPOHBI, CYLIECTBEH-
HBII HeZOCTaTOK 3TOrC ONpeje/eHHMsd COCTOHT B TOM, YTO OHO HE
JaeT BOSMCXKHOCTH DAacCMaTpuBaTh CJAYIAlHYI0O QYHKIHIO B IEJOM,
T. €. PaccMaTpUBaTL OJHOBPEMEHHO COBOKYIIHOCTh BCEX €€ 3Haye-
Hui. Mexay TeM BO MEOMHX 3KCmepuMeHTax Ha6amopaeMas BEIGO-
pounast QYHKIMSA 3zanucLIBaeTcss ¢ INOMOMIBIO HAAJIEXKallero Ipu-
6cpa B Bufle rpaduka HekoTopoli KpuBo#. IlpuBenensoe xe ompe-
JedeHne CaAy4alHOH (YHKIHH HE TOJIbKO He JaeT BO3MOXKHOCTH
CTPOUTL Tpaduk 370l (QYHKUHH, HO [axe He JaeT BO3MOXKHOCTH
CTABUTh BOMPOCH O TaKUX (YHKUHOHAJBHBIX CBOHCTBaX (yHKIMI
£(0), xak ux HempepHIBHOCTL, nHddepenuupyemMocts ¥ T. 1. Hene-
CDEACTBEHHO HeNlb3fA CTaBHTb TAKiKe BOIPOC O BEPOSITHOCTH COBI1-
THS, COCTOAIIEIO B TOM, YTO AJs Bcex 0 & O BHINOJHSETCS Hepa-
BeHCTBO @ < E(0) << b, a << &.

Hpyrue, Gosiee rubxrue onpelcieHns caydainodl (GyHKOHM BO3-
HHKAIOT, €C/I¥ HCNOJb3OBaTh aKCHOMAaTHYECKHH NOAXOA K TeopHu
BeposTrOCTeH. Kaxkaas TeopeTHKO-BEPOSITHOCTHAS CXeMa OIHCHI-
BaeT pesyJ/bTaThl HEKOTOPOro 3KCilepHMeHTa €O CayyalinbiMH HC-
xonamu. Ecam pesyaprarT sKcnepuMeHTa ONMCHBAeTCs ORHHM 4HC-
JIOM W/ KOHEYHOH NOCHENOBATENLHOCTBIO YHCEN, TO TOBOPAT, UTO
Habarofaercss cayualfinas BeJHYHHA WIH Caydyalubili BexTop. Ecan
Xe Ppe3y/]bTaT IKCIEPUMEHTa OIHCHIBAETCS HEKOTOPOil (ryHKItHed,
TO Mbl HMeeM cayyainyio ¢ynxumio. Takum obpazom, cayualidas
(GVHKUAS 3amaeTcss TPOH3BOJLHONH TEOPETHKO-BEPOSTHOCTHON CcXe-
MOH, OnuCHIBaloLleH 3KCIEPHMEHTLI, pe3yJbTaTaMy¥ KOTODEIX CJy-
2aT cayvainbie Qysknuu. Bojiee ToumbIH pas6op sTOro onpeedsie-
Hus Oyner naH B uetBeproll raase. Onpenenenve ciaydaiinoll QyHK-
LHH, IPUHSTOE B HACTOALIeM naparpade, ycaOBHMCS Ha3bIBaTh Olpe-
LeJeHyeM cayuaiiHoll (YHKUNM B ILIMPOKOM CMBIC/e,

Ho cux nop peub msa o6 oxuolt ciyuainoil dynxumu. Ipu pe-
IIEHAH MHOTHX 3a7a4 NPHXONKTCS HMETb ACJO ¢ HECKOJILKHMH Das-
JIMYHBIMH CHyYalHEMH yeKuuaMu. JJis Toro 4to6el Hajg HHMH
MOKHO OBLIO NPOM3BOJAHTL MaTeMAaTHYECKHE ONepallid, HeNOoCTa-
TOYHO, 4TOOB KaxAas U3 5THX (QYHKUMA Oblla 3a7aHA B OTAEJbHO-
cTd. BMmecto TOro 4ToGH TOBOPHTH O HOC/IEA0BATENBHOCTH (YHKIHIL
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£1(0), &2(0), ..., Em(B), mpowe rosoputs 06 oxHOMN BEKTODHOM

Gynkuun £(6), KOMNOHEHTaMH KOTOPO# CJAyXKaT caydafinbie (yHK-

mun §1(6), §2(0), ..., &n(0). Toraa npexsinyiee ompefedeHHE

NOYTH HE HYXJaeTcss B H3MeHeHHAX. PoJb pacnpeneeHHs nocle-

LOBATEJbHOCTH CJIy4aidHbIX BeJuunH (1) urpaer coBMecTHas (yHK-

UHs pacnpeneseHus noc/AeioBaTe/NIbHOCTH BEKTOpOB §(0;), §(02), ...
-5 §(0n), T. €. dyHKIHS nm nepeMeHHBIX

Fel.ez, By, (xn’ Kigs « s xnm)=
=P{®)<x,& (8)) < Xy9, «vuy Ep(Bp) < Xpn}e

B nasbheflmieM MHCxKecTBO © GyleT IVIABHBIM O6Da3soM MHOXe-
CTBOM JeHCTBHTE/]PHBIX UHCe/l M IlepeMeHHast 0 WHTepIperHpyercs
KaK Bpemd /. B sToM ciyuae mHONKecTBO O Gynem o6o3HauaTh OyK-
BOH J M NOHHMATb MOJ ITHM KOHEUHBII HJH GECKOHEUHBIH mpoMe-
XKYTOK (3aMKHYTHIH, OTKDHITHIA HJH NOJYOTKpHITHIE). Paccmarpi-
BAIOT TaKXKe CIyuaH, Koraa J COCTOMT M3 BCeX HEOTPHUIlATENbHLIX
HJIH U3 BCEX ReHCTBUTEJBHBIX WEAHX uyncesd. Torma MbBl HMeeM m0-
C/e/IOBATeNBHOCTE  CAYyYaHHBIX Bennund (BeKTOpoB) §(&) (k==
=0,1,2, ... wmm k=0, =1, %2, ...) u Ha3biBaeM Takoll npo-
LECC CAYHALHLIM NPOYECCOM ¢ OUCKDETHbIM SPeMeHem WJIU CAY-
4atinod nocaecosaresbnocToro. TIPONeccsl ¢ AHCKPeTHRIM BpeMeHeM
HrpaloT BaXHYIO PoJib B 00iledl Teopuu cayyafiHblX mponeccos. Bo-
NEPBBIX, UMEETCA MHOrO TEOPEeTHKO-BEDOSATHOCTHBIX 3aJad, B KOTO-
pHIX BpeMs, MO CYLIECTBY, BXOAHT AMCKpeTHO. Bo-BTOpEIX, usyueniie
NPOUECCOB ¢ AUCKPETHBIM BpeMeHeM B HEKOTOPHIX OTHOIIEHHSX Tpe-
Gyer GoJiee NMPOCTHIX CPEACTB M B TO Xe BpeMd B psiie Cilydaes
TAKHMH NPOLeccaMd MOKHO aNNPOKCHMHPOBATb IIPOIECCH C He-
IPEepPBIBHBIM BPEMEHEM.

B macrosiiem naparpade Mbl OrpaHHYAMCA OPEHMYILIECTBEHHO
CIyYyaHHbLIMH (QYHKUHAMY, TPHHEMAKIAMU [AeHCTBUTENbHEE 3Ha-
uenus. Ilepexos K BeKTODHOMY CJIyYai0 BHI3HIBAET TOJBKO HEKOTO-
pble TeXHHYECKHE YCIOKHEHHS.

Koneunomepnbie QYHKIMH paclpeje/eHHs OJHO3HAYHO oOnpeje-
AT ceMeflcTBO  Mep Go,,0,,....0, (B), n=1,2, ...,0, =0, rue

B—6openesckoe MHOx)ecTBO B K" Ilpu stom 3HaUYEHHE g, o (B)
LA A ]

AaeT BEPOSTHOCTb TOTO, YTO H3MEpPEHHE B HEKOTOPOM 3KCIEpHMEHTE
Beawund £(0:),8(8y), ..., E(B,) HaCT NOC/HENOBATENBHOCTb, NOMA-
JaIOILyI0 BO MHO¥eCTBO B:

%, ....0, BY=P{E(®,) ..., £(8,)) =B}
Mepy 9o, ....0 (B) nasmBawlor pacnpedesenuem ROCAe008aTEALHO

n
cTu E(B1), ..., E(0y). .
fiBHble BBIDAXKCHUSA JJIS KOHEUHOMEDPHBIX OYHKUME pachpene-
JIeHHs CAy4aHHOro nponecca 4acro OLIBAIOT CJOKHBIMH H HEyHLoG-
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HbIMH NIl mpuMenenuil. [loaTomy, B psge ciyyaeB NpeanoOYHTAIOT
3ajlaBaTh KOHEYHOMEpDHBI€ paclpeieieHHss HX [JOTHOCTAMH HJId
XapaKTepUCTHUECKHMH (QYHKIUAMHU.,

Ecan fe,,...,en (xl, -++y X,)— IVIOTHOCTH pacmpefeneHus QyHK-
Y pacnpejeneHus Fep b, C x,), TO

*y

*n
Fe‘....,en(xp veey X)) = S S fel,...,en(yw'“’yn)dyn oo dy,

-—00 -0

Otciona, B 4aCTHOCTH, BbITeKaeT GopMyJia

fo..... en("v ceey Xp)=

o0

= S e S fel,...,ﬁn,en_l_l,...,Bn_,_p(xl’ RETE ."/p . "yp)dy] v dyp’
' (5)

KOTOPYIO MOXKHO paccMaTpuBaTh KaK SKBHBAaJieHT YCJIOEHA cCoOrJia-

COBAHHOCTH (4) KOHEUHOMEDHBIX pacnpege/neHuil. Meph 9, ....0, (B)
CBsI3aHEl C MJIOTHOCTAMH COOTHOLIEHHEM
Gop oo, B =1 N o @ s w) du ..., dg,
B

XapakrepucTnyeckas (yHKIHS KOHEYHOMEDHOTO pacmpefeseHHs
nociejnoBatesbHoCTH (1) ompenensiercss GpopmyJioi

P, ..o (B ooes u,)= Mexp{i k; g(ek)uk},

rie M — cuMBOJ MaTeMaTHYECKOro OXHIAHMS, Uy, ..., Up — BE-
leCTBEeHHbIe YHCaa. Eciu CyliecTBYIOT MIOTHOCTH KOHEYHOMeEpHBIX
pacnpeneenuii, To

‘Pe,,...,en(uw sees thy)=
n
DIEA
={...{er Fop oo, (% oo %) dx, .. dx,,  (6)
%n
T. €. XapaKTepuCTHYeCKass OYHKUHA sABJseTcs npeoGpasoBaHHEM
Qypbe NIOTHOCTH paclpefeseHHsl. _

BoamoxHOCTD 3aaHHsi KOHEYHOMEDHBIX paclpefeleHHil ¢ MO-
MOILbIO WX XapaKTePHCTHYECKMX (YHKIMH CBsi3aHa ¢ TeM, 4To IO-
ClTefiHHe OJHO3HAYHO ONpPEeNe/SIOT (GYHKUMHM pacmpesencnus. Ha-
ipuMep, eCau CYWECTBYIOT INIOTHOCTH KOHEYHOMEDHBIX pacrpee-
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JIeHHHl H OHH YJOBJIETBOPSIOT HEKOTOPLIM aHAJHTHYECKHM YCJIOBHSM,
noApPOGHO paccMaTpUBAEMBIM B TeopuH uuTerpana dypoe, TO MIOT-

HOCTb [, o (%« o es X,) MOXHO BOCCTAHOBHTb 10 XapPaKTEpH-
AN
CTHYECKHM (QYHKIHAM C NOMOLIBI0 Gopmy.ibt Dypbe:
fe], _ ,en(xl, ceey X )=
‘n
1 ( —kZl *r¥y
=G -+ ) e T, ....0 (upp ooy m)du, oo, du,. (D)
&

IlonpoGree 0 xapakTepHCTHYECKHX (YHKLHAX CM., HanpuMep,
B. ®ensep {2] uin I1. J1. Xenneken u A. Toprpa [1].

Koppensuuonnsie pynkunn. Hcuepnopaiomyio XapaxTepUCTHKY
crysaiinofl QYHKIHN B IIHPOKOM CMBIC/IE faeT CeMelCTBO COBMECT-
HbIX pacapegesenniit (2). Onnako Bo MHOPHX ClyuasiX NpencTaB-
JSeT HHTepec Goflee cxaTas XapaKTePUCTHKA paclipefeseHHI, oT-
paxaiolllasd HEKOTOpHlE Baxubie CBolcTBa cayuafiHOfl (yHKIMH.
Kpowme Toro, pemienne MHOTHX TEODETHKO-BEPOSTHOCTHBIX 34744 3a-
BUCHT TOJBKO OT HEGOJBIIOTO UHC/ia TAPAMETPOB, XapaKTepH3YIO-
IHX BXojsilMe B 3ajady pacnpeienexus. HamBosiee BakubIMu
YHCAOBLIMH XapaKTEePHCTHKAMH pacupene’enail sipagioTes HX MO-
MeHTHl. B Teopun cayvai#meix (QyHKOHI poJb MOMEHTOB pacipejie-
JIeHH i1 HTPalOT MOMEHTHbIE (GYHKIUH.

Onpenenenne. Momentuoimu Qyukyuanu cayuwainoi ¢yux-
yuu (@), 0 = 0, nasvsarorca pynryuu .

Myt s, O 0 ooy 0)=M[E(0)] " [2(8)]" - .. [£ (0,)]"
k=0 (B=1,2, ..., s),

ecau maremaruueckoe oxcudanue 8 NPAsOU YACTU PABEHCTSA UMeeT
cmolca npu scex 9; 0, i == 1, 2, ..., s. Beauduna q = j; + jy
... js Ha36l8aeTCA NOPACKOM MOMEHTHOL (YHKYUL.

Onpenenenue. Cayuaiinas ¢pyukyus &(0), 6 =0, npunad-
seocut kaaccy Lp(0) (5(0)= £5(8)), ecau M|E(B)|? << 00 dun
4106020 6 <= 6.

Jlerko samertntn, uto ecau §(0) = £, (@), o MOMenTHHE (QYHK-
LMK [IOPSAAKA ¢ KOHEUHBI JJI51 BCeX § << P.

JeiicTBuTeNIbHO, M3 HepaBeHCTBA MEXKAY CPEAHAM TreoMeTpHye-
CKHM H CPeIHHM apH(MeTHUYECKUM:

s
,Eazkék; Pty @220, p, =0, k; Pr=1,
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caenyet
§

s s _]&. . s
iz =Tizea T <Y E1z@r =i
k=i k=1 k=]

k=1

BocnonbsoBasmuce  HepaneHersom  Hemcena  Mf(8) << f(ME),
HUMEICLIIM MCCTO AJig JoOOH HenPepLIBHOH BBITYKJIOH (yHKIHH,
HOTY49HM

8 A s ] s ! a
J A
MH%%W<MZ%w@W<;§W%MWR

k=1

OTKYZAa CJefyeT N0KashIBaeMoe,

Ecnu uspecTHr xapakrepucTHUecKHe (GYHKIHMM KOHEUHOMEDHBIX
pacrpenesenuit, TO MOMEHTHEIe (YHKIHH ¢ LEJOYHCAEHHBIMH HH-
AeKcaMy MOryT ObITL HalfeHH ¢ NOMOULbIo AU (epeHuUupOBaHHsL.
HeiictBuTensHo, ecan §(0) = &5 (8), To

04(9917 B (g o oes tg)

6uf‘, . 6uis !

My ey (0, vy B)=(—1)7

mpu ¢ <p (9=ji4ja+...4j). Hoxasaterbcrso stoit ¢op-
MyJbl BBITEKAeT H3 BO3MOXKHOCTH AHN((epeHnHpOBaHHS 00 4j, ...
;]

13U S (8)

..., Us COOTHOLICHUS P, ....0, (T )= Me ! non
3HAKOM MaTeMaTHYeCKOIo Oxuianusa. B pspme ciayyaeB mpUXOAMTCH
IOJIB30BATLCST OOPATHBIM YTBEDKIEHHUEM, HO MOCACNHES HMEeT Me-
CTO He BO Bcex ciydaax. Ho oHO chpapenumBo O/ MOMEHTOB
C YETHBIMH HHIEKCAMH.

Kpome MoMeHTHBIX QyHKIHI, yacTo paccMaTpHBAIOT LEHTPab-
HBI€ MOMEHTHbIe (PYHKIHH

iy g B 8=

= M5 0) — m O [£ @) — my 8] . . . [E0) — m, (0)]),  (8)

KOTODEIE fIBJISIOTCA MOMEHTHBIMM QYHKUHMSMH LEHTPUPOBAHHOH CJIy-
uainolt QyHkuun §(0) = §(8)— m,(0), umeromeil mnpu Ja60M
0 = O MaremaTHUYeCKoe oXKHULaHHe, pasHoe 0.

Cpenn MOMEHTHBIX (QYHKIHH 0cOG0Oe 3HAYCHHE HMCIOT GyHRIHY
[ePBHIX ABYX HMOPSAIKOB:

m (8) = m; (8) = M (8), (9)
R (01, 0) = mu; (8, 0y) = M [ (6)) — m(8))] [ (82) — m (8,)]. (10)
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®yuxuus m(0) HasbBaerca cpednum 3sHudenuem, a R(0;, 0;)—
Koppeasyuontoll pynxyued. Tlpw 6, = 0; = 6 KoppensuHOHHAS
¢yHKuns naer npucnepcdio o2(6) seauunun £(0), R(0, 8)= o%(0).
Beanuuny
R (8, 8,) R (6 8,)
r B s e = ==
. %) o(@)0(8) VR, 0,)R O, 6;)

HA3HBaIOT KOIpPuyuentom Koppesayuu cnydaliHbix Besnuud &(0;)
H E(BQ)

Ecaun £(6:) u £(0:) HesaBHCHMEL, TO KO9(Q(QUUHUEHT KOppessiusH
pasen 0. OGparHoe, BooGule roBopsi, HeBepHO. Bce e B BamHOM
YA4CTHOM CJyuae, Korga ciyuafinpie peanuntnl E(0;) u £(02) umelor
COBMECTHOE HOPMAaJibHCe pacnpeneseHde, H3 pareHctBa 0 Koaddu-
UHMeHTa KOPPeIAUHH HJIH, YTO TO XKe camoe, KOpPpeAsiiHOHHOH (yHK-
nuun R(6,, 8;) caenyer, yro BesuuuHu £(0,) B E(0) He3aBHCHMEL
HBe cayuafinble BeJHYHHBI §, 1] ¢ KOHEYHHIMH MOMEHTAMH BTOPOTO
NOPsAKa, YAOBJIETBOPAIOULHE YCIOBHIO

Ry, =M — Mg) (n — Mn)] =0,

Ha3LIBAIOTCA HeKOPPEALPOBAHHBIMU.

B ofwemM cayuae KoshGHUHEHT KOpPPenduud Naphl CayuyaliHbix
BeJIHYHH ABJAETCHS Mepoil JUHeHHOH CBA3H MEXAYy HHMH, T.€. KO-
3(pPUnHeHT KOppeJAUHH NOKa3blBaeT, ¢ KaKOH TOYHOCTHIO OJHA
K3 clAyyafHbBIX BENHYMH MOxKeT OLITh JHHeflHO BHIpaxKeHa uepes
BTOPYIO.

Yacro paccmaTpHBAIOT KOMILIEKCHO3HAUHBEE caydaluble (yHk-
uud §(8). Ux moxHo npencrasurb B Bume [(0)=E(0)4-in(0) u
paccMaTpUBaTh KaK [ByMepHble BeKTODHble c/yyaHHble ¢yHKIMA.

JJg KOMIIeKCHO3HAYHOH (GVHKUUH cooTHoweHHe [(0)e £y (0)
osnauaer, uro M|{(0)|2<T co, 8 =0, T. e uro E(0)= £2(O) #
n({6)= Z.(9).

Koppensmuonnas ¢QyHKIHA KOMIIGKCHOH cayvaduo#l (QyHKIuH
ONPEAENFETCS PaBeHCTBOM

R (8, 6) = M ([2(6;) — MZ (8,)] {2 (82) — MZ(6,)]),

roe uepta Haj CKOGKOH 0603HauaeT NMepexojl K KOMIIEKCHO CcOomps-
JKEHHOH BeJIMYUHE.

OTMeTHM HEKOTOpble CBOHCTBA KOppEJSINHOHHBIX (GYHKIHE:

1) R(9, 8) = 0, npuueM 3HAK paBeHCTBA BO3MOMEH TOrZa H
TOJIBKO TOTHA, Korxa ((8) ¢ seposTHoCThIO | mMocTosiHHA;

2) R (0y, 8) == R (0, 8,); (11)
3) R (8, 8) PR (8, 8;) R (6;, 6,); (12)
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4) KakoBbl Gbl HH 6blIH 1, Oy, O, ..., 0, ¥ KOMMJeKCHBe gucaa
Ms A2y ooy An,

n
5 R0, 040, >0, (13)
Ilepsble aBa yrBepKmeHUs OueBHMIHEL; 3) noJyyaercs Kak cJef-
crBHe HepapeHcTBa Koun — Bynskosckoro (M|&n|)2<<M|E|2M|n |2
11 noxasaTenbcTBa 4) IOCTaTOYHO 3aMETHTD, YTO

n n n 2
1; 1R (9,', 0z) Aﬂbk =M ; k_lg(ej) £(0) 7"17% =M iZI g(ej) M ’ =0.
Otmerum, uto cBoficra 1), 2) u 3) SIBJSIOTCH ClIENCTBHEM CBON-
cTBa 4).

Qyukuus R (0, 0;), 3ananHas wa © u YVIOBJETBOPAOLLAsN CBOMH-
CTBY 4), Ha3LIBACTCS NOLONMUTEALHO OnpedeneHHbiMm a0pon Ha 6.

Ecin paum mee cayuaitnele dynkumm £ (0) n 2(0), npunamie-
xauwne L2(0), TO MIA XapaKTEPHCTHKH CTeleHH JHHEHHON CBSI3H
MEXKIy HHMH BBOJSAT B3aHMHYIO KOPPEVSILHOHHYIO (YHKIHIO.

Onpenenenne Baaumnod Koppersyuontot pyuxyueii cay-
waiinolx pynryud §1(0) n t2(0) (& L2(0)) naswsaercs pyrryua

Ry, (61, 82) =M[Z: (8:)) — MZ; (6))][2: (62) — MZ, (67)].

Ilyctb 3ajana noc/ieOBaTefbHOCTh KOMIJIEKCHO3HAYHBIX cay-
qalHpIX QyHKUHH

560,50, .... 5,0 LOEL£®G), i=1,2 ..., r.
YcaoBuMest paccMaTpuBaTBL ee Kak OHY 7-MEPHYIO KOMIIEKCHYIO
ciyyailHylo QYHKUIHIO

EO0)={L,(0), ;:(6), ..., £, (0)}, 60,
Ecau & u 1 — yBa Bekropa
§=(§I,g2 sy gr):

| =(711, N2y « -y nr)’
To GyseM oGosnauath uepes &n* Marpuiy

8 &Mz ... Eidiy
. N fl2 «.. & _r =
E,Tl =( ?2?1. ’5:27.]2. . .\2.11. )=(§i‘n])l,1=1: sens 1°

Ert Erfiz ... £ty

ITosoxum
m (8) = MZ (8) = {Mg, (6), M¢, (6), ..., Mg, (6)},
R (0, 6y) = (R:; (0, 92));,/=1, o
=M (Z(6) — m(8)][Z(8,) — m(8,)]") —
= (M{[g: (6) — m, (8))] [g; (B2) — -{655]});, I=l veey r?
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®ynguus m(0) saBaserca r-MePHOH KOMNJIEKCHO3HAYHON BEKTOP-
Hoit ¢yukumed. OHa HOCHT Ha3BaHHe CpPeOHE20 3HAYEHUS BEKTOp-
HOH caydaiinolt GyHkuuu {(0). Matpuua R (0, €;) HasnBaercs xkop-
peaayuonnod narpuyets §(8).

CpofictBam 1)—4) KoppesasiuuOHHHIX (GYHKUHH COOTBETCTBYIOT
CJEeLYIOIHE CBOHCTBA KOPPEJANUOHHON MaTPHUB! caydaliHol ¢ynk-
uu:

1) R(8, 6) sBaseTca HeoTPpUUATEJBHO ONpeJeNeHHOH MaTpuued

]kz=l R;k(eye)k‘,j\:k=M j;kjg](e)l =0; (14)

2) R (6, 82)* =R (0;, 0)), (15)

TJe 3HaK * 0003HauaeT nepexof K KOMIUIEKCHO CONpPSIKEHHOR MaT-
pune; '

3) lRfk(eh 6,) 12<.Rj1 (8, el)Rkk(ez, 0), k=1, ..., 1 (16)

4) pas mo6uX n, 6y, ..., 0, ¥ HOCAELOBATENLHOCTH KOMILIEKCH
HBIX BEKTOPOB Ay, Ao, ..., An

n
(2, (R0, 00) Ay, 4) >0, (17)

IMocnennee ycioBue 9KBHBaJEHTHO CIEAYIOMEMY:

4’) nas nPOHIBONMLHON NMOCAENOBATENBHOCTH MaTPULl Aj, ..., An
MaTpuua

n
]’};IAjR (8;, 8,) A}

HEOTPULaTEeNLHO ONpeneTeHHasl.

CpofictBa |) m 2) oueBmnHbl, Huas moxazaTesabCcTBa CBORCTBA
3) BocmosbayeMcs HepaBercTsoMm Komu — Bynakosckoro gas Ma-
TCMATHYECKOIO OXHAAHHUSA:

| R, {8, 69) F=IM ({2 (8y) — 1y (8y)) (8x (B8g) — i, (B))] P <
R;;(8y, 1) Rer (85, 65).

Yro6m noxasate cpofictBo 4), nomoxuMm Ap == (ap, ..., ).
Torna
n n r
2. (R(6;, 02) A, A)= D2 2 R, (9, 0r) @rydy, =
j)k=l l.k=lpsll=l
n r 2
=M j; 2 & 0)—m, @) d| >0.

TTousATHR HENPepHIBHOCTH, H3MEPHMOCTH M APYTHe IIOHATHS aHa-
J13a HENOCPEACTBEHHO K CAyYaHHBIM (QYHKUHAM B MHPOKOM CMLif/ie
HeMpUMEeHUMBl. B npuHnune BO3MOXHO AJs 3THX MNOHATHH Hallti
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SKBUBAJIEHTH], BLIDaxaeMble uepe3 KOHEYHOMEpHBIE paclpere/eHus
crydalinoil ¢ynxumu. B Hacrosimiee Bpemsa GoJee pacmpocTpaHeH
HHOH NOAXOJ K MOCTPOEHHIO aHA/IH3a CAYYaHHLIX QYHKLOMH, mpuHs-
THI# W B Hacrosmefi xuure (1. IV). ¥YnomsHeMm 3gech 06 oOZHOM
MOHATHM, BbIpaxkaeMoM uepe3 pacmpemenenus map £(0;), E(0:).

ITycre E(0)— BektopHasi Qyrxuus co spaueHHAMH B K9, © —
METPHYECKOEe MPOCTPAHCTBO ¢ MeTPHKOH 7 (0, 0).

Onpenenenue. Cayuainan ¢yukyus E(0), 0 =6, nasbi-
8QETCR CTOXACTUYECKU Menpepsienoil 8 Touke Bq, eciu Ve > 0

P{E®)—E@®)>e}—>0 npu r(8, 6)—0.

Ecnu E(0) croxacTuuecku HempepbiBHA B KaxA0H TOUKe HEKOTO-
poro MHOKecTBa B C O, T0 ee HA3BIBAIOT CTOXACTUYECKU Henpe-
poienot na B.

coH cayyalihas QYHKOUS CTOXaCTHYECKH HENPephiBHA HA HEKO-
TODGM MHOZKECTBE, TO 3TO BOBCE HE 03HAUAET, YTO €& DealU3alin
HenpepeBibl Ba B. B atoM Jserko yGepnTbesi Ha BPOCTHLIX NpHMe-
pax (cm. § 3).
Onpenenenne. Ecaunpu N— oo

glégP(lg(G)l>N}—>0,

T0 caywalingo Qyrxyuro &(0) HA3LIBAIOT CTOXACTUHECKL oepaHu-
yennotl na B.

Teopema 1. Ecau © — xomnarr, caysatinas ¢yuxyus &(0)
croxacruvuecky nenpepvisna Ha @, To E(8) croxacruuecky ozparil-
yena Ha ©.

HoxasateabcTBo. IlycTh & — NDOU3BOJBHO MaJjoe MOJO-
KuTtenpHoe uucao. [ Kamnolh touku 0 & O nocrpoum cdepy Se
C HEHTPOM B TOUKe O TaKyo, uTo

PUE@®—E@)I>1} <5 VO S,

Hs muoxecTBa Bcex chep Sp BHIGepeM KomeuHoe NMOKpHITHE Soree
1
S, wmuoxecrsa ©. Ilyctb a — mauGosblnii panuyc cdep

.y i

Se,» e Se,- Torna
1E(0) <18 (6) —£(0)) [+ mex| & (6)) ],

rae 6; — neHTp cdepn ng, B KOTOpyo momagzaer touka 0. Takum
ofpasom, npu N > 2

PUL® 1> NI<P{I8@) —~50) 1> 7 }+ P{max120) 1> ¥ } <

£ { | i
<5+PL$%%@”>?}

%
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BejguunHa mjaxl £(9;) | ¢ BepoarnocTsio 1 kKoneuna. ITosromy nmpu N

JocraTouno 6oJbmom, N2> Ny(e), umeem P{ max [E(8,)|> %’-}<-§-
I<i<n

u P{EDB)I>N}<e M

Onpenenenune. Cayuainyo gynxyuo £(0) naswsarr pas-
HOMEPHO CTOXQCTUYeCKU HenpepuisHOl Ha O, ecAu Ois npoussosb-
#H020 & > 0 moxno naidrtu rakoe 8 > 0, 4ro

P{E®@) —c@)[>e}<e

Oaa 6cex O u &, dan koropoix r(9, 8') < 6.

Teopema 2. Ecau © — rkomnaxr, ciyuainan ¢yukyus £(0)
Lroxacruiecky Henpepoisra Ha €, to E(0) pasnomepno cTOXaCTU-
uecKu Henpepuista Ha @.

HeiicTBATeAbHO, €CM 6Bl 3T0 ObLIO He TaK, TO HAULIOCH GLI Ta-
koe £>0 u 1s1a J1060ro 1 napa Touex 8,, 07, 115 KOTOPBIX r(Gn, Bn) <

< _:f u P{|£(6,)—E&(8;)]| > e} >e. Ua komnaxthocTn © caeayer,

YTO MOXHO BbIOpaThb IMOLMOC/IEA0BATEILHOCTL HHIEKCOB My TakK,
; v
YTOOHI Bnk H Bnk CXOAMJIHCh K HEKOTOpOMY mpefesy 0, Torma

<P )~ ()] > 4 <P {[E0) 5@ > 5]+
+P{[s@)—5()|> %}

B cuny croxacrnueckoit HempepsisoctH &(6) mnpaBast yacTh mo-
caepHero HepaseHcTBa — 0 npu & — 0. Mul npumau K npoTHBOpe-
YHIO, ¥ TeM CaMblM TeopeMa [oKa3aHna.

§ 2. TayccoBbl cayyaiinbie GyHKHHH

Baxnyio poib BO MHOTHX NPHKJAaAHBIX BONPOCAX HIPAKT CAY-
yaiHple (YHKIHH, KOHEYHOMEDHble paclpe/e/leHHsT KOTOPHX #B-
JSAIOTCS rayccoBhiMH (HopMmanbHbIMH). [IpuBenem mpexze Bcero
onpejesieriHe ¥ OCHOBHBIE CBOMCTBA MHOTOMEPHOTO rayccoBa pac-
npejfeseHus.

Onpenenenne. Cayuadnoul sektop E=(&, Eo ..., En)
umeer 2ayccoso (HOpMAAbHOE) pacnpeldesenue, ecau xapaxrepu-
crudeckan Qynxyus pacnpedeisenus npedcrasuma 6 sude

1
@ (u) = Mei (48 = ei {m, W— = (Ru, u)’ (l)

ede m = (my, my, ..., Myp), U ==(Uy, Uy, ..., U,)— BeKTOPLL, R —
HEOTPUUATEADHO ONpPeCeNeHHAs BeUeCTBeHHAR CUMMETPULCCKAS
marpuya, R =(ry), i, k=1, 2, ..., n. 30eco (a, p) obosrauaer
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cKaasaproe npoussederie 8eKTOPO8 o U B, TAK 4TO

n

n
(ms u) = kzl Mylg, (Ru, u) == ; ; . r]];u]uk.

Caenyomasi TeopeMa CJIyXKHT (GOpMaJbHEIM ONpaBIaHHEM aH-
HOTO OnpefeJieHus.
Teopema 1. Haa 100 urober ¢pynxyus

¥ () = exp{i (m, 2) — 5 (Ru, )}

6oLra xapaxTepuctuueckoll (ynkyuel pacnpedesenus HexOTOPO20
n-MepPHO20O cayuatinozo gexropa E, Heo6xo0umo u Goc¢TaTo4Ho, UTO-
b6 eeujecrsennan marpuya R Goiaa HeOTPpUYATEAbHO OnpedeseHHOL
u cummerpuseckod. Pane marpuyst R pasen pasmeprocru nodnpo-
CTPAHCTBA, 8 KOTOPOM MOJNCHO COCPedOTOHUTs pacnpedenerue eex-
TO0pa E.

Hoxaszarenbcrpo. a) Heo6xomumocts. Ilycrs xapaktepu-
cruyeckast (QyHKUuA @(4) HEKOTOPOro CJAydYaiHOTO BeKTOpa 3a-
naerca gopmyson (1). ducddepennnpys ee mo u; u 3ateM 1o U R
nosnaras 4 ==0, BUAUM, YTO pacnpenenenve 06JafaeT KOHEUHBIMH
MOMEHTaMH U

o R .
-t = iMg; = im,, 2)
6”] =0 gi i ( )
0%
ou, ou = — Mgk, = — mymy — rp. 3y
i kly=o

M3 stux dopmyn crexyer, uro Marpuna R BeulecTBeHHa, CHMMeET-
PHYHA H HEOTPHHATEJBHO ONpenesieHa:

Re 0 =M(E G—mu) =DEw>0. @

Ecau panr Marpuus R paBeH r(< n), TO c MOMOIUbBI0 HaAJexalek

3aMeHbl IIEPEMEHHBIX U == Z Q;rU, €€ MOXKHO NPHBECTH K IVIABHLIM

ocsaM:
n n 2
(Ru, u)== Z A= [k; ij t "m!)“ne”k] .
n
TakuM oGpasoM, ]Z Ej—m)ap=0 npu k=r-41,...,n c Be-
=]

POSITHOCTBIO 1. DTH COOTHOLIEHHS MOKA3BIBAKOT, YTO C BEPOSATHOCTHIO:
1 Mexnay KOMNOHeHTaMH BeKTOpa § CYIUECTBYIOT n—7 JHHEHO
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HE3ABHCHMBIX COOTHOIUEHHH H, CJeJ0BATeNbHO, €ro pacnpeiesienue
COCDPENOTOYCHO B r-MEPHOH THNEPMJAOCKOCTH, 3aAaBaeMOH ypaBHe-
HHSIMH

%(x,—m,)a,k=0, k=r+1,..., n

6) Hocratounocrs. Ilpeanosoxum crauasa, uto R — NOfOKH«

TeJBHO  ONpejieJleHHAs  CHMMeTpuueckas Marpupa, Dysxund
. 1

'qa(u)-——exp{z {m, u)——E(Ru, u)} abCoMlioTHO HHTErpHpyema u audde-

peunnpyema. CienoBatenbHO, K Hed NpEMenuMa HMHTErpajbHasd
popmyna @ypee:

¥(u) = §° ff(x)e‘(x'”)dx, v dxy,

o o ()
l:(x)=@%}—,7~$ _S V(e i Ndu, ... du,

Wnrerpassl B npaBblX 9acTsX HANHCRHHBIX (GOPMYJ  SBASIOTCH
n-MepHBIMH.

[Tycrs C — oproronansnas marpuua, npusoasmas R K auaro-
HajqbHOMY BUAY, Tak uro C*RC =D, rne D == (Mdw), I, b =
=1, ..., n; &, >0, C*— marpuna, conpsixxennasa ¢ C. Tak .kaK
C Bewecrsenna u opToroHanbHa, C* COBNALAaeT C TPAHCIOHUPOBAH-
HOH H ¢ Marpuueil, o6partnolt k C, C* = C’ = C-1. Tlepeiinem or
TEePEMEHHBIX UHTEIPHUPOBAHUSA Uy K MEPEMEHHbIM Up C HOMOLIbIO CO-
oracmenud # = Cv nau v = C*y, rae v ==(vy, vy, ..., vn). Taxk
KaK [pH OPTOTOHAJbHOM Npeo0pasoBdHiM 3JeMeHT 06bhbeMa He Me-
HSIeTCH, TO

f(x)=-(—2-:—c)—n— §° §oexp{—i(x—-m, Cv)——;-(RCv,Cv)}dvl... dv,.

(RCv, Cv)=(C*RCv, v) =ka A0%,

(x —m, Coy=(C*"(x — m), v) -—:kz x50,

rae X, — k-1 KOMNOHeHTa BekTOopa X* == C*(x — m). Takum
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obpasom,
fx)=
CC ¢ 2 |
= G S Sexp{—-in’;vk——yzhkvi}dvl...dvn=
- —c k=1 k=1
n g et » .
= H%— S exp{——zxkvk —?Akvi} do, =
k=1 —00
1
n %2 n n - Loy
1 —xk /27»,2 —— 2 (D x*, x*)
= e = (2n) 2 ( M) e 2 .
L 2an, ;L

n
Nanee, []A,==A, rae A — ompepnesurens MaTpuus R,
BT

D75 ) =(D7'C* (x —m), C*(x —m)) =
=(CD7'C" (s —m), (x — m)) = ((CDC*Y™" (x — m), (x — m)) =
=R (x —m), (x — m)),
rme R7'— marpuua, obpatHas x R. OxoHuaTe/bHO NOJydaeM
W= gmmmep{ —5 R e —m), (s — m)} =

n .

_ 1 exp{—% » Ak/‘(xi”mi)(xk_mk)}’ (6)

V(2a)"A Pt

rae Ap;— asnreGpanyecKkue JOMOJHEHHS 3JIEMEHTOB MaTpuipl R. Us

o0

(6) camenmyer f(x)> 0, a us (5) S f(x)dx =9 (0)=1. Taxkum 06-

— 0o
pasoM, QYHKUHIO f(X) MOXHO paccMaTPHBATb KaK A-MEPHVIO IJIOT-
HOCTb pacnpefesieHusl, a Y(4) ABAAETCH ee XapaKTepHCTHYECKOH
QYHKIHEH.

[lepexons x ofwewmy cayuao, npexnosoxuM, 4yto marpuma R
uMeer paur r (r << n) u C— opToroHa/bHOE NPE06pasoBaHue, NpH-
Bojsdlee ee K AwaroHaawnHomy Buay, C*RC = D,, rne D, — nnaro-
HaJbHasi MaTpuUlla, JHaroHajbHble 3JeMeHTH KOTOPO#H Ay == O mnpu
R=r+41,...,nuM>0 mpuk=1,2,...,r Iycts Af=2,
mpu j=1,2, ..., r; Aj=semnpu j=r-41, ..., n. Torna R, =
= CD.C* — nosoxure/ibHO ONpefeseHHas marpuna (D, — mar-
pHaIa ¢ 3jeMeHTaMu kféfk) H

@ (6) =exp {i (m, u) — (R, 1)}
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ABJISIETCS XapaKTePHCTHYeCKOH (YHKUMEeH HEKOTOPOro pacrnpepesne-
wus. Ilpn e —0 dynknua @.(u) pasHoMepHO crpemurcst X g(u), #
103TOMy @(u) Takxke OyAeT XapaKTePHCTHUECKOH (YHKUHEH HEeKo-
Toporo pacnpenenennst. Kak Oblo BBISICHEHO paHee, 3TO pacipe-
JleJleHHe COCPe/JOTOYEHO B /-MEPHOH THNEPIJIOCKOCTH H [03TOMY He
uMeeT IVIOTHOCTH. Takoe pacnpenesenue HaA3HIBAIOT HECOGCTBEHHLIM
rayccoBHM pacnpenesiesueM. B

Caencraue 1. B sopasenuu (1) 04sn xapaxrepucru4eckod
GpynKyuu eayccosa pacnpedesenus m = (m;, My, ..., My) €cT6
BeKTOD MATEMATU4ECK020 0XcUdanus, a R — xoppesayuonnaa mar-
puya:

m=Mz, r,=MI[E —m)E— m)).

ST0 caencTBHE HENOCPEelNCTBEHHO BBITeKaeT u3 Qopmya (2) «

( )CJIeILCTBHe 2. Ecau koppeissyuornnan marpuya R eayccosa
CAYLAnOeo 6eKTopa & HEeB8bIPONOEHA, TO CYUECTBYeT n-Mepras
nAOTHOCTL pacnpedesenus [(x), onpedeasemas gopuyaoi (6).
Cnencreue 3. Cosmecrnoe pacnpedeserue awoboii epynnot
KOMNOHCHT 2aycco8n CAY4aiiHO20 BeKTOPO ABAALTCH 2QYCCOBLIM.

Teopema 2. Ecau cayualinoiii sexrop &= (%, &, ..., &n)
unmeer eayccoso pacnpedeienue, cayuatinvie extopsl & = (&, ...
veoy &)y & ={(&41, ..., En) (r << n) Hexoppeauposawusi, TO 8€K-

Topot & u & wesasucumet,
Hokasareavcrso. Vs wexoppeaupoBannoctu & u E” BhITeKaer,
4TO
Mgg; — Mg Mg; =0, i=1,...,r j=r+4+1, ..., n.

IMoaromy
@ (w)=exp { i (m’, )+ i (m", u") —
1

n

1
r,ku,uk—-—é— Z r,ku,uk},

=]

is 1 Jyk=r+41
rne
m =(m, iy, ..., m,), m" =My, ..., M),
U=y, ty, ..., 1), U= (Upagy ooy Up)

Ipenbinymyio ¢GopMyJay MOXHO nepenxcaTth B BHJE
@ (u) = Me! @, 1+ W, ) = Me! @, &) Me! @ 8 = @’ (') 9” (u”),

rae ¢’ (¢') u ¢ (4") sABASIIOTCA XapaKTEPHCTHYECKUMH GYHKUUSAMH
BeKTOpOB &/, §”. DTO COOTHOIIEHHEe [OKA3bIBAET HE3aBUCHMOCTH E
17

ug”.
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Myers A= llapll j=1,...,h k=1, ..., n)— npouseo.i-
Hasi OPSIMOYroJibHast MaTpula 1 n = AE, T. e.

n=(n1’ v e ny nh)’ n]=k2=:lajk§k) ]=1y ey h'

BexkTop 1 sBJsieTcs JHHEHHHIM Ipeo6pasoBaHHeM BeKTOpa &.
Teopema 3. [lpu aunelinom npeobpazosanuu cayuailnblx
8EKTOPOB 2ayccogvl pacnpedeseHts nepexodar 8 2ayccosol.
Hokasareavcrso. Ilyets @n(ty, ..., I,) o0603Hauaer Xapakre-
pucTHYecKylo pynKiuio BekTopa 1. Toraa

h n h
Qqluy, .-y uh)=Mexp{ii§1um,}=Mexp{i Z( 1u,ajk)§k}=

k=1 \/=
—=exp{i(u, Am)— - (ARA'w, 1)}, (7)

T. €. 1 HMEeT rayccOBO pacrhpejeseHHe ¢ MAaTeMaTHUECKHM OXHja-
nieM Am u ¢ aucnepcuonuoi matpHueit Ry == ARA’ R

[Mpusenem ellle HEKOTOpHIE YaCTO HCHOJb3yeMble (GOpMYyJbl AJst
rayCcCoBBIX paclpeje/enui.

ycts E=(&, ..., &), n=(M1, ..., Mn)— IBa CJAyYafHBIX
BEKTOPa, MMEIOUMX COBMECTHOE rayccoBo pacnpepesenue. Halinem
YCJOBHOE pacnpejesieHHe BeKTopa & IPH 3alaHHOM Bekrope n. He
yMaJ/saa OGIIHOCTH, MOXKHO CUHTAThH, UTQ KOPPEJAAIHOHHAS MaTpHLA
Ry, BekTOpa 1 HephipoxkieHa. [leficTBHTesNbHO, ecsim Ob MaTpHUa
Ry, BBIpOXKIaJach, TO 370 6B 03Hauast0, YTO HEKOTOPhIE KOMIIO-
HEHTH BEKTOpAa T fBJAIOTCA JHHEHHBIMH KOMOWHAUMSIMH IPYTHX,
H HX MOXHO GblJI0 OBl MCKJIOYHMTD, IOHH3HB Pa3MEePHOCTb BEKTOPA 1].

[Tycte m; = ME, my = Mn, R, — KoppeasiHHOHHas MartpHlla
BekTopa &, Ry — B3aumMHasi KOpDe/JSUHOHHAs MaTpHLa BEK1OPOB

Eun:
Rip=M(E— m)(n — my)".

3amerum, uto Aaa Mo6ofl HecayuaiHO@l MaTpuunt A M BEKTOPOB
Eun
' M(4g, n) = Sp 4K,

rae K — matpuua c snementamu k;; = Mg&m;, Sp B — cren mar-
prunt B, SpB =), b;,. Tlpu stom, Sp AB = Sp BA naa awo6bix

7
matpun, A n B. Bosppamasicb kK NOCTaBJeHHOH 3agaue, MOJOKHM
¥ -1
E=m + Ri2Rz (n — my). (8)
Jlerko npoBeputs, yTO AJ8 JA0GOR MaTpunn A

M(A@E—E), n—my)=0. (9)
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JeficTBUTEIBHO,
M(AE—E), 4 — ms) = Sp ARi2 — Sp AR 2R3 Ry = 0.

PasencrBo (9) osHauaer, uto Mi06as KOMIOHEHTa BeKTOpa & —E§
HEKOppeHpoBana ¢ J:060H XOMIIOHEHTOH BEKTOpA 1 — My H, CJe-
AOBATEJbHO, 9TH BEKTOPHl He3aBHCHMBL. Takum o6pasow,

§=§+é=§+m1+R12R2—?l(n—m2)» (10)

rre § u § —rayccoBbl cayuafiHble BEKTOpH, § He 3aBHCHT OT 1.
IIpu sToM

Mg =m; — m, =0,
M =ME-§E—b =
=MA{E — m) € — m) — (€ — m) (0 — m)* R R, —
— RuoRz' (0 — mo) (€ — mi)* 4 RuRE' (0 — ma) (1 — ma)* RE'Rioh
M, TaK KaK Rj, =R, =M (n —m,)(§—m)" n marpuna R,, cum-

MeTpHYHA,

MzZ* = Rii — R12R%'Ro;.

Us ¢opmynn (10) BeITeKaer, uTo yCJOBHOe paciipefesieHne Bek-
TOpa § NMPH 3aJaHHOM BEKTOPE 1) SIBJSETCS TayCCOBBIM C YCJOBHBIM
CpelHUM

M {&In} =& =i + RiR%' (n — my) (11)
U YCJIOBHOH KOPPeNsSLHOHHON MaTpHIel
M{(§—§)(§—§)*ln}=Ru-—RuREz‘Rm. (12)

OTmeTHM crefymoliee BaxKHOE OGCTOATEbCTEO: MaTpHUa YCJIOB-
HBIX KOPpEIAUHH BeKTOpa § NpH 3aA4aHHOM 1) HecaydafiHa H, B 9acT-
HOCTH, He 3aBHCHT OT 3HAUYEHHsI BEKTOPA 1).

Cuenymoiee yTBEepKIEHHE OUYEBHIHO, HO €ro IOJE3HO HMETh
B BHIY.

Teopema 4. Ilycre §» (a =1, 2, ..., r, ...)— nocaedo-
BATEALHOCTH N-MEPHLLY BEKTOPOS, umMelowux 2ayccossr pacnpede-
Aenus ¢ napamerpany (m@, R®), [Tociedosaressnocts pacnpede-
AeHUL 8eKTOpos E® (o =1, 2, ..., r) caabo cxodurcs (cxodurcsa
8 OCHOBHOM) K HEKOTOpOMYy npedesvHomy pacnpedeienuro T020a U
TOALKO TC20a, K020a

m®—>m, RY_Pp. (13)

B atom cay4ae npedensvnoe pacnpedenenue Takice asiserca eayc-
cosbLm ¢ napamerpamu (m, R).
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[lepefinem Tenmeps K caydaidnbiMm (yHknusim. Bekrtophas s-mep-
Has caydaiHas ¢ymkumusa &(0) = {&(0), ..., E-(6)} naspiBaerca
20Cco80Ll, ecii COBMECTHO® paclpeleseHNe BCeX KOMIIOHEHT Cay-
YalHBIX BEKTOPOB

E(el)» §(62)’ sy g(en) (14)

SIBJISIETCST TayCCOBBIM.

Koppenainuonnass MaTpulla R COBMeCTHOro paclpefesreHus Mo-
cleloBaTeNILHOCTH  CAydallHbIX BekTopoB (14) wumeer pasMep
sn X sn u MOoxer ObHTb pa3buTa Ha KBajpaTunie OJIOKH pasmepa
s X § caenyoouuM o6pasoM:

R{(6:, 8;) R(6;, 62) ... R(6;, 0,)
R—|R©® 8) R 8:) ... R(B:, 6,)
R(e.n,.f);) R(®,, 82 ... R(8, 6,

rae R(0;, 02)— KoppensunoHHas Marpuna ¢yskuun E(0). Mart-
puna R BellecTBeHHAss M HEOTPHLATEJBHO OMpeLesIeHHas.

OueBunnO U o6paTHOE NpEAJOXKEHHE. A HMEHHO, KAKOBH Obl HH
OblIH BeLIeCTBEHHBIC BeKTop-OyHKIHS m (8) ¥ HeOTPHUATEIbHO OI-
penenennasa marpuudas ¢GyHkuusa R(0;, 0;), 6, =0 (i=1, 2), cy-
LIeCTBYET r-MepHas rayccoBa ciyyailHas OYHKIOHS (B [IHPOKOM
cMbIcsIe), AJs1 KOTOpOH m (0) ecThb BEKTOD MaTeMAaTHYECKOTO OXKHAA-
uug, a R(0;, 8;) — KoppeasinuonHas martpuua.

MoMeHTHl rayccoBOH cJyyalHOH (YHKHHH MOTYT OHITh NOJY-
UeHb M3 DasyIOKeHHs XapaKTepHCTHuecko# ¢yHKuuin. Orpasuuu-
Basich ClyYyaeM HEHTPAJbHBIX MOMEHTOB, moJoxuM m{0)= 0. Torna

1
== (Ru, 2
Qo,, ... 00 (11, ooy ug)=e 2 =

= 1— 5 (Ru, &) + g7 (Ret, 0 — ... (= 1)gor (Ruts 1) ...

Orciona a1 NMPOH3BOJBHON MOMEHTHOA (YHKIMH HEYeTHOro IIO-
pAxKa HOJIyYHM

s

my g (B e, 8)=0, ecan kz=:ljk=2n+l.

Hns uenTpanbHBIX MOMEHTHBIX (YHKIUM UETHOTO NOpsKa

2n s
g R, 1), Y je=2n. (15)

My, (O ..., B5)= .
b ' alt ... odls &
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HanpuMep, 17 MOMEHTHHX (QYHKUMA YETBEPTOro NOpsiaKa HMeeM
cienyiomue GopMydIn:

my(0)=3R*(8, ), my (6, ) =3R(0;, B) R (6, 6y),

o (01, 6, 85) =R (B, 6;) R (8, 85) + 2R (8, By) R (6, 63),

My (61, 8s, 03, 6) =

=R (0;, 6;) R (65, 6,) + R (6;, 85) R(6,, 8,) + R (85, 64} R (63, 6;).

B O6LIJ,€M cayyae HMeeT MeCTO COOTHOIIeHHe

My 1,81 .oy 8) =2 [1R(8,, 6,), (16)
CTPYKTYpa KOTOpDOro MoxeT OBITb ONHCaHa CJAEAYHOINHM 06pasomM.
3anucelBaeM TOYKH B8y, ..., Os B NOCHAENOBATENbHOCTh, Npudem 6

namem noApsa j. pas. Hamucamnyro mnocienoBaTesbHOCTb pazbu-
BaeM Ha MPOH3BOJIBHBIE Mapbl. Torpa npousseleHHe B NpaBoOH 4a-
crd Qopmyasl (16) Gepercs mo BceM napam 3TOro pasbueHus,
a cymma Oepercsi NO BCeM pasGueHuaM (naphi, OTJHYAIOMHECcs Te-
PECTAHOBKOH 3/1€MEHTOB, CYHTAIOTCA 3a OAHY). JTO YTBepPKAEHHE
HENOCPeACTBEHHO BhITeKaeT H3 dopmyan (15).

To 06cTOATENBCTBO, UTO rayccoBH ciydafinbie QyHKIHH HrpaioT
BAKHYIO POJb B NPaAKTHUECKHX 3aJladax, 4aCTO MOXKHO OOBSCHHTDL
caenyomum 06pazoM. [Ipu IMHPOKHX YCAOBUAX CyMMa OOJBIIOrO
yypcaa HE3aBHCHMBIX ¥ MaJjbiX [0 BeJHYMHe CayyalubiX QyHKuui
NpHOMUKEHHO SIBJISETCSl TayccoBoi ciayyaiiHoil (QyHKIHeHd, He3aBH-
CHMO OT TEOPETHKO-BEPOSITHOCTHOH NPHPOALI OTHEJbHBIX cJiarae-
MBIX. DTo Tak HashBaeMmas TeopeMa O HOpPMaJjbHOH Koppeasuuy,
ABJSIONLAsiCd MHOTOMEpHBIM 0GOGIIeHHeM LeHTPabHON npenelib-
HOH TeopeMHl.

Onpeneneunne [locaedosareasrocts cayualnvlx pynxyui
(8 wupokom cmoicae) En(8), 00, n=12 ..., nasoisaoT
caabo cxodawetica K Eq(0), 6 =0, ecau daa aroboix s, B; (0: 0O,
s=1, 2, ...) cosmecTnoe pacnpederetue cepuu CaydalHovlx &e-
audun (En (1), ..., En(0s)) npu n—> oo caabo cxodurcs x pacnpe-
denenuro seautun (Eo(01), ..., Eo(Bs)).

Teopema 5. [lycro Oana nocaedos8aresbHOCTs Cymm Cay-
yaiinblx Qyrryul

mp,

m@=;aM% 6=0, n=1,2, ...,
. =]

i BbINOAHEHDL CAeOYroujle YCA0BL:
1) npu QuKcupOBAHHOM N CAYYQUHbIE BEAUHUHbL  On (6,),
0n2(02), ..., Onm, (an) 83aUMHO Hesasucumsl npu Aw0boix 0y,

B2, ..., Om, u 06.1a0Qi0T MOMEHTAMU BTOPO2O NOPACKA, npULem
Ma,, (6)=0, Mo, (6)="0;,(6);
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2) npu n-—>oo KuppeasyuonHas  pynryus R,(0;, 03) =
= M1 (61), 1x(02)] cxodurca k nexoropomy npedeary

lim R, (6;, 6;) = R (8, 6,);
n-»o0

My

3) cymmor M, (0) ==, a,,(0) npu kamdom 0O ydosaereopsior
k=)

ycaosuro Jlunodebepea: npu aobomn v > 0
n
= ' dTl, (8, x)— 0,

2de T,.(0, x) — oynkyus pacnpedeserus CAYUalinol Beaununnt
ank(e)>

Bi= 3. bix(8)= Ra (0, 0).

Toeda cayuatnas Qyukyus n,(0) npu n— oo caabo cxodurca
K 2aycco8ol cAyHQuinol Qynkyuu ¢ maremaTuyeckum oxcudariuem 0
u Koppeaayuonnot pynxyued R (0, 82).

[IpuBeneHHass TeopeMa HEIOCPEACTBEHHO BLITEKaeT M3 LeH-
TPaJbHOH IMpeleJbHOH TeOpeMBl MJs CYMM HE3aBHCHMEIX ciaydali-
HEIX BekTOpOB. Ilps sroM ee ycaoBUSL MOryT OHITb OC/abJIeHEL.

§ 3. Mpouecce ¢ He3aBHCHMBIMH NPHPAMIEHHUIME

CoGcrBeHHO TOBOpA, HMEHHO C H3YUYeHHS NPOLECCOB ¢ He3aBH-
CHMBIMK MPHPALIEHUAMHA BO3HUKJA TEODHS CJAyYaHHBIX IPOIIECCOB.
Chavana usyyajcs BHHepPOBCKHA mnpoiecc (MIn Rpouecc GPOyHOB-
CKOro JABHIKEHUA), a 3aTeM U Gojee o8iiue MPOULCCH ¢ HE3aBHCH-
MBIMH NpHpalleHuaMy. 3a4aya COCTOAA B IOJNHOM OIHCAHHU 3TOrO
KJjacca MpPOLECCOB U B H3YUEHHU €ro CBOHCTB.

B Hacrosimem naparpade OyAyT NpHBeREHBI MNPHMEPLI HpoLec-
COB ¢ HE3aBHCHMBIMH NpUpalleHHAMH H HalZeHo oflliee BhIDace-
HHe /I XapaKTePUCTHUECKHX (DYHKUHEH KOHEUHOMEDHEHIX pacipefe-
JIEHHH CTOXAaCTHYECKH HEMPEePLIBHBIX [POUECCOB € HE3aBUCHMBIMH
npupanieguHsIMu.

ITycts T — xoneunsifi orpesok I =0, a] win T = [0, co).

Onpenenenune. Cayuadnsvui npoyecc {E(t), teT) co sua-
4eHuAmu 8 R HA3LIBAETCA NPOUECCOM € HE3ABUCUMbIMU npupauye-
Huamu, ecau Oan Mmoboix n, 0 <<t <ty << ...<<t,, cayuainoe
sexroper E(0), E(H1)—E(0), ..., E(fn)— E(fn—1) B3aumHO He3a6u-
Cumet.

Bexrtop £(0) Ha3blBaeTcsi HAYAAbHbLM COCTOAHUEM (SHQueHuem)
fiponecca, a €ro pacnpeieleHue — HA4aAbHblM pacnpedesenuen
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npouecca. HToGbl 3a4aTh NMPOUECC ¢ HE3ABHCUMEIMH MPHPAIICHHAMHN
B INHPOKOM CMBIC/IE, JOCTATOUHO 3a[aTh HauaJbHOE pacripenejeHHe
Po(B) = P {£(0)= B} u naGop pacupenesennit P (¢, h, B) (t =0,
h >0, B&%?), rge B! — c-anrebpa GopeaeBckux MHOMKecTB Hd
i P({4 h, B)—pacnpepenenne BekTopa  E(f 4 h)—E(2),
P(t,h,By=P{E(t + h)—E(¢)= B}). [lefictBHTe.IbHO, €CIH 3TH
pacnpenesieHHsl JaHbl, TO Jilo0ble COBMECTHBIE pacIpeiesielnsi BeK-
TOPOB E(t1), (%), ..., E(fx) omHO3HauHO ompefensoTCs GOPMY-
JIoH

P (k@ {titn = Bk}) —

=\Poy) § PO, tdp) { Pl ti—t, dy) ...
By B~y By— (yoty1)

i N Pl ta—tomy dg). ()
Bp=(upt v +4,)

3nece B — 2z o6ospavaer muoxectBo {¥: ¥ =y —2, y e B}. Uro
KacaeTcsl HauaJdbHOIrO pacnpemeneHusi Po(B), To oHO MoxeT GHITH
npoH3BOMBHLIM. C Apyroél CTOPOHEI, HeJb3ss TapaHTHPOBATh, YTO
IIPOHU3BOJIBHO 3a1aHHOMY ceMeHCTBY pacnpenenenuii P(f, A, B) co-
OTBETCTBYET HEKOTOPHIH NpPOUECcC ¢ He3aBUCHMBLIMH MPHPAICHHAMA,

Urole mocjiessee HMEIO0 MeCTO, HEOGXOZMMO H JOCTATOUHO,
utobni P (f, h, B) o6aanasno ciaexyioliuM cBONCTBOM: NpH JIOGOM 71

B mobsx (b ..., ), t=to<<ti<< ... <t,=1t+h, P({h B)
SIBJISIETCS paclupefieslendeM CyMMbl He3aBHCHMBIX CJY4alHbIX BeK-
TOPOB &y, ..., &n, rie & umeer pacupegpenenue P (fy_y, tp — tr_y, B).

JlelCTBHTE/BHO, €ClIH 3TO YC/AOBME BHIDOJHEHO, TO CeMelcTBO
pacnpenenenu#t (1) yaOBJACTBOpPSET YCJAOBHAM COMVIaCOBAHHOCTH.

ITponecc ¢ He3aBHCHMBIME NpPHPALUEHHSIMH HA3BIBAlOT O00HOPOO-
HbLM, eClu pacnpenejenne Bexkropa E(f - A)— E(f) ne 3aBucuT oT
t, r.e. P(4, h, B)==P(h, B). las OZHOPOAHBIX HPOUECCOB MPUBO-
DuMple HUXE COOTHOmIEHUsT H GODPMYJH HUMEKT 0oJee npocToll Bui.
Bo MHorHx Bompocax, He yMaasas OGLIHOCTH, MOXHO CHUHTaTb, UTO
£(0)= 0. B nanbreftimiem MBI yacTo 6yIeM CUHTaThb TO NMpeamnoJo-
JKEeHHE BLINIONHEHHBIM.

[TpupesemM cHavana HECKOJBKO NPHMEPOB MPOLLSCCOB C He3aBH-
CUMBIMH NpHPallEHUAMH. :

Hpouecc Gpoynosckoro apuxenns. Tak masbBaercs npoiiecce ¢
He3aBHCHMBIMH NpHUPALIeHHAMH, JJ8 KOTOPOro pacnpenenenue
P (¢, h, B) saiBasieTCs rayCCOBHIM,

Kax n3BectHo, ecau HaG/i0NaTh B MUKPOCKON C OYeHb CHJbHBIM
yBeJHUYEHHEM MAaJIeHbKYIO KPYNHHKY KOJJIOHIHOTO pasMmepa, Morpy-
JKeHHYI0O B XHIKOCTh, TO OKa3bIBaeTcHd, YTO TakKas YacTHIa Haxo-
INTCA B TNOCTOAHHOM HABHXKEHHH H ee NOYyTb HpeAcTaB/deT coGoH
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o4€Hb CJOXKHYIO JOMAHYIO JIHHHIO C Xa0THYECKH HanpaBJeHHLIMH
3BEHBAMH. OTO sBJeHHe OOBSICHAETCS CTOJKHOBEHUSIMH MOJEKYJ
AHHAKOCTH ¢ KoaJsouanol uvactuued. Kosnouanas uacTHila HMeeT
OTHOCHTEJIbHO GOMblIHe pa3Mephl MO CPABHEHHIO C MOJIEKYJaMH XKHJ-
KOCTH H HCHBITHIBaeT B OJHY CEKYHAY OrPOMHOE YHCJIO CcOyLapeHud
¢ HUMH. Pe3yJapTar KaxAOro CTOJNKHOBEHHS YACTHHLI C MOJEKyJaMH
NpOCJHENTb HEBO3MOXKHO. BHAMMOe JIBHXEHHE YacCTHLB HA3Ll-
paercsl GPOYHOBCKHM [BHxeHHEM. B nepBoM mNpuG/IHKEHUH MOMKHO
CUMTATb, YTO CMELIEHHSt YacTHIH TM[OJ BJHAHHEM CTOJKHOBEHHS
¢ MOJIEKyJlaMH CpeJbl He3aBHCHMBbI Mex1y o000, H paccMaTpHBaTh
OGPOYHOBCKOE JBHiKeHHe KaK MpollecC ¢ He3aBHCHMBIMH NpHpalle-
ausMu. Tak Kak oToeNbHOe CMElleHHe MaJio, TO MOXKHO NpenoJo-
KHTb, YTO K HX CyMMe NpHMeHHMa LeHTpa/bHas NpelesibHasd Teo-
peMa TeOpHM BepOATHOCTEH, M CYHTaTb OpPOYHOBCKOE JBHXKEHHE
rayccoBbIM TPOLIECCOM.

CrhenaeM HECKOJBKO 3aMeUaHHil O KOppeNsAluOHHOH (YHKIHH
mpouecca ¢ He3aBHCHMBIMM MpUpauieHHAMH, 06/afaloLlero KoHeu-
HBIMH MOMEHTaMH BTOPOTO NOPAAKA.

Ilycrs E(0) = 0. ITostoxxum

a()=Me(®), BO=MEW®—a@OIE®—a@®].

B(f) saBJfeTca CHMMETPHYECKOH HEOTPHLIAaTEbHO onpeaeneHHON
Man(HI).l)eI';I. Ecin s <1, 10 (AE(S)=E(f)—E(s), Aa(s)=a(t)—
—a(s
R, )=ME@)—a@]EG) —a@)] =

= B (s) + MA5 (s) (5 (s) — a(s))" =B (s),

R(t, s)= B (min(t, s)). @

HJIH

OrMeTHM elne, 4TO
M (A5 (5) — Aa(s)) (AE (s) — Aa(s)" =

=B({#)—R(t, s)—R(s, )+ B(s)=B({l) —B(s). (3)
B uacrhocrn, orciona ciexyer, yro Marpuna B(f)—B(s) camme-
TPUUHAE M HEOTPHLATeJbHO ONpefesieHa.

Has onHopomumx mpoueccoB ¢yuknuu a(f) u B(f) yaosnerso-
PAIIOT CAELYIOIHM QYHKIHOHANBHLIM YDaBHEHHAM:

a(ty+ ) =a(t) +al(t), 4)
B(tx+t2)=3(t1)+3(tz)- (5)

Coornomenne (5) siBJseTC HENOCPEACTBEHHLIM cleiacTBHeM (3) H
OJHOPOJHOCTH mpollecca, a paBeHCTBO (4) Jierko nposepsercs:

ati+L)=MGE(E+ L) —E@) + MEB) =a(t) +a(t).
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Eciu npeanoJoxuth, 4To QyHKHHs a(f) orpaHuyeHa, TO, Kak H3«
BECTHO, pelleHHs (YHKIMOHANBHOTO YypaBHeHHs (4) HMET BHA
a(f)= at, Tme a — HeKOTOpLIH HOCTOSIHHBIH Bekrop. M3 neorpuna-
TeJbHOH ONpejesNeHHOCTH Martpuupl B(f) B cBoio oyepeab BbITE-
KaeT, 4T0 pemeHnus ypasHenus (5) umeior BHA B(f)= Bt. Hraxk,
LJs1 OfgHOpomHOro mpouecca E(f) ¢ He3aBUCHMBIMH OpHpaUleHHAMH
1 KOHeUHBIMH MOMeHTaMu Broporo nopsiaxa (§(0) == 0)

ME()=at, R(, s)=Bmin({, s). (6)

B uacTHOCTH, OAHOMEPHBIl OZHOPOXHBIE mpouecc OPOYHOBCKOTO
ABIKEHUs ONpejessieTcss AByMsi mapamerpamu m u o. Ilpu stom
Me (¢) = mt, DE({) = o%. Ilpu m = 0, ¢ = 1 npouecc GpoyHoB-~
CKOTO NBHXKEHHUS HA3bIBAIOT BUHEPOSCKUM rpoyeccom. B mHoromep-
HOM cJydyae BHHEPOBCKHM MPOLECCOM Ha3blBAIOT ONHOPOAHBIA raycs
COB NPOLECC ¢ HE3aBUCHMBIMH NPUpPALIEHHAMY, NJIsI KOTOPOIO

§0=0, Mz()=0, M@OFWO=It,

rae / — eguHuuEas MaTpUIla.

NMponecc IMyaccona. CroxacTHUeCKM HENPEPBIBHBIA mpouecc
¢ HEe3aBHCHMBIMH MpHpalleHHsMU HasuBaioT npoyeccom Ilyaccona,
ecan  aas  gwo6ex s, £ >0 (s << ) pacnupeleseHHe BeJHUYMHBI
E(f)— E(s) sBasieTca nyaccoHosckuM. [lycrs E£(0)==0. Torga se-
Juuuna E(f) npHHEMaeT mesouuc/ieHHble sHauenusi u P{E(t)=m}=

@ (1% o e ;
= a ¢ 7, npuiem ME(¢) = a(¢). Ho Torza )

Ple(t)—t(s) =m) =202 maw-ai,  m=0,1, ...

ml

Ecau npouecc &(f) 0QHOPOMEH, TO B CHJIy MOHOTOHHOCTH (hYHKIHH

a(?)

H

a(f)=at

a™ (t — sy

PEE@®) —E()=m}=—r——e 209, s, m=0,1,...

B ofuem ciyyae U3 CTOXACTHYECKOH HEMpephlBHOCTH mpomecca &(f)
clefyer HENPepHBHOCTb GYHKIUM a(f). JLefiCTBHTENbHO, TaK Kak
£(f)— E(s) mo BeposTHOCTH npu s, T0 Mei i) > Meiv¥) n xa-
pakrepucTHueckas (GYHKOuS @(«) Beauyunbl §(f) HenpepnBHa
no .

C npyroi cropount, @:(u) = exp {a(t) (e’ —1)} u @,(«) Hempe-
pbIBHA TOTAAa W TOJLKO TOrJa, KOrfa HempephiBHA (YHKIHS a(t).

Besrpannuno jeaumbie pacnpepenenns. Pacnpenenenne Q B #¢
HashHIBAlOT 0e32panuino Oesumblm, eciu mis Jwoboro uenoro n Q
SABJIeTCH N-KPAaTHOHM CBepPTKOH Hekotoporo pacnpenenerus Qu:

Q=Q.;.



§ 9] TMPOLIECCHI C HE3ABHCHUMBIMH MPUPAITEHUSIMHU 3h

Takum o6pasoM, ecju Ajas Ja10000T0 LeJOro 7 Cay4alHBIY Bek-
top § IHomyckaer mnpencraBieHHe § = En) + En2 ...+ Enn, TAE
{Enn, k=1, ..., n} — He3aBHCHMBle OJMHAKOBO paclpejeJeHHbIe
cayualiHble BEKTOPH, TO pacnpejesieHHe BeKTopa & GerpaHHYHO Je-
JUMO.

BesrpaHuuHO [enMMBble paclpefesieHHA HTpaloT BaXkHYI0 POJb
B NpPENEJbHBIX TEOpeMaX TEOPHH BEepPOATHOCTEH M B TEOPHM CJyuai-
HBIX TnpoieccoB. C ONHON CTOPOHHI, TOJNBKO Oe3rpaHHYHO AeJHMBbIE
pacnpene/eHnst MOTYT GBITb NpPENCNbHEIMH pacnpeleseHHsIMH CYyMM
6eCKOHEUHO MaJjiblX HEe3aBHCHMBIX cJaraeMbiX. C Ipyro# CTOPOHHI,
KOHEYHOMEpPHBIE paclpeleseHHsi CTOXacCTHYECKH HelpephiBHbIX IIPO-
IlECCOB C HE3aBHCHMLIMH NPHpPAIleHUsAMH 4BJsOTCH Oe3rpaHHuuHO
JeJTUMEBIMH.

Hatligem o6muii BHA XapaKTepHcTuyeckodl Qyukuuu ¢(u) Ges-
rpaHUyHO JeJUMOro pacnpenenenusi. Ee takxe HasbBaloT 0esepa-
HU4HO Geaumoil xapaxrepuctuueckol pynkyued.

Us onpenesenus cienyer, 4ro AJs J0GOro- # Halijercs xapak-
TepUcTHUecKass QYHKIUA ¢n (¢) Taxas, uTo

o () = [, (W)]" (7)

YenoBumes cuurath, uto byHkuus arg ¢(¢) omnpeneneHa OIHO-

3HAYHO ¢ MoMomblo yeaosuit: 1) arge(0)==0; 2) arge(u) ss-

JsieTcsl HempepolBHOH (yHruueldl or 4 (— oo << u << o). B 3TOM
1

cTyuae MOXKHO OHO3HAUHO onpeneants In¢(u) u[p ()] *, mouoxus
1 1
— — Ing(u)

flp@]7=¢er ", Ilpu srom

R
n

—D=lneWw. ®

Teopema 1. ITycre @(h, u), h= H,— cemeiictéo. xapakre-
pucruueckux Gynxyuid, H — monoronno yboisaroujas nociedosa-
TEeAbHOCTbL NOAOMCUTEAbHBLX 4ucea, cxodawuics k 0, u npedea

lim (9 @) — 1) = tim 1 (jo @]

= lim 2 9 =1 9
g() =lim 2L ©
cyuiecTsyer pasHomepHo 8 npoussorvrol cpepe |u|<< N, N > 0.
Toz2da 8 {#4, B cyuecrsyior Koneunas mepa I1(B), M {0} = 0, xe-
oTpuyaresbHo onpedenexnvliy oneparop b, orobpascaroujuil He
8 R, u 8eKTOp a Takue, 4To

g =i(a, w)— (bu, u)+

. i (u, | 2
+ S[e‘\u:z)—l— l’fr"lgz] Tz'lf' T(dz). (10)
%d
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Hoxasarenocrso. Ilyers Q, (- )— pacnpeaeseHue, cOOTBETCTBYIO-
uiee Xapakrepuctuyeckoit ¢yskuuy ¢ (h, u). [lomoxum

1 2

0,(B) =4 | 122 Qu(d), B
B

Huxe Gyner mokasaHo, uto cemeiicrso mep {IIn(-), h & H} cnabo

KoMrakTHO. Bribepem mocienoBareabHOCTs Ay | 0 Takyio, uro Ik,

c1abo cxonsres K HekoTopo# mepe II” na 94, [Jasee,

qa(h,}z:)—l _ S(et(u.z)__l)—l-%;ﬁﬂh(dz)=
Fd

. 1
— ity — 1B+ (7 A2, ()
Fd
roe
me={©2,@),  B,w= |42 m, @),
a4 #é
. gy i 2) 1 (w2 y14+]2]p?
i, 2)—(ei(u ) — 1 Tz +3 l+lz|2) FI
Ecan cumrath, uto f(u, 0)= 0, to f(u, 2z) OyldeT HenpepLIBHOH H
orpannuenHoil ynknues. ITostomy

lim g f(u, 2) My, (d2) = S f(u, 2) IV (d2).
#d Fd
Tak Kak CyllecTByeT mnpejes JepoHl uactu paseHctsa (l1) mpu
h = h,, n — 0o, TO CYUIECTBYIOT NpPELEIHI
lim Ap, () =a(u), limBs, () =B (),

npuuem a(u) saBasierca Junelnok Qynxkumid, a B (u)— nosoxu-
TeJbHO ONpeLesieHHOH KBajpaTHueckod ¢opmoi, T.e. a(u)=(a, u)
u B(u)=(b'u, u), rae b’ — HEOTPHLATENbHO ONpElEJNECHHbIH CHM-
meTpuueckuil onepatop. ITepexoas B coorHomenud (l1) x mpemeny
[0 MOC/EI0BATeNbHOCTH Ay, NOMYUHM

cW=i@ )—t@un+ \iwaw@. 12
R4
Iycrs [I(A)=TI"(A —{0}) ({0} — mHOXKecTBO, cocTosilee d3
onuoii Toukn 0). B wumHTerpajie B npaBoil uactH pabeHcrBa (12)
mepy II’(-) MomxHO 3ameHHTb Mepoil II(-). C Apyroit cTOpoHBI, HH-
Terpan

1 (u, 2)?
'2‘8 <2 1 (dz)

R
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CYLIeCTBYET M NpEACTaBIAeT COGOH HEKOTOPYI0 KBaapaTHUECKYIO
HEOTPHIATeNbHO onpefeneHnyio gopmy (b”u, u). Herpynuo same-
THTB, 4TO (b'u, )= (b"u, u). Ilostomy b = b — b HeoTpHIa-
TeJIbHO OTIPe/le/IeHHHIH cHMMeTpuyeckuii omeparop. Takum o6pa-

30M,
1 (& 2)?

g =i 0—~5@uu+ | (79—t Py n@). g
5d

[TepefineM K nOKas3aTeNbCTBY ca1aboil KOMIAKTHOCTH ceMelicTBa
{I1;, h = H}. HyxHno nokasars, 4to
a) I, (#)<L; 6) lim im 1T, (K ) =0,

N> hy0
rpe Ky o6o3Hayaer 3aMKHYTHIH Ky6
KN={z=(z‘, cen, 2% max]z’l<N},
i

a KN = '%d \ KN.

Ilyers |u] << Ny, Ny npoussoabro. HUs ycnosui TeopeMsl u (11)
CJAEAYeT, 4T0 /s Jioboro & > 0 Hafizerca Takoe hy == ho(N1, 6),
9T0 A44 Jgwoboro ¢ > 0

—Reg()+o> [1=ma g 4y hay,
KC
Haopu ¢>1

—Reg(w) 46> S(I — cos (u, 2)) II, (d2).

K,

Ipounterpupyem sTu HepaBeHCTBa Mo ue K, u pasgenum ua
o6beM K. [Tonyunm

-d ' 1 - sin p2*
— (2) SReg(“)d“*‘é?KgTzF(l‘g 15 )H,,<dz> (13)

K, .
H
m . b
— (20)7¢ SReg(u)du—]— 8> S(1 —H ~— 02 )n,,(dz). (14)
K, e k=1 P
c
Bocrnosbayemess Tem, uro %21—%2 AJs1 Bcex x>0 w

m m
1— kEJ:l (1— ozk)>kzI ag —-k;j 0r0; 11 BeeX o &[0, 1], IMonyunm

m

1 _ sin p2* p? p2z|? p? p?de?
i (T B (RS P
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7%7, n3 (13) 6ymem umers

10, (K,) < 4dc? [a—(zp)*d S Re g(u)du] Vhe (0, By.  (15)
KC

IMonaras p?==

3ameuas paJiee, uTo npu z& K,, u3 muepa-

K sinpzk 1
[T oot )<—

e be
BercTBa (14) monyunM npu pc > 1
I, (R) < [a— 20 {Reg(w) du] Vhe (O, k. (16)
Ky

Takum ob6pasoM, IIn(#9)=IIL(K;)+ Hn(K;)<< L, rne kou-
cranrta L ue 3aBucur or A, h = (0, A¢]. 3amerum Tenepb, YTO B CUIY
yca0BHA TeopeMbl GYyHKOHs g(u#) HempepnBHa H g(0)= 0. Ilo-
TOMy AJd Jiboro § > 0 MOXHO HAHTH TaKoe IOCTATOYHO MaJjioe

0;, UTOOH
@00 (Regw)du|<s.

KO\

B cuay HepaseHcrBa (16) npu nocrarourc Godsimom ¢ I (K) <<
<< 28 nast Bcex h < (0, hgl. KoMmnaktaocth ceMefictBa Mep {1, h =
e M} noxasana. @

W3 noxasannoii teopemMbl u ¢opmyant (10) HenmocpemcTBeHHO
BHITEKaer

Teopema 2. Xapaxrepucruueckan ¢yuxkyus o¢(u) 6esepa-
HUu4Ho deaumozo pacnpederenus & R umeer credyroujud eud;

@ (u) =exp {g (W)},

ede g (u) Oaerca gpopmyroti (10).

[IpuBenem npyroit Bapuant dopmyan (10). HyCTb ¢ >0. Tak
Kak uHTerpaan (S.-—chepa paauyca ¢ >0 ¢ LeHTPOM B Hauaje
KOOPIYHAT)

Y 2@, (Lt

S Se
XKOHEUHBI, TO

iy, 2 u’z)
J(omo—1— ) n -
= fE@ws—1—i@ i@+ [ewr— )@ +ie o),

S, sc —
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rie
o = SzH(dz) S o 1(d2), I—I(A)=S ‘Tz'lj' 11 (dz).
A

S, Sc

Ecau TOJOXKHTb @, == a - a’, To AJs g(#) nojydaeM mpeacTable-
Hue

g(u) = i(ac» u) ———;—(bu, u) +

+ S(e””’z’— 1 —i(u, 2)) T (d2) + S(ei(”’z)—— D). (17)

s, 3,

Mepa TI(A), B ormmune ot mepnt II(4), BooGue TOBOpS, yKe He
ABIAETCS KOHeuHod, Ho 11(S.) << co mast moGoro ¢ > 0 n {0} = 0.
C npyrofi cTOpoHBI, Kak 3T0 OylIeT NokKasaHO B AaJjbHeiiieM, mepa
IT(A) umeer GoJee HENMOCPELCTBEHHBIl TEOPETHKO-BEPOSTHOCTHBIH
cMmbica, yem Mepa I1(4).

[TpennonoxumM, uyro pacnpegnesenuss Qp(-), COOTBETCTBYIOIHE
XapaKTepPHCTHYeCKHM OYHKUHAM ¢ (h, u), 061a1al0T KOHEUHBIMH
MOMeHTaMu BToporo nopsgka. Bmecro mep II,(B) Bmemem xoueu-
HEle Mephl

Gh(B>~———S|zFo,,<dz>

B cuay ycaoBui TeOpeMbI qis aobsix Ny >0, § > 0 moxuo
yKasathb Taxoe by = ho(Ny, 8), utobu npu A (0, ko)

—Reg()+0> [ 1= g, (4y)
Fd

aas Beex 4, |u|<C Ny. ITosToMy MOXHO IOBTOPHTH BCe paccyxje-
HHs, TpPHBENEHHbIe NPH J0Ka3aTeNbCTBE TEOPEMBl 1, H MOJYYHTB
c.na6y10 KOMMaKTHOCTb cemedicrea mep Gn(-). Us coornomenus

2l Z)_] =[/Th(u)—§B~h (W) + S f(u, 2)G,(d2),
d
rue #

Fla 2= (9 —1—i(w, 2+ 5@ 2?) oy

A= LB 6@, Bw={ L2e,w),
#4 4 ‘
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TAK Xe KakK MNpH J0Ka3aTe/NbCTBE TEOPEMBbl I, NOJY4YdM, UYTO

g =i )~ Bu, )+ | (09— 1 i@ 2 FpG @, (19)
xd

rae G(-)— xoneunast B #¢ mepa u G {0} = 0.
Mpl nosyumau clenywollee [IoNoJHeHHe K Teopeme 1.
Teopema 3. Ecau Oonoanutervno K ycaosusm teopemor |
pacnpedesenus Qg (-) 064a0ar0T KOHEUHbIMU MOMEHTAMU BTOPO2O
nopadka, To 0ra Qyukyuu g(u) umeer mecto npedcrasrenue (18).
[Tpumennm TeopeMbl 1| MW 3 K OLHOPOIHBIM CTOXaCTHYECKH He-
IpEPLIBHBIM MpolleccaM € HE3aBHCHMBIMH [pHDalleHHSAMH.
Teopema 4. ITycto @(f, u)— xapuxrepucTuieckas GyHKyUL
sextopa E(S41)—E(s), s=0, t >0, ede E(t)— 00nopodnbLl
CTOXQCTUHECKY HENpepuleRblll npoyecc ¢ Heaagucumvimu npupatie-
Huamu co anavenusmu 8 R4 Toeda

@ (t, u) =exp {tg (W)}, (19)

ede g(u) Oaerca ¢opmyso (10) (wau (17)). Ecau npoyecc (1)
064000eT KOHe4HbiMU MOMEHTAMU BTOPO20 NOPAOKA, TO (PYHKYUS
g (#) npedcrasuma no gopmyre (18).

Hokasareavcreéo. Tak Kak

lo(t, u) — (s, u) KM et @ 2086 — 1],

TO M3 CTOXAaCTHUYECKOH HempepblBHOCTH Nponecca E(f) BHITEKaer He-
npepuiBHOCTb GyHKUHH @(f, u) no & C mpyroit CTOPOHH, B CHIY
OIHOPOZHOCTH mporecca &(f) W HE3aBHCHMOCTH €ro NpHpalleHuH

@ +ty, w)=Mexp{i(y, E(t,+ 1) — &)+ i, §(H) —EON}=
= Mexp {i(u, &(t) —E(0))} Mexp{i(y, E(t) —E(0))} =
= (P(tl, u) : (p(tQ’ u)’

Ho enuncrBeHHOe HenpepbiBHOE pelleHne ypaBHeHus [(f -4 §)==

= f(1)f(s) (t =0, s = 0) umeer Bun [({)= e®’. Takum obpasoM,

¢ (1, u) = etew, Tlpn s1OM g(u)=li$nﬂt’—l—‘t)———]—. Orciona, B cHAY
tv0

TeopeM 1 H 3, BLITEKaeT yTBepKAeHHE TEOPEMEL.

VKaxkeM HEKOTOpHle YacTHble cayyan ¢opmyant (19), npuuu-
Mmas aJas g(#) sBeipaxenue (17).

a) b=0,II(-)=0.

B stom cayuae @(f, u)== €t %), 4TO COOTBETCTBYeT XapakKTe-
pHCTHYECKOH QYHKIMH BBIDOXKJEHHOTO pacnpejiesleHHs, COCpenoTo-
gegHoro B Touke fa. Takum oGpasoM, E(f)==E(0)+ af n TOuKa
E(f) HaxomuMTCs B PaBHOMEDHOM JBHXKEHHH CO CKODOCTBIO 4.

6) f(-)=0.
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B stom cayuae npupauleHue E(f - 5)—E(s) umeer mopmaJb-
Hoe pachpefie/ienHe Co CpeHHM al H KOPDPeJALHOHHOH Marpuued bt
" Ilpu &(0)= 0 npouecc §(f) siBAfETCA TayccOBbIM, T.e€. IPOLECCOM
GpOYHOBCKOTO JIBHXKEHHA.

B) a==0, b =0, mepa II cocpenoroueHa B TOUKe 2y, |2 << €
u I {z} = q.

B atoM caryyae

¢ (t, u)=exp{gt(e! ™= —1—1i(u, 2))}

Jlerko TpPOBEpHTh, uTO npupauleHue &(f) MOXKHO 3amdAcath B BHAE
(E©0)=0) :
E@)=2z(v(t)—q1),

rae v(f)— ONHOPOIHBII NyacCOHOB [Ipolecc C HapaMeTrpoM (g,
Mv (f) = qt. _ _

r) Ilyctb b =0, a mepa II TakoBa, uto II(S.)<< co. Pop-
myay (17) MoxHO B 3TOM caydae 3anmucaTh B BHIE

g =i(@ 0)+q { (¢« —1)Ty(du),
»d

rae ITp — BepostHocTHas Mepa Ha B¢ (¢ = IT(%9)). Herpymno
HCTOJIKOBaTh Gopmyny aag ¢(f, u) B 3TOM cayuae. Umeem

n

ot u)=et@n Y oot (407 [ S ¢t @ ], (dz)] .
n==0 Rd

D10 BhHIpaXEHHE MPENCTaB/IAeT COG0I0 XapakTepHCTHYECKYIO (ByHK-

uuio cyMmbl af-k§ ...+ Ewy, rae &, ..., En, ...—HE3aBHCH-
Mble H OIZHHAKOBO pacnpeje/ieHHble BeKTopnl B %4 ¢ pacnpenede-
uuem Ilo(-),v(f)— ne 3aBucamuit ot &y, ..., &n, ... MyaccoHOB Mpo-

iecc ¢ mapamerpom ¢. [locrpoennsifi TakuM obpasom npouecc E(?)
Ha3LIBAIOT 0006ULeHHbIM NYACCOHOBOIM NPOYECCOM.

1) XapakTepHCTHYECKYld (YHKIHIO OJHOMEDHOTO OIHOPOLHOIO
nponecca C HE3aBUCHMBIMH MPHpPAIleHHAMH MOXHO 3aIlHCaTh No
dopmyae Xunuuna

Meiut () — exp{ t (iyu + S (emx —1— T‘_,‘i_"x_z) _'.'_L'T"z_ dG (x)) } ,

Thie y— BenlecTBeHHoe yucnao, G — HeyOpIBalollass OrpaHUYeHHAs
___ux 14 %2
1+ x2 X

1,
TpH ¥ == ( onpeaescHO M0 HENPEPLIBHOCTH U PABHO — g U

Ha (— oo, co) (yHKIHA, BHIpaxeHHe (ei””-—l
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JIAs TOTO yTOGLI NOJYYUTH MPEACTABIeHUe XapaKTePHCTHUECKON
(YHKIMH NPOU3BOJILHOTO CTOXACTHUECKH HENPEpHIBHOTO mnpouecca
C HE3aBUCHMBIMH NpHPAIlEeHHSIMH, BOCNOJb3yeMcs caefywomed us-
Bectroil Teopemoit A. 5. Xunuuna [2].

Teopewma b [Ipednoaosicum, 4to pacnpederenus nocaedosa-
TEAbHOCTY CAYHalinblx 8eKTOp08 Ly =Eu +Ep+ ... +Eum, N==
=1, 2,..., e0e &, ..., Eum, — He3asucuMOLE (npu Oanncm n)

cayuatinbie 8eKTOpoL, YOOBALTBOPAIOUUE YCAOBUIO

lim max P{|ixl>e}=0 Ve>0,

n-» oo l<k<mn

caabo cxodarca k HexoTopomy npedeay. Toeda npedeavnoe pac-
npedesenue 6e3epaHuuno 0eiumo.

JloKa3aTeqIbCTBO B OJHOMEPHOM CJyuae MOXKHO HaHTH, HalpH-
Mep, B Monorpaduax B. B. T'mezenko n A. H. Koamoroposa [1] u
B. B. Ilerposa [l]. Tlepexox X MHOTOMEPHOMY CJy4yald He BBI3bI-
BaeT 3aTpPyAHEHHUM.

W3 teopembl 5 BhITeKaer cienymoulas ¢opmyna AJs XapaKkTepu-
cTHYeCKOl QYHKOUHU @ (f, 4) CTOXacTHYECKH HENPEPLIBHOTO Npollecca
¢ HesaBucuMbIMU npupamesusamy §(¢) (E(0) = 0):

ot ) =exp{ (a0, 1) = $ 6 O, 1)+

+ | [owo—1— e 12 g, dz)}, (20)
%4 ’

a xapakrepucruueckas Gynxuua npupamenns E(f)—E(s), 0
<{ s <C t, MoxeT OBHITb 3alHcaHa B BU/E

@ (s, t; wy=-exp{g(t, u) —g(s, u)}. 21)

§ 4. Mapkorckue mpouecchl B MKPOKOM CMbIC/e

B ocHOBe MOHSITMSI MapPKOBCKOTO IIpoliecca JEXHT Mied O IMpo-
neccax «Ges mocaepeificteusy. Ilpeacrasum cebe cHcreMy (da-
CTHIly), KOTOpasi MOXKeT HaXOAMTLCA B PasHBIX COCTOsHHsIX. Bos-
MOKHEIE COCTOSIHHSL CHCTeMbl 00DasyloT HeKOTOpOoe MHOXKeCTBO X,
HasbiBaeMoe (a3oBbiM IpocTpaHcTBoM. IlpuMeM, uTo cucTeMa 3BO-
JIOLHOHUPYET BO BpeMeHHu. Ee cocrosiHMe B MOMEHT BpeMeHH ! 060~
3HaunM yepes X;. Ecau x; = B, rie B < X, To 6ynem roBopuTb, YTO
CHCTEeMa B MOMEHT BpeMeHH ! HaxoJuTcs Bo MHoxectBe B. Ilpen-
TOJIOKUM, YTO 3BOJIOHHS CHCTEMB HMEET CTOXaCTHYECKH# Xapak-
Tep, T. e. COCTOSIHHE CHCTEeMBI B MOMEHT BpeMeHH f, BooGIue roBops,
He Onpejle/IsieTcsi OMHO3HAUHO Yepe3 COCTOSHUA CHCTEMBI B MOMEHTHI
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BpeMeHH, IpelUIecTByioulne S, rae § < f, a ABAAeTCd CAyYaiHBIM
H OINHCHIBAETCS OHpeje]eHHLIMH TEOPETHKO-BEpPOSITHOCTHBIMH 3aKO-
pamu. O603naunM yepe3 P (S, %, {, B) BepOSATHOCTb COOHITHA X; €
e B(s < t) npu ycaOBHH, UTO X; = X.

Oynxuno P(s, x, {, B) Ha3LIBaIOT 8EPOATHOCTbI0 nepexoda pac-
cvarpuBaeMoii cucremnl. ITox cucremofl Ge3 moc/eneiCTBHA IIOHH-
MalT CHCTEMY, [JIsI KOTOPOH BEPOSTHOCTb MONajaHHsI B MOMEHT
BpeMeHH ! BO MHOXKeCTBO B NPH NOJHOCTHIO M3BECTHOM JBHIKEHHH
cHCTeMBl O MOMEHTa BpeMeHH S($ <C ) no-npexueMmMy paBHa
P (s, x, t, B) u, TakuM o06pa3oM, 3aBHCHT TOJbKO OT COCTOSIHHS CH-
CTeMbl B NOCJHeNHHE H3BeCTHBIH MOMeHT BpeMmenu. [loanas dopma-
JH3aUHs 3TOTO onpejeneHns: Oyner gana B ra. VII, cefiyac ke 6y-
IeT NpHBENEHO MPOCTOE, HO JOCTATOYHOE AJS PANA 3ajad onpeje-
JIEHHE 3TOTO HOHSITHS,

O6osnauum uepes P (s, X, u, y, t, B) ycnoBHy10 BepOATHOCTb
COOBITHA X; & B mnpu rumore’ax X, =%, X, =y (s<<u<<t).
B cootBercTBHM ¢ OOMHMH CBOHCTBAMH YCJAOBHBIX BepOATHOCTEH
HMEET MEeCTO PaBEHCTBO

P, xt,B)={PGs 5,00 t, PG, v, 0, dy). (1)
X

Axas cucrembl G6e3 MOC/IEAEHCTBHSI €CTECTBEHHO NPENON0KHTb, 4TO
P(s, x, u, y, t, By= P (4, y, t, B). B atom cayuae pasencrso (1)
OpHHAMAET BHA

P(s.x t, B)= P, 4,1, BIP(s, %, u, dy). @
X

CoorHomenne (2) HaswiBatloT ypasnenuem Koamocoposa — Yen-
Mena. Ero MOXKHO MOJIOXKHTb B OCHOBY ONpefesieHus mponecca 6e3
nocjefiefCTBUS WJIH, KaK TOBOPAT vallle, MapKOBCKOTO Mpouecca.

IMycrs {X, 8} — HekoTOpOE H3MepHMOE MPOCTPaHCTBO. PYHKIHMIO
P(x, B), x= X, B =9, yiOBIETBOPSIOLLYIO YCIOBHAM:

a) P(x, B) mpu QuKCHPOBAaHHOM X siBJsieTcsl Mepoil Ha B u
P, X)=1,

; 6) npu ¢uxcuposanuom B P(x, B) aBaserca B-usmepumoit
dyukuuen or x,
GyneM Ha3BIBATb CTOXACTUYECKUM SOPOM.

dTa XKe TEPMHHOJIOTHSI GYyAeT NPHMEHSITbCS H B HECKOJbKO 6O~
Jee obwlem ciyuae, Koria aprymeHt ¥ ¢yskuuu P (x, B) npunu-
MaeT 3aHayeHHs H3 HEKOTOPOrO H3MepHMOro mpocrpaHcrsa {Xo, Bo),
otauunoro ot {X, B}.

[Tycre | — HexkoTopbifi KOHEUHEIH u/in GECKOHEYHbIl MOJYHHTEp-
Ban (orpesok). CemelicTBo croxactuueckux sgep {Ps«(x, B)=
=P(s, x, t B), s<t (s,t)e [ X I}, yIOBJIETBOPSIOMWHUX
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ypaBHenHlo Koamoroposa — Uenmena (2), Oyxem HasbBaTb map-
KogCcKuM cemelicT8OM cTOxacrudeckux sdep.

Onpenenenue. Mapkosckum npoyeccom 8  UWUPOKOM
CMbiCAe HABLIBAETCA COBOKYNHOCTbL CACOYIOUjux 06BeKT08:

a) uamepumoeo npocrpancrea {X, B},

6) noayunrepsasa [ (orpesxa) Jedcrsurervuol ocu,

B) MAPKOBCK020 cemelcrsa croxacruxeckux adep

{Pa(x, B), s<t, (s, ) =l XI}.

CemeiictBo a1ep Psi(%, B)= P(s, %, {, B) naswzaior 8eposar-
HOCTb10 nepexo0a MapKOBCKOTO Tpoilecca, mpoctpaHcTBo {X, B} —
Pa308b6iM NPOCTPAHCTEOM CHACTEMEl, TOUKH MHOXecTBa [ MHTEpmpe-
THPYIOTC KaK MOMEHTBl BPEMEHH, a BeluudHa Pg(x, B)==
= P(s, %, {, B)— xak ycioBHasi BEPOSTHOCTb TOIO, UYTO CHCTEMa
B MOMEHT BpeMeHHM { OKaxeTcsl BO MHOXKeCTBe [, €C/d B MOMEHT
BpeMeHH S OHa HAXOAHWJach B TOYKe X (a3oBOro NpOCTPaHCTBA
(s << t).

B pansueiiimem 6ymeM cuuTath, yTo 4p0 Psi (¥, B) onpeneneHo
H Ipu § = f. A IMEHHO eCTEeCTBEHHO IMOJIOXHTH, YTO

PH (x’ B) =X(Br X),

rae y (B, x) o6osmauaer umpukarop MHOmectBa B: (B, x)=1,
ecin x< B u (B, x) =0 npn x &E B.
OueBdzHO, YTO IpH TaKoM onpejeseHnu sapa P (x, B) ypas-
geHHe (2), B KOTOPOM TMOJIOXKEHO U = § HJH U == {, BBHINOJHAETCA.
Onepatopsi, nopoxjaaemble BeposSTHOCTAMH mepexoaa. C Bepo-
SITHOCTSIMH Nepexofa MOXKHO CBS3aTh JBa CeMelicTBa ONepaTopoB.
OGosnauuM uepes 4 = M (B) MHOKECTBO BceX KOHEUHBIX Mep

Ha B ¥ NONOXUM My = Tism, THE
ms(B)=(P(s, 4, t, Bym(dy), s<t, Be®. ()

Eciu mepa m(-)— pacmpeneneHue cuCTeMbl B MOMEHT Bpe-
Menn S, m(B)= P {x; = B}, 1o ¢opmyna (3) ssasercs «popMmy-
JIOH TIONHOH BEPOSITHOCTH», a My (+)— pacnpeesieHHe CHCTEMBI
B MOMeHT BpeMeHH f, my(B)== P {x; = B}. Takum o6pasom, one-
parop Tis Bblpaxaer pacnpeiejeHHe PacCMaTpDHBAeMOH CHCTEMB
B ee ()a30BOM NPOCTPAaHCTBe B MOMEHT BPeMeHM ! uepe3 pacnpene-
JieHHEe B MOMEHT BPeMeHH §, § < L.

Ouesuino, uto Tis sABJseTca onepaTopoM, orobpakaiomuMm A
B MA. U3 ¢opmyan KoamoropoBa — YenMeHa BITEKaer npocroii
3aKOH KOMIO3HLUH onepatopos Tis.

IMyers s << u <<t Bocnonb3oBaBmHch ypaBHeHHeM (2) H
BO3MOMKHOCTbIO HM3MEHEHHS MNOpAIKa HHTErPUPOBAHHA B KDaTHHIX
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WHTErpajax, NOJyYHM paBEHCTBA

By = m(@x) (P, 4, t, BYP(s, %, u, dy)=
X

X

X

(S Ps, x, u, dy)m(dx)) P (u, 4, t, B)={ m,.(dy) P (u, 9, 4, B).
X X

TakuM obGpasom,
Tis==Ti.Ths s<u<i). &)

CaenoBaTesbHO, ceMeficTBO omepaTopoB Tfs Kak ¢(yHKUHS OT
nitTepBaJja [s, f], aBaserca onpexneseHHbIM 006pa3oM HamnpaBJeHHOH
MYJBTHONUKATUBHONH ¢yHKuue# wnurepsasa. [lpm sTtoM mox ma-
NpaBJeHHOCTbIO MYJbTHIVIMKATHBHON (YHKUHH HHTEpBala CJELyeT
fIOHUMAaTh OJHH H3 JIBYX BO3MOXKHBEIX HODAAKOB DacHOJIOMeHHs CO-
MHOKHTEJEH, OTBeyaOLIMX [aHHOMY pa36ueHHIO HHTepBaJja Ha
YacTH.

Bropoe cemeficTBo onepaTtopoB, Kotopoee cefiuac Gyner BBeJEHO,
HeficTBYeT B NPOCTPAHCTBE BCEX OrpaHHUYeHHBIX B-H3IMepHMBIX (HVHK-
puii. O6osHaunM ero uepes B(B), a COBOKYNHOCTb BCeX HeOTpPHLA-
TeJlbHHIX (QYHKUUH 3TOro npocrpaHcrBa — uepe3 % (D)4 IlomoxuM
fst = Tsf, ecam

fa)={1@P G, x 1 dy).

Oyuruus fo(X) uMeeT, OUEBHAHO, CHEAYIOLMI TEOPETHKO-BEpPOAT-
HOCTHEHA cMmbica. OHa paBiia MaTeMaTHYECKOMY OXHAAHHIO Clydail-
HOH BeJIMUHHH f(X;) Npy runorese, Y10 B MOMEHT BpeMeHH § (S << 1)
cucreMa Gbljla B COCTOfIHKH X (X, == x). M3 B-uamMepumocru seposir-
HOCTH nepexoja no ¥ BHTexaeT B-MsMepuMocTb GYHRIHA [4 (X). a-
Jee, BeeaeM B H(B) wopmy | fll = sup|f(x)|. Ouesuano,
I e I < IF I

Taxum o6pasom, oneparopul T, npeoGpasyior %(B) u B(B)+
B cebs. Bocnoassopasmucs ¢opmyaoli Kosmoroposa — Uenmena
M [epecTaHOBKON MOPAAKAa HHTErPHPOBAHUSA, NOAYUMM nph § <<
<u<<t

fst(x)=Sf(y)P(S’ x, 1, y)=8f(y) S P(S’ X, U, dz)P(u, z, t, dy)=

== S fut (2) P (S, X, U, dZ),
HIR
Toy=Telu (s<u<i). (5)

Takum obpasoM, oneparopul T, Takxke 06GpasyioT OHepaTOPHYIO
MYJbTUNAMKATHBHYIO (HEKOMMYTATHBHYIO) (YHKIMIO HHTEpBaJa, HO
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yX&e HampaB/eHHYI0 WHBIM ob6pasoMm, uyeM I's;. OueBupmo, Tyl =1
u Tyf =f wnn To, == 1, rne | — epuuununsiii onepartop.

Onpenenenne. Maprosckui npoyecc nasvisaerca 0OHOPOO-
Hotm, ecau [ = {0, oo) u adpa Py (x, B), kak pynxyuu apeymen-
108 (S, 1), 808UCAT TOALKO OT PA3HOCTU t — §:

Pst (xs B) = Pt—s(x\a B) (t > S)'

Haa ONHOPOAHBLIX MapKOBCKHX MNpOLECCOB ypapHeHnHe KosiMo-
roposa — YenmeHna NpHHHMaeT BHJ

Puro(s, B={P,(x, a)P, (s, B, u>0, v>0. (§)

CemetictBo sauep {P:(x, B), { > 0} rakKe Ha3BIBAIOT BEPOSAT~
HOCTBIO Nepexofa OLHOPOAHOIO MapKORCKOrO Mpoliecca.

B oasoponnom cayuae omepaTtopsl Tits s, Ts, s+¢ HE 3aBHCAT
OT S W BMECTO JByNapaMeTPHUeCKHX ceMeHcTB omnepatopoB {T7s,
t>5>0}, {Ts, 0<s<1?} ueirecoo6pasHo paccMaTPHBaTh OLHO-
napameTrpuueckue cemeficta {Tf, £2>0}, {Tt, £ > 0}, onpenessie~
Mbl€ ¢ MOMOIUBIO (hopmMy.a

Tim (B) = S P, (x, B)m(dx),

T4 () = { 1) Pe (x, dy).
DopMyaBE KOMIOSHIUH !(4) H (5) NpHHUMAIOT CJAELYIOIHHA BHX:
T;+v = T;T:n Tu+u = TuTv-

Ouu osnauarwrt, yto cemelictBa oneparopos {T%, > 0}, {T:, >0}
00p4asyioT B COOTBETCTBYIOUIMX MPOCTPAHCTBAX MOJYTPYNOy onepa-
TOPOB.

VpasHennss Koamoroposa. Cpenu HaumGojee BaxKHBIX 3a7ay
TEOPHH MAapKOBCKHX I[IPOLIECCOB B IUHPOKOM CMBIC/JE MOXKHO Has
3BaTh CJAeAYIOLIHUE:

a) BoileicHHe Haubosiee BaXKHBIX KJIacCoB (MOAeJell) MapKOB«
CKHX [poIeccos, o6Jafaulux cneluduIecKHMY CBONCTBAMH, U HX
ONMHCaHMe B TCPMUHAX CBOHCTB BepOATHOCTEH mHMepexona;

0) KOHCTPYKTHBHOE ONHUCAHHE BEPOSTHOCTEH nepexoga, coOT-
BETCTBYIOLIHX JaHHOMY KJ1acCy MapKOBCKHX IIPOIECCOB;

B) uCcAeJOBAHHE AaCUMITOTHYECKHX (IIPeLeNbHBIX)  CBOHCTB
BEPOATHOCTEH Iepexolda TeX HJHM HHBIX KJACCOB MapKOBCKHX HPO-
HeCcoB.

DPaszymeercs, npuBezennnle (OPMYJIHPOBKH fABJAIOTCS BecbMa
OOIIMMH H HEONPE/eJeHHbIMH, a HaMeueHHAs OpOorpamma HCCIefo-
BaHH# — OYeHb WHPOKOH. B HacrosAuwleMm mnaparpade OPUBOAHTCA
JIUIIL PSR NPeABAPHUTENLHEIX Pe3yJbTaTOB,

[TepBbiM marom Ha NMyTH KJAaccHbUKALUH MAPKOBCKHX INPOLECs
€0B SABJIAETCA HX KaacCHQuUKanua 10 (pasoBOMy IPOCTPAHCTBY.
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C »rOfl TOUKH 3PEHHsl NPOCTEHIUMMH MaDKOBCKHMH IPOLECCaMH fB-
JSIOTCSL TPOIECCH € KOHEUHBIM WM CUETHBIM YHCJIOM COCTOAHHH.
B nocjaelHeM Ciyuae, Hajaras Ha BEpPOSITHOCTH Iepexofa HeKOTO-
ple aHaJHTHYEeCKHe OrpaHHYeHUsi, MOXHO JHHeapH3UPoBaTh ypaB-
peunsi Koamoropoa — Uenmena, noJyuuB 43 HUX CHCTeMbl OGBIK-
joBeHHBIX AH(epeanHalbHbIX ypaBHeHHH (npsMbie M oOpaTHBIE
maddepeHiHabible ypapHeHusi KoaMOroposa), B psfe CIydaeB H
p ONPENETCHHOM CMbIC/€ TIOJHOCTBIO ONPEACSOUINX BEPOSTHOCTH
nepexojia.

B 6osee o0mux (haz0BLIX MPOCTPAHCTBAX MOXKHO ONpelesiTh
gJaacchl M2aPKOBCKHX IIPOLIECCOB B IIHPOKOM CMEBICJe, Hajenasd HX
BepOSITHOCTH Mepexofia CBOHCTBaMH, OTPAXKAIOIUMH HHTYHTHBHBIE
IpEeACTaBJEHHS] O Xapakrepe [BHXKEHHs CHCTeMbl B (pasoBOM MPO-
crpaHcTBe. B COOTBeTCTBHH ¢ 3TOH TOYKOH 3peHHsS BBOASTCS, Ha-
npuMep, CJAeAYIoUlHe KAacChl IPOLUECCOB:

a) Cxkaukoofpasuele mnpoueccsl. OHH COOTBETCTBYIOT TNpPENCTaB-
JeHHSIM O CHCTeMe, KOTopas, nonajgas B HEeKOTOpyw TOuYKy d¢aso-
BOTO TPOCTPAHCTBA, NPOBOAUT B HeHl CIHydaliHBIH NOJOIKHTRIbHBIHA
OTPe30K BpPEMEHH, NocJe Yero CKaykoM CJayuyalHo mornajgaer B ApY-
Iyl TOYKY IDOCTPAHCTBA, B KOTOPOM OHa CHOBA IPOBOJMT CJIydail-
Hoe BpeMs, H T. K.

6) Ilpolecchl ¢ HOMCKPETHBIM BMeWIATeJNbCTBOM cjaydasd. ITH
OpolleccH NpelCTaBAsI0T cO00I0 IHHAMHYECKYIO CHCTEMY, TPaeKTo-
puH KOTOpOH B cCaydaliHbie MOMEHTHI BPeMeHM TepUSiT PaspbiBbi
[IEPBOro pPoZa CO CAyYaHHBIMH CKauKaMH.

B) Hdud¢ysuonnsle npouecchl. Tak Ha3LIBAalOT NPOLECCH B KO-
HEYHOMEDHBIX JIMHEHHLIX NpoCcTpaHCcTBaX, KOTOpble Ha MaJgblX Ipo-
MeXyTKax BpeMeHH BedyT ce0s aHaJOTHYyHO npoleccy OpOYHOB-
CKOrO JBUXKEHHA.

r) MapxoBckue nponecchl B KOHEUHOMEPHOM IIPOCTPaHCTBE, am-
NPOKCUMHUpYEMbie Ha MaJblX IIPOMEKYTKAaX BPEMEHH IPOH3BOJBHLIM
IPOIECCOM C He3aBHCHMBIMH IPHPAIeHHAMHE.

Tlpn onpenesesun pasJHYHBIX KJIaCCOB MapKOBCKHX HpPOIECCOB
B LIHPOKOM CMBIC/ie OOBIYHO HCXONAT M3 YiKe yNOMUHABWeHcs UAeH
JMHeapu3anuu ypaeHenuss Koamoropoa — Yenmerna. OHa cocTOUT
B TOM, 4YTO HA BEPOSTHOCTH JIEpPEXOofa HAaKJaAbBBalOTCH YCJOBHS,
TIO3BOJAIOUIME TIEPEUTH OT HEJWHEHHBIX ypaBHeHul (2) A1s BeposT-
HOCTell mepexoma K JuHEHHBIM ypaBHeHusM. Ilocaenuue OKassl-
BaIOTCS1 HHTerpo-Au(depeHnnaJbHEIMH YPaBHEHHAMH, JuOO ypaB-
HEHUAMM B YaCTHLIX NPOU3BOAHHIX mapabosndeckoro Tuma, Jaubo
YDaBHeHHSMH, COJNEPXKAWKMH KaK UYacTHble NDPOH3BOJHLIE IIep-
BOTO ¥ BTOPOr0 NOpsAAKA, TaK H HHTerpajbhble useHe. Ilpube-
Aem ofmue coofpaxkenus o0 cnocofe TONYyYeHHsT 3THX YpaB-
HeHni,

Myers I =0, t*). 3adurcupyem Hekoropoe teI[ u paccmo-
Tpum kaace & ¢yskuui w3z FH(V), AAd KOTOPHX IPH KaXKAOM
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s (0, £), x = X cymecrByer npéuen
lim Ts—h, sf (/f) ha f (x)
BY0

= Agf )

lim Tp, of ()= ()

B sTomM coorHomeHun A, ecTb onepaTop, 3aBHCAIIHA OT § &
=(0, {) Kak or mapamerpa, onpeneseHHblt Ha 2. OueBHAHO, 4TO
9D sBaseTcs JHHEHHBIM NPOCTPaHCTBOM, a A, — JHHEHHHIM onepa-
TOPOM.

ITonoxuM

f(s, )=Tui(x), s&]0, .

Honycrum, uro Ty f(x)e 9. Torza npast JeBoit NPOH3BOLHOH MO §
byukuuu f(s, X) UMeeM cilenyiouiee COOTHOLICHHE:

af (s, x) f(s—-h.x)—-f(s.x)=

s },i&} — h
= — lim Ts-nsl (S':) — f(s, x) —_— Asf (S, x).
hvo
Bo wMuorux CIydyasX OTCiola BBITEKaeT CylleCTBOBaHHE MpOH3-~
BOJHOU fﬂg;_xl, KoTopasl, Takum 00pasoM, yIOBJETBOPSIET ypaB-
HEHHIO
AED — _afs, 0, s, . (7)

K 3TOMYy YpaBHEHHIO, B COOTBETCTBHH C OTIPEeleJEHHEM MHOMKECTBA
D, clepyer elle NPHCOCAHHHTDL IPAHHUHOE YCJIOBHE

lmf (s, x)={ (x). (8)
sAt

Ecau ¢ (B, x)= D, 1o, nonoxus f(x)= y(B, x), noayuum, uto
[(s, x)==P(s, x,t, B) ynoBnerBopsieT ypaBHEHHAM

FontB — _APs Bl sel0 4,
imP (s, x, t, By=1y%(B, x).
sAt

Haxe B ToM caydae, Koraa x (B, x) ED, kaacc pyuruuit D sce
e MOXET 0KasaTbCsl HAaCTOJIbKO INHPOKHM, YTOOH 3HaueHus Tgf(x)
(f=D) onnoszHauHo onmpeneasnu BepOSTHOCTH nepexona P(s, %, ¢, B).
Jro Oyner Toria, Korga kjaacc 2 sciogy mjioreH B %(B) OTHOCH-
TeJIbHO OI'paHMYEHHOHA TodeyHOH cxomumoctH Gymkuuil. Ilpu stom,
ecnu asid ypaesenn#t (7), (8) uMeercs TeopeMa CyIleCTBOBaHHA H
€/IHHCTBEHHOCTH DelleHus JJs Jio6of ¢yHKmun f < 2D, TO OHU of+
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pelessiioT BEPOSTHOCTH Mepexofa OJHO3HAYHO (Ha UHTepBaJje

(0,f)) u Moryr ObiThb HCIOJb30BAHH /IS (QAKTHYECKOro ompesesne-

uusi pyHruun P (s, x, f, B) uan pJs u3yueHHs ee CBOHCTB.
YpaBrenue (7) HasbBaOT nepévim (06PATHLIM) YypasHEHUeM

Koamozoposa.
AnajlorHyHbBle PACCYXK/IEHUS NPUMEHHMBl M K CeMefCTBY omepa-

topos {T%, 1>>s>0}.

O6o3nauuM uepes #° = #°(B) NpPOCTPAHCTBO BCeX KOHEUHBIX
3apafoB Ha B, T. €. MHOXKECTBO BCeX KOHEUHBIX CUETHO-aJNHTHBHBIX
GyHKUHHA MHOXECTB Ha 9B, a yepes D* — nNoAMHOKeCTBO #°, COCTOS-
lee H3 TeX 3apsanos ¢(B), A KOTOPBIX CYLIECTBYIOT mpeneJibl

lim
A0

}‘i}"{)l Tsip sq(B)=q(B)

T B)—gq (B *
t+htq(h) q( )=Atq(B),

aas ao6eix (£, By s, *)X By, te B, 9, s (bHKCI/IpO.BaHO.

TTonoxum ¢ (f, B)=Tiq(B). Ecau sapsan ¢(B) Ttakos, uTO
g(t, By D*, TO cyumecTByerT TniepBas INPOM3BORHAS ﬂ—(ai;—@,

npuyeM
99 (4, B) __ iy U+ A B)—q(t B) — lim Lt+n g B) — q (¢ B)
ot B0 h BYO h '
TaK uTo ¢ (f, B) ynoBaeTBOpsieT ypaBHEHHSAM
20t B) — Aiq(t, B), ©)
lirg q(t, By=¢q(B). (10)

Ecin x(B, x)= D*, 10 ypasHenus (9), (10) npu ¢(B)=
== x (B, x) NpUHUMAIOT BHJ,

PlontB) _ g 1P(s, 5 1, B), LmP(s, x, ¢, B)=yx(B, 2.
01‘ t+s

Ypapuenne (9) HOCHT Ha3BaHHE 8TOPO20 (npamozo) ypasHe-
nus Koamozoposa. O HeM MOXHO BBHICKa3aTh COOGpaXKeHHS, aHa-
JIOTHYHbIE TEM, KOTOPhle OBIIM NMPHBEeJEeHbl B CBSI3H C OGPATHLIMH
ypaBuenusiMH KosamMoropoga.

B nanbreitmem Bua onepaTopos A, u A Oyder HafijeH s
YacTHBIX KJACCOB MapKOBCKHX INPOIECCOB.

IIpoueccsl ¢ KOHEYHBIM HJIH CYETHBIM 4YHCJOM cocrosinnii. [TycTn
X — npocTpaHCTBO, COCTOsIIEe M3 KOHEYHOTO WJH CYETHOTO YHCAA
Touek, P — kyaacc Bcex noaMmuoxkectB X. Touku mpocrpanctBa X B
9ToM cJayuae OyAem obosHauath Oyksamu i, j, k, ... PaccMoTpum
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MapKOBCKHH IpOIECC B IIHPOKOM CMBICJe €O 3HaueHusmMu B X.

Ionoxum
pi](S! t)—-'_—P(S, iy t) {]})'

BepositHocTH pyj(S, t), OYEBHIHO, ONPEAENSOT BEPOSATHOCTH II€pe~
Xona Aaas awoboro Muoxectsa B — X,

P(81 i: t¢ B)= Z P (S9 t)'
jeB
OueBuHb CIeAyIOlIHEe COOTHONICHHS:
pij(s, 1) =0, i;}( pii(s, =1, py(s, §)=0;.

Ilycts f(j)— npousposivnast ¢ysxnmuss Ha X. Omneparop Tes
B pacCMaTpHUBaeMOM caydae AeHcTByer no gopmyJe

fo () =Tuf (i)=i;)< pij (s, O ().

Ecnun m — nponssosibuas Mepa #Ha 9 u m(j)= m({j}), 10 omne«
parop T}, onpene/nseTcs COOTHOIICHHSIMHU

s (j) = Trsm ({J}) = igx m (@) pi; (s, ¥).

YpaprHenue Koamoropoa — YenMeHa 3anuchiBaeTcss B ITaHHOM
cayyae cjeAyloluM oO0pas3om:

pirls, =2 pie(s, Wpey(w, ) (s <u<H):

IMpenniiyiige COOTHOLIEHUS MOXKHO 3amucaTh Kopoue. [Ipeamo-
JIOKUM, YTO 3JeMeHTHl npocTpaHcTBa X KakuM-iubo crnoco6om pac-
TIOJIO}KEHB! B ONpejeeHHOH mnocnaenoBarespHocTH. [lyers P(s, f)
oGo3HadyaeT MaTpULy C 3JeMeHTaMH pi;(s, 1), [ — BekTOp-cTONGEL
¢ siementaMu f({) W, aHaJOTHYHO, Hl — BEKTOP C KOMIIOHEHTaMH
m(i), P*(s, t)— marpuua, TpaHcuoHupopanHaa kK P(s, {)}, m* —
BEeKTOp-cTpOKa  (OLHOCTpOYHasT MAaTPHLA, TPaHCIOHHpOBaHHAS
K MaTpulle m, cocrosiliell uz oxHoro croabua). Torma

Taf=P(s, ),
Toym=m'P*(s, 1),
P(s, )=P(s, i) P (u, 1) (s <<u<i).

MuoxkectBo & coctouT u3 Beex nocienosaremsrocreil {f(f), j € X},
IJIst KOTOPEIX Tpefel

N pij{s—h, 8)—8; . .
(4 () = lim ];X - o)
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cyuectByeT npu Jobom i € X, s (0, f) u

lim 3, py(t—h, HF()=F@).
AV jeX .
Brech 8;;=1lnpui=jud;;=0,ecauniz=].
Hanpumep, ecau mis kaxpo# napw (i, ) X X X u s=(0, 1]
CyLLeCTBYeT KOHEUHBIH npenen
pi] (S - h’ S) - 6”

iy (S)-—'_—"lhl\'(rl{;l h ’ (11)

To & CONEPKHT BCe Te IOCAEJ0BATEJbHOCTH f(j), IA KOTODPHIX
S ()< oo u mpu stom
jeX

(AF) @) =1§x ai; () F (7). (12)

Ilocneanee 3aMeuaHHe BO MHOTHX CJydasX OKasbIBaeTcsl HeJOCTa-
TOUHBIM H HYK/JA€eTCsl B YCHICHUHU.
B c¢Bf3W ¢ 3TUM OTMETHM, 4YTO ecad mnpepensl (11) cynie-
CTBYIOT, TO
—a;(s)=20a;(s)<<0, @;(s)=0 (i ).

M3 nepasencrBa

l—p,(s—h s) pij(s—h,s)
=),

=3

rne J—KOHeque MHOXECTBO HHIEKCOB H i'é.], BLITEKaeT, 4TO
(%)
; g (5) < ay (s), (13)

rie 2.9 osnavaer cymmy no Beem j & X\ {i}. B mocratouno pe-
7
TYJSIPHBIX CJIyvasix, HalpuMmep, €Cylu Psif

Zu‘) Py (s—h,s)
h
i

CXOAuTCH paBHOMepHO no A > 0 mpu Jo6oMm § = 0, HepaBeHCTBO
(13) mMoxHO 3aMeHHTh PaBEHCTBOM

;m%@=m@. (14)

Jdemma 1. Ecau npu awboix (i, )X XX u s >0 npe-
Oeave (11) cywecrsyror u soinosnsercs pasencreéo (14), o D co-
Oepocur gce oepanuuennsie nocaedosareavnoctu {f(j), j < X}.

llokasareasvcreo. 3amerum, 4TO B ycaA0BUAX geMMbl psag (12)
cxoauress abcoqiotHo. He yMeHbiiass OGIHOCTH, MOXHO CUHTATh,
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yto sup|f(j) | < 1. Paccmorpum pasuocts

A=Y BEZEIZ b S F O

jeX jieXx

BosbMem npon3BosibHOe uMcao € >> 0 H HalileM Takoe KOHEUHOE
MHOXKecTBO J— X, uro i< J u

Z a;;(s)=— Z a;; (s) <'Z‘-

jeX N7 jel
Hueem Teneps HepaBEHCTBO

Pij(s —h 8) ~ 8 ]
Z [ h — iy

1A=L

Al

piz(s—hs) e
+ oy Zntohd s

J=X\J

Haiinem Ttakoe hy >> 0, uTo6H mNepBoe ciaraeMoe B HpaBOH YACTH
e

MOC/eHero HepaBeHCTBA Oblio < - A9 BCeX h (0, hy). Tlpu

3TOM OKa¥Kercs, 4To

pi](s_ h, S) .
———-—-———h =

- 5 (SR 0) - B <

jel jel

Taxum oGpasom, npu h (0, hy) |Aj<<e B .

Yro6nl noJyyuth oGpaTHHE ypaBHenus KosaMoroposa aJjs pac-
CMaTpHBaeMbIX TNPOUECCOB, YCHANM TpPeGOBAHUSA CYILECTBOBaHUS
npenesoB (11) HeckoNBKO 6oJiee CHABHBIM YCJIOBHEM CYIIECTBOBA-
HHSI TPefesoB

jeX\J

lim Py (S S3) — 8y
S1AS8, 8% 8 S2—= 81

=y (s)- (15)

3aMeTuM, YTO TaK e, Kak JemMMa 1, IoxkasmiBaercsl clenyiollee
yTBepIKJAEHHE: €CIH B TOUKe S 1/ BcexX j npepeasl (15) cyurecr-
BYIOT H BEIIIOJIHEHO paBeHcTBo (14), TO pan

Z Pij (S S9) — 8y (16)

8y — 8§
jeX

CXOJMTCA PABHOMEPHO MO §; H Sp, §; << § << Sy, Sy — 5 < Hp.
Teopema 1. Ecau 0Oaa awboix (i, j, s) e X X X X (0, f)
npedeavt (15) cywecrsyror u ydossersopawoT pasexcteam (14), 10
gepoaTHOCTU P;; (S, t) Ouppepenyupyems no s, 0 < s << f, u yoo-
BAETBOPAIT cucTeme Oupgrepenyuarvnbly ypasHenud (neppas
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ciucreMa ypasHenuit Konmoroposa)

api (S, t)
-l = Z i (8) Pr; (s, 1) (17)
rxeX
Hoxasareascreéo. Tak Kak
9py; (s 1) = lim P4 (s =pij(sp¥)
s SiAS, S2¥s S2—= 51 5y 59—
_ . Pir (S Sg) — Oy
_.._S‘AJI’L]ZVS _——32 m— Prj (327 1):
’ je=X
TO
apl (S, t)
—-—“—Ia—s—‘ - Z QikPrj (S, 1) ==

jeX

—_ i Pi (S S9) — 8y
= sﬁi;f?ﬂg ];X [—S—ZT_—SI——— — Qi (S)] Prj(s2, 1) +
Hlim 3 e (5) [pay (520 1) — pay (51, ] =0

2 jeXx

B CHJY paHee YNOMSHYTO#i paBHOMEDHOH cxommmoctH psga (16). W
[lepexons K BBIBOAY BTOpOH cHCTeMBI ypaBHenuii KoJamoroposa,
OrpaHHYMMCSl CJydaeM KOHEYHOro yHucia cocrosiHu#t (X cOCToHT H3
KOHEYHOro uucia Touek). Bynem npeamonararts, uto npepean (15)
cywecrByioT. Torma coorHomenuss (14) aBTOMaTHUeCKM BLINOJI-
HSIOTCSI.
Ilycre

my)= 2, mpry(s, ), t>s.
Torga (4 <t <ty
) 2, me(h) Lo~ Z g () agy (2).

tg'—'tl tz""tl
k=X k=X

Takum o6pasom,

om, (t)
c';t = kzxmk Bay ), t>s. (18)
B uacrrocry,
Op;; (s, 1)
ra =kz; pir(s, ay (t), t>s. (19)

B ciyuae komeunoro wpena cocrostui ypaBHenus (17) nau (19)
IpencrasisioT co6010 cHCTeMy OGBIKHOBEHHBIX JIMHEHHBIX audde-
PeHuHaNbHBIX  ypaBHeHHH, HMEIOWIHX NPy BecbMa  INHPOKHX
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NPeArnoNOXKEeHNAX 0 QYHKUHH Qx;(S) €AMHCTBEHHOE peIlleHHe, YAOB-
JIETBOPAIOLIEE HAYAJBHBIM YCAOBHAM pPi;(S, §) == 8x;. Takum o6pa-
30M, B 3TOM CJlyyae KaxJast u3 cucteMm ypaBHenuii Kosmoroposa
OJHO3HAYHO ONpeAessieT BEPOSITHOCTH Mepexoja.

CxauxooOpasHbie npouecchl B IHPOKOM cMbicie. MOXKHO OxKH-
AaTtb, YTO B JOCTATOYHO peryJspHBIX CAyYasX MapKOBCKHH MpO«
LeCC CO CYETHBIM UYHCJIOM COCTOAHHE SBJISETCS MOAEJbIO Npolecca
CJACAYIOUIEr0 poja: B TeueHHe HEKOTOPOro cJayyalHOro npomexyrka
BpeMEHU [BHXKYINASCST TOYKAa HAXOLHUTCA B HA4YaJbHOM COCTOSHUH,
Hocsie 4ero ¢ Ompeje/IeHHLIMH BEPOATHOCTSMH NepPeXoJHT B HOBOE
COCTOsIHUE, TIZle OHA MNPOBOAMT CJAy4YalHBIH POMEXKYTOK BpeMeHH,
Iocae KOTOPCTO MEPEXCAMT B [PYroe cOocTosiHHe, H T. A. [lomo6HOro
poia mpouecchl MOXKHO pacCcMaTpuBaTh H B NPOH3BOJBHOM (haszos
BOM IpoctpaHcTBe. X Ha3pIBaOT CKAaUKOOGDA3HEIMH MapKOBCKHMH
npoleccamu.

PaccMoTpuM MapKOBCKHET Npoliece B MWUPOKOM cMbicie B (asos
Boy npocrpanctse {X, 8} c¢ BeposTHOCTBIO mepexona P(s, X, ¢, B),
s <t (s,t)eIX I DBynem cumrarb, 4T0 G-anre6pa B COmEPKHUT
OJHOTOYEUHble MOAMHOKeCcTBa X.

Onpepenenne Mapkosckuld npoyecc 8 wupokom cmbicie
HA36I6QETC CKAYKOOGPA3HbLM, ecau Oas npoussoavubix (s, x, B)e
=1 X X X B cywecrayer npedea

. P — .
Jim (& % t’tB) 1B %) g, x, B) (20)
tys —S

u npu Qurcuposansbix (s, x) a(s, x, B) f8aa10Tca Koneunvim 3a-

padom Ha B. .

Craykoo6pasublit MapKOBCKHI MpoLecc B HIHPOKOM CMBbIcTe Gy-
IeM HasblBaTh pPe2YApPHbIM, €CAN CXOZUMOCTh B ¢opmyie (20)
paBHOMepHa 1o (S, x, B)e[0, ] X X X B u byuxuua da(s, x, B)
npu GukcupoBanubx (X, B) HenpepniBHa mo s & [0, f] paBHOMEpHO
oTHOCHTENbHO (X, B), roe f — mioGoe uncio us .

Ormerum, uto QyHKUMS (S, x, B) o6sanaer cieayouuMy cBOi-
CTBAMU:

a(s, x, X)=20,

C_I(S, X, B)_—_—:hmM

; >0, ecin x& B,
tys —-s

P(s, x, ¢ {x}) —1
t—s

als, x, {x)=—a(s, x, X \{x}) = lim <0,

rie {x} — MHOXKeCTBO, cocTOsiIiee M3 OAHOH TOUKH X. DTU COOTHO~
LIEHHS MOXHO OOBEIMHUTb B OfHOM (opMyJIe, NOJIOKHB
a(s, x, By=—a(s, x)x(B, x) +al(s, x, B),

rae
a(s, x)=—als, x, {x}), afls, x, B)=a(s, x, B\ {x}),
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npudeM a(s, x, B) sBaserca KoHeuHo#l mepoit Ha B u a(s, x, {x}) =

=

Has peryaspHoOro ckaukoo6pasHOro npoiecca 1o OGCTOATENb-
cTBO, UTO a(S, X, B) sABiAfAETCS KOHEUHBIM 3apsiiaoM Ha B, BbITeKaer
y3 TpebOBaHHA PAaBHOMEPHOH CXOLMMOCTH B cooTHomeHu# (20).

JleficTBHTE/IbHO, M3 ONpeAeJdeHus GYHKUUM a(s, x, B) Hemocpea-
CTBEHHO CJIEIyeT, 4TO OHA SBJSAETCS HEOTPHUATEJbHOH afJUTHBHOH
ynkuuet mHoxects na 3. Ilycts tenepp B, < Buy, Br &9,

oo

B = UBn u x& B. Torga
ne==]

(s, x, ¢, B) P(s, x,t, B)

. P . .
al(s, x, B)y==I1im == lim lim
( > H) ) tys {— 3 1S n->oo — 8
. . P A .
= lim lim Pls, x4 B) lim a(s, x, B,),
t—s
n-»co tys n-» oo

npuueM H3MEHeHHEe NOPANKa MpeleJbHOTO Hepexojga BO3MOXKHA
B CHJIy TNpeNlo/JaraeMOd pPaBHOMEPHOH CXOAHMOCTH OTHOCHTEJIBHO
B ® B coornomenun (20). Takum o6pasom, cueTHas aXJAUTHB-
HOCTb QyHKOUH a(s, ¥, B) noxasana.

OTmeruMm emle clefyloilee CBOHCTBG PeryJsipHOrO CKaukooGpas-
HOTO mpoilecca: AJa Kaxaoro ¢ & [ nabijercs takas mocrosinHas K,
4TO

[a(s, x, B) <K pnst scex (s, x, By [0, 1 X X X B.

B ocraBuieficd yacTH HacTOSINEro NyHKTa paccMaTpPHUBAIOTCA
TOJNIBKO  pEryJ/sipHbie  CKauKooOpa3Hble NpOLECcCH B UIHPOKOM
cMmbicae. TloJoxum

! a(t, x, B)
(¢, x, By=1 @& x)
x(B, x) upn a(t, x)=0.

Ilpn cduxcuposanumx (¢, x) I(#, x, B) spasercs BepoATHOCTHOI
Mepoii ma ¥. Jlerko yxasatb JJIsi Hee TEOPETHKO-BEPOATHOCTHYIO
nurepnperanuio. Ms (20) cnemyer

P, x, t+ AL {x})=1—(alt, x) + &) AL,

rie e—0 npu A¢{— 0. Takum o06pasoM, ¢ TOUHOCTHIO 10 6ecKo-
HEUHO MaJbplX BBICINErO Nopsnka MaJjgocTu a(f, xX)Af ecTb Beposr-
HOCTb TOro, YTO ABUXKYILAACT TOYKA, HAXOAAUIAACH B MOMEHT Bpe-
MEHH / B COCTOSIHMH X, B MOMEHT BpeMeHH ! - Af yxe He Gyler
B Hem. [lajee, npu a(f, x) % 0
Y P (1, x, t + At, BN\_{x})
I, x B)= lim G a a~T1a)

Tak yro II(4, x, B) MoxHO paccMaTpHBaTh Kak YC/IOBHYIO BEpOSIT-
HOCTL cHcTeme, HaxoAfAlledcss B MOMEHT BPEMEHH ! B COCTOSIHHH X

npu aft, x) >0,
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H B 3TOT Xe MOMEHT BPEMEHHM NOKUAAMWEHd 3TO COCTOSHHE, OKa-
3aTbCs B pesyJbTaTe CKauyKa BO MHOxecTBe B. Dra mHTepnperauus
¢yukunn II(f, x, B) Oyner nokasasa B Jaabhefimem (cM. § |
ra. VID.

Coornowrenne (20) MOXKHO mepenucaTh B BHAE

P(s, x, t, B)y=(l —a(s, ))(t - s)x(B, ») +
+ (a(S, X, B)+r(31 X, t, B)) (t—‘S), (21)
rae r (s, x, {, B)— Hekoropast pyHKuust, paBHomepno mo (s, ¥, B),

s [0, f], crpemsmasica Kk O mpu £ | s.
M3 nocnenmero cooTHOleHHS, B 4aCTHOCTH, cAEAyeT, YTO /s

Jwoboro u =/
IP(S: X, tr B)_X(B’ X)|<K1 (f—-S), (22)

rie K;— HeKoTOpasi MOCTOsIHHasl, He 3aBHcsAllas oT (S, %, ¢, B)e=
[0, 4] X X X0, u] X 8.
Iepeilinem k BBIBOAy ypasHeHuil KosimMoroposa ans cKaukoof-
pasubix npoueccos. Haunem ¢ BumiBoga BTOpOTO ypaBHenus.
ITycts s ¢ukcHpoBano, ¢ > S, M — NPOU3BO/ILHAA BEPOATHOCT=
Hast mepa Ha 8 um,(B)=T;m(B), rae I;, — oneparop, BBeICHHbLH
panee. Ecu £, > ¢, > s, 10

me, (B) — my, (B) = { my (d9) [P (4, %, 1, B) — (B, 2],
X

OTKyAa, B CHAY Hepasercrea (22),
SEP] m, (B) — my (B) | << K, (t, — 1),

Hanee, us (21) caenyer, uto

mny, (B)—mtl (B) = (t2-_tl) S [d (tl’ X, B) + r (tl, X, t2» B)] my, (dx)~ (23)
X

ITycts Tenepb 4 | £, £ ¢ Torma

me, (B)—my, (B) S aft, x, Bym; (dx)

sup i1 )

{x. B)

< Sup"(tl» X, t21 B)I+
(x, B)

+ sup S[d (t,, x, By— a(t, x, B)] m, (dx) | +
x, X

- sup Sd(t. %, B){ms (dx) — my (dx)] | <
B |

<e e+ ngplmn(B)—mx(B)l.
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TAC
e z(sufg]r(t,, x, 6, BY|=>0 npu #1714 Hilt,
X, |
82=(Su1glﬁ(th x, By—a(, x, B)|—0 npu #1L
x, B)
W3 (23) BuiTekaeT Takxke, 4T0 sup|my, (B) — m,(B)|—0 npu 4 1¢.
B
TakuM o0pasoM, JoKasaHa CJAEAYIOIAs TeopeMa.
Teopema 2. Pynxyuu T, m(B) apeymenra t 8 cayuae peey-
AAPHO20 CKatK000pasnoeo npoyecca npu t > s Ouppeperyupyemot, i

ary -
c;tsm = AsTtsm, (249)

20e
Aim B)=\a(t, y, Bym(dy) =—\a(t,9) m(@y) + {att,y, Bym(@y).

X B b¢
Gopmysry (24) Mowno 3anucate ewje caedyroujum 06pasom:

dm, (B)
02— {at, 9man) + {att, g, Hm@n. @)
B X

IMonoxus m(B)= y(B, x), noayunm m;(B)= P(s, x, t, B), u
H3 TeopeMHl 2 BHITEKAET ClenyloLiee
CaencrtBue. Bepoarsocrtu nepexoda P (s, x, t, B) peeyaap-
HO20 CKAuK000pasnozo npoyecca Oudpepenyupyemsl no t npu t >
> s, u
oP (s, x, ¢, B) __
ot '—'

=—{at. P 514+ (att 4. BPG, 51, d). 26)
B

X

U3 coornowenust (20) BeITekaer chaedywooulee HayajbHOE YCJO-
BHe aasa au¢depeHnuanbubx ypaBHenuit (25) u (26):

il*m my (B)=m(B), ltlinP(S, X, t’ B)=X(B’ x)' (27)

Ecan ypapuenne (26) IPH COOTBETCTBYIOIEM HauaJbHOM YCJIOBHH
HMEET eJMHCTBEHHOE pelleHHe, TO, pellass 3TO ypaBHEHHE, Ha#jeM
BEPOSITHOCTH Ilepexoja paccMaTpPHBAEMOro mpolecca.
IMepefineM k BEIBomy nepBoro ypasHenuss Kosmoropoa. Ilycrb
! pukcuposano, f(x)= B (8), | f|l=sup|f(x)| u
X

L =Taf @ =TGP x t dy),  s<t.
X
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Tlomomum $; < s < sy <t Torna
fo @)= F, =\ [1, () = £, )P (s, %, 5, dy) =
=(5,—5) [ [, 0 =1, )] (@ (s 5 dy) + 1 (s, 5, 5,5 dn)).

Hs sroro coorHomeHus caenyer, uTo

sup|fo, () — £, 0 [ <S2UFU(s, — s) [[K +2 sup [r (s, %, 55, B) ]-
Tlafee, YUHTHBAS, U0 G(s, ¥, X) =0, MOAYUHM HEPABEHCTBO
|02 ) (Lwae « a]<
<\t 1,16 x ap
0@ 5 a—ae, 5 anl+
0= @17 w0 dg)]. )

IlpaBas uacTh HepaBeHCcTBa B cuay (28) He NpeBOCXOAUT

21 Fll(ss — ) [K+2(§UBp)lr(sl, x, 8, B)[1 4+
+llf|l2(§ulg)ld(s, x, B) — a(s, x, B)l+2llfll-2(§u1§lr(shx, Sz, B) [+

Vis npennosioxenuss perysgpHOCTH CKaukKoo6GpasHOINC mpolecca CJe-
AYeT, 4TO ToJyyenHoe Bhipaxenue crpemurcs K O npu Sy 48, S3 { S.
Tem cambiM n0Ka3aHa

Teopema 3. Has pezyrspHoco cxauko0OPOa3H020 8 WUPOKOM
cmoicae npoyecca Gpyuxyun fs(x) = Tuf(x), s <<t, duppepenyu-
pyema no s (pasHomepro no X), YOOBACTSOPAET YPABHEHILID

Uel) — (1,6, 5, d)=

=ais, 0[L0— {1006 5 @], s<t @)

U 2PAHUHHOMY YCAOBUIO

iig fs (x) == f (x). (30)
Ypasrenue (29) saBaserca nepsBHM ypaBHeHHem Kosimoroposa

AJIS Pery/JsipHbHX CKauyKooOpasHBIX IpoueccoB, a ornepartop A, Be-
JIEHHBIN paHee, B JAHHOM cJy4Yae HMeeT BHA

Af®=a(s, 9[—F@+ {10, % dy)].
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CaepcrBue. Bepoarnocru nepexoda P(s, x, t, B) peeyasp-
Ho20 CKauKoobpasnozo npoyecca Oudepenyupyemor no s, s << t,
y00BAETEOPSIOT YpasHenro

oP (s, %, t, B) __
— s

—a(s, [P, 54, B= PG5, 4.1, BN, x, dy)] @)

U 2PaRUHHOMY YCA0BUIO
limP (s, x, t, B)=1%(B, x).
sAt

[ToxaxkeM Temepb, 4TO NpPH ONpPeJeJEeHHHX YCIOBHAX (GYHKIHH
a(t, x) 4 a(f, x, B) o1HO3HaYHO ONpeNE/SIOT PETYASPHBI CKAYKO-
00pa3HbIi MapKOBCKHMH INpoIecc B HIHPOKOM cMEIcJae. Peub muer
B NMepBYIO OUYePenb O pellleHHH ypashenu# (26) uam (29) npu co- -
OTBETCTBYIOUIHX I'PAHHYHLIX YCJIOBHSAX.

Mycers /= [0, #*). B coorBercTBMH ¢ TpeGOBAHHAMHU peryJsp-
HOCTH CKauyKoOOpasHOro mpouecca HaJoxKHM Ha Qynkuuu a(f, x) o
a(t, x, B) caepyomue ycaosus:

a) npu Qukcupopanubx (f, ) I X X ¢yukuus a(t, x, B) sae-
asercst Mepoit Ha ¥, a(f, x,{x}) =0 u a(t, x) = a(¢, x, X);

6) npu ¢uxcupoBaHHHX (X, B) ¢yuxuus a(f, x, B), t < I, ue-
IpepeiBHA 10 ¢ paBHOMEepHO mno (X, B), a npn QuKCHPOBaHHBIX
\(#, B) ona B-usMepuma, Kak pYHKUUS OT X.

Beenem npoctpanctBo #° = #°(B) Bcex KOHEUHLIX BIOJHe aj-
RUTHBHBIX (QYHKUUA (KOHEUHBIX 3apsinoB) w(B), 3agauHHBX HA u3-
Mepumom mpocrpanctse {X,8}). B ¥ onpepenum paccrosinue
p(w, @) C NOMOMILIO COOTHOLIEHK

p(wla w2)=”wl (B)—w2 (B) ”a w; EW,
lw(B)ll=sup{|w(B)], BB}

Herpynuo y6eaurscs, uto #° siBAsIeTCH HOMHBIM JHHEHHBIM HOp-
MHpOBaHHBIM mpocTpaHcTBoM. Bynem nomumarb ypasHemns (25) u
(27) xak ypasHennst B mpocrpaHcTBe #° M COOTBETCTBEHHO HHTED-
IpeTHpoBaTh MOHATHE NPOH3BOJAHON B JIEBOH YacTH PaBEHCTBA (25).
_ Beemem eme npocrpancrso @¥[s, {*) menpephiBHbIX byHruui
W=, = w;(B), t<[s, *], co sHaueHusIMHE B ¥ u HOpMOH
I |l = max (I @ Il, t = s, #]}.

Teopema 4. Ecau ¢ynxyus a(t, x, B) ydosaersopser yc-
406usm a) u 6), To cucrema ypasnenud (25) u (27) umeer 8 &7
eduncreennoe pewenue. 1o peuienue sganercs mepod, ecau m(B)
A6aserca mepoil.

Hoxazaresvcreo. 3amernm, uro u3 yclioBHs 6) BBITEKAET, YTO
bynkmus a(?, x) pasHOMepHO orpanuuena mno ({4, x), a(t, b e

rae
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<{ K << oo, Beenem oyukumio q.(8) B €7[s, #*], nonoxus

t
g:(By= S exp{ S a8, x)dé } m; (dx).

B s

Ecan oyuguus m; nuddepenuupyeMa B #°, To TakoBol Xe 6yner
H ¢4, H 006paTHO, IpuueM

t
dqtd(tB)zga(t, X)qt(d)C)—-l-Sexp!Sa(e X)de} t(d)
B s

IMoncrassssgs B 3Ty GHOPMyJly BMecTo —d—ti BEIDAXKEHHE W3 ypaBHe-
Huda (25), monyuum

2| §exp{8[a(9, D —a®, 910 }al, g, dx)g.dy)=

- g b(t 9, B)q:(dy),
rpae '

' £
b(t: Y, B)= S exP{ S [a(61 x)——a(O, !/)] de }a(tv Y, dx)'
B s

Takum oGpa3oM, ypaBHenus (25), (27) 5KBHBaJIEHTHH YPaBHEHHIO
t

aB)=m®B) + {60, v, Byglp)as, t=ls 11, (9
\ s X

rae b(¢, y, B) paBHoMmepHo orpaHuueHa, b(f, y, B)<< K, u, xak
¢yuguua or B, asasercs mepon. Onepatop Q* B %7, onpenense-
MBIl paBeHCTBOM

(Q"®): (B) =m(B) +

Qe

{500, 4, Byws(dy) as,

YAOBJIETBOPSAET COOTHOIIEHHAM

HQ B — Q" I < 2K, (t — ) | & — w” ],
Qo) — @ I < @K L= L o — o,

rae Q*" obosnauaer n-i0 creneHb oneparopa Q* Takum oGpasow,
HeKoTOpas CremeHb omepatopa Q* sBJAETCS CXUMAOIHM Omepa-
TOpPOM M, B CHJy NpPHHIMNA CXKATHIX OTOGpaxeHu#i, ypasHenue (32)
HMeeT B @¥ eIMHCTBeHHOe pelleHHe. DTO pelleHHe MOXKeT OHITh
NOJIyYeHO ¢ MOMOUIBI0 METOAA MNOCAeXOBATeNbHHX NpPHOIMKeHH,
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§ no3ToMy, ecan m(B) sBasercst MepoH, TO TakoBolt 6ymer u

B).

t

q (Aaauomqﬂo MOXHO paccMoTpeth ypasrenue (29). [loacranosxka
p yp

t
fs(x)=eXP{ —{ae, x)de}gsm

NPUBOAMT YpaBHeHue (29) K 3KBUBAJIEHTHOMY, HECKOJbKO GoJee
MpoCTOMY YPaBHEHHIO

t
ﬁg—;—iﬁ= ~§g5 (®) exp{SS (a8, x) —a(®, y)]do }a(s, x, dy),

(s <<!) c rpaHuYHBIM yca0BHeM g¢(x)==f(x). B cBoo ouepens
5TO YpaBHEHHE 5KBHBAJIEHTHO yPaBHEHHIO

8s (x)= f (x) -+
t t
+{{ew exp{ {lae, 9—ae, a0 } a(o, x, dy)do.  (33)

s X ]

Beenem mpocrpanctso %% ® [0, {] HenpeprBHbIX dyHKupf f ==
= [; = [s(X) aprymenta s co sHauenusamu B F(8) u c HOpMOIl
i == sup {|fs(%)], (s, x)&10, ] X X}. Jlunelinui oneparop Q
B % ® [0, f], onpenensieMbiii popmy.ioi

Q)= ,
=i+ {{e (y)exp{ (a6, ) —ato, y1ao }a(v, %, dy) do,
s X v

0TO0paKaeT MHOXKECTBO HEOTPHUATENbHBIX GYHKUMH mpocrpadcrsa
F*® ][0, f] B cebsa, npuuem

1QE)s — QNN Kot —s) 1 &' — g” Il

K' (t — s)*
1@ — @<= gy — gy,

rae K, = Kek!, Takum 06pa3oM, HEKOTOPas CTEHeHb oneparopa Q
fABJIgeTCsT CKHMAIOUIHM oneparopom H ypaBHeHue (33), a BMecre
C HEM u ypaBHeHHe (29) npm rpaHmuHOM ycaoBuu (30) uMmeloT
B @F® [0, {] enuncTsenHoe pelleHHe.

Teopewma 5. Ecau pyukyusn a(t, x, B) ydosaersopser Yyca0-
Susm a) u 6), 1o ypasnenue (29)— (30) umerwr eduncréennoe pe-
Wenue. B wacrnoctu, 8 paccmarpusaemom cayvae 8epoATHOCTL ne-
Pexoda coorsercrsyroujezo npoyecca onpedersiorcs Pynryued
a(t, x, B) 0010BHAUHO.
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Sameuanue. Pemedue ypapHenus (33) MoxeT OLITH NOJY+
UeHO METOAOM MNOCJelOBaTeJNbHHX nNpub/amkenuii. B coorsercrBHU
¢ 5TUM pemeHne ypaBHenni (29)—(30) MOxHO NpeACTaBHTH B BHAE

00

fo (=2, fo (x),

n=0
rae

4
1O ()= exp{ ~{a@ 9 de}f(x),

s

fltD) (1) = S S £ () exp{ — S a(8, x)de } a(v, x, dy) dv.

s X

B uacrtHOCTH, AJsT BeposTHOCTed nepexoxna P (s, x, {, B) moJayuaem
CJIeyIOlMe BHpPAKeHUs:

s

oo

P (s, x, 1, B)=2 P™(s, , 1, B), (39)
rjae ;
PO (s, x, t, B) = exp{ ~ (a9 de}x (B, %), (35)

P"*"(s, x, t, B)=

t v

__-S S P™ (v, y, t, B) exp{— S a(o, x) de}a(v, x, dy)dv. (36)

s X s
dynguun PM(s, x, {, B) HMEWOT NPOCTYIO TEOPETHKO-BEPOATHOCT+
nylo uHrepnperaunto. Ona Oyzer npHBeleHa B § 2 ro. VII, rue
6yneT TaKKe NOKasaHo, Kak Mo sajaHHol ¢yHKuum a(s, x, B)
MOXHO NOCTPOHTb MAaPKOBCKHIH Ipoliecc NMpHu yCJAOBHAX GoJjee LIH-
POKHX, UeM paccMaTpHBaeMble 3/eChb.

ITosyueHHble pe3yabTaThl MOTYT ObITh NPMMEHEHH! K npoleccaM
€O CUETHBIM YHCJOM COCTOAHKU. B 2TOM ciaydae MPOCTPAHCTBO
COCTOMT H3 CUETHOrO 4YMcJAa TOYEeK M AOCTAaTOYHO PacCMaTpUBETb
BepOSITHOCTH Mepexofa B OJHOTOYeuHble MHOXKecTBa. Ilycrs
pii(s, )= P(s, i, t,{j}), i, j= X. Bmecro ¢ysxnuu a(s, X, B)
paccMoTpuM QYHKIHIO a(s, i, ):

, b .
als, i, f)=1im—’3i’—(s—l, Iy

s t—s
COBNANAIOLIYI0 ¢ panee BBEACHHOH QyHKUuMed a;;(s). Ycious a)

¥ 6) 417 Hee TPHHHMAIOT clexyloumwni BuA: a) a(f, i) = ZXa(t, i,
je

rae a (s, i)=tlirsn(1—pu (s, HE—s)"" 6) a(t, i, j) Henpe
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piBHBE! 1O ¢ Ha [0, #*] paBHOMEPHO OTHOCHTENBHO ({, /). Ecmu st
yCJIOBHSl BBLITIOJHEHBl, TO MEPBOE M BTOPOE YPaBHEHHS KonMorou-
poBa I/ MapKOBCKHX MPOLECCOB CO CYETHHIM YHCJIOM COCTOSHHI
HMEIOT EJMHCTBEHHDBIE DEINeHHS, KOTOPHiE MOFYT OLIThb MOJY4eHHI
o paHee yKasaHHbIM (opmynam. Hanpumep,

oo

Pyls, )= 2, piy (s, 1),
rue ;
PR (s, 1) =-exp { - S a; () d6 } Ois

s

piiti(s, )= S D (o, 1) eXp{ — S a; (6) d6 } az (v) do,

s k=X s

n=0,1,2 ...

llpoueccsl ¢ He3aBUCHMBIMH TPHPAICHUAMH. DTH OpPOLECCH
ABJAAIOTCA UACTHERIM CayuaeM MapKOBCKHX mpoueccos. Ilycrs X —
BEKTOPHOE METPHUECKOe NPOCTPAHCTBO, B — 0-a/reGpa GopeseBCKHX
mHOXKecTB X. Yepes B+ x (B X, x = X) ofosnaunm napasiesns-
BB CABUI MHOXecTBa B Ha BeKTOp x: B 4 x {y: y=2 + x, z = B}.

PacemorpuM  cemeficTBO  BepoATHOCTHEIX  Mep Pse(+) Ha 9
(s =0, £ >s), ynosiersopsiounx CASLYIONIUM YCJAOBHAM:

a) Ps(B-—x) ssnserca B-uaMepuMOil  PyHKLHEH OT x mpu
Jobom B = B;

6) ecis << u << ¢, 10

Pt (B)= | Put (B — ) P, (ap). (37)
X
Herpynro nposeputs, uto s MIPOH3BOJIbHOA OrpaHHYeHHO I
B-u3mepumoit GpyHKuuH f(x) nmeer mecTo paBencTso
{1+ 9 Patan =1 0) Putay —»
X X
(B mugmkaropos B-U3MepUMBIX MHOKECTB OHO TpuBHanbHO), ITo-
STomy u3 (37) caenyer
Put(B—2) = { Puy (B — ) Py (dy — »).
X

Crenosaressuo, ecan monoxuts P(s, x, t, B)= Py(B—x), 10
YHKuus P (s, x, t, B) Gyner BepOATHOCTbIO nepexoga. Ona o6.aa-
A3eT npocTpaHCTBEHHOM OIHOPOAHOCTBIO. DTo 03Hayaer, 4To

P(s, x+y, ¢, B+y)=P(s, x, ¢, B)
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aas Beex y & X. O6paTHO, ecly BEpOATHOCTH Mepexofa 06Jafalor
3THM cBO#CTBOM, To P (s, x, 1, B) = Py (B — x).

3anagum Ha {X, B} npoH3BONLHYIO BEPOSTHOCTHYIO Mepy H pac-
cMOTpUM ceMefictBo pacnpesenenuit {P:, ..., 0<SH < .. <4,
n=1,2,...}, rne Py, ..+ (B™) ecrb pacnpenenenue na {X», 91},
onpenensgemoe dopmysaoit (BM™ e Br)

Ptl,..., t, (B™) = S{ S P (0, xo, t1, dx)) P (t), %1, Ly, dxs) ...
X \ gln)

Py %o 1o, dxn>}q<dxo>.

Herpynno nposeputb, uto BBeAeHHOE CEMEHCTBO pacnpejede-
HUH ompejesser Mpouecc ¢ HE3aBHCHMBIMH NPUPALLEHHSIMH.

B § 3 Opura moamocThio BLIACHEHA CTPYKTypa ceMelcTBa Mep
Pst, YAOBJIETBOPSIOIKX paBeHCTBY (37), B caydae, KOraa npocrpas-
cTBO X KOoHeuHOMepHO (X == #?), a mpoliecc ¢ HE3aBUCHMBIMU MPH-
pallleHHsSIMH CTOXACTHYECKH HempepbiBeH H OJHOPOJAEH BO BPEMEHH
(1.€. Pst(B)== P~s(B)). Ilpn 5THX OpenoJOXKeHHsAX XapaKTepH-
CTHYECKYI0 QyHKuuio ¢(f,u) pacnpenenenus P,(B) moxno npen-
CTaBHUTb B BHIE

9(t, )= | & 9P, (dx) = exp (t {i(a, u) — & (bu, w) +

R4

w1 iz 114]2p

SO CICERR Y R ELSTYPRY B Rt
#d

rie a € R4, b— Hekotopoe JHHeNHOEe HEOTPHUATENbLHOE ONpeje-

JieHHOe CHMMeTpHueckoe orobpaxenne ¢ B ¢, Il — Koueunad

mepa na B u Il {0} = 0.

onoxum
= 1P 5 4, dp) = { Fx+ o) Putay),  s<u.
Rd 24

OueBnaHO, uTO ecau f(X)— ABaXKIbl HempephBHO AHbbepeHuupye-
Masi QYHKIHsI, OTpaHUYEHHAst BMECTE CO CBOMMH YaCTHHIMH NPOH3-
BOJHBIMH MEPBOTO H BTOPOro MOPSAKAa, TO 3THMH e CBOHCTBaMH
oGsanaer pynknusa fq(x). Umeem

Limn O 216 ([, x4 2) = Fo (0] - P (02) =
24
=y Vs ()~ B¥, Vi, )+ [ e+ 2= 700 —

(2, V) s (x) P (2, Vis(x)2 11 +12F
~riF T2 1+lz|2] Tzl La@2),
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rne wmepa II,(d2) ompemensierca u3 (10) § 3 u (a, V)f,(x)=
d
dfs (x)
::Zak _5;}3—’
1

e (Z, V)f (x) R (23 \4 (x) 2
A= S 208 (),  B,= S —I—fflT—)—H,,(dz).
4 %4
U3 pesyabratoB § 3 (cM. 10KasaTeabCTBO TeopeMbl 3) cJefyer,
4yTO CYLIECTBYeT IPOM3BOJHAS 3’%—2—’2, YAOBJIETROPSIONLAs VPaB-

HEHHIO

Ul — (a, V) o) — 5 (67, V) f, () +

+ § [t = 1,00 — BT L L2P 1y g, (3g)
74

rue

a
— 0%fs (x)
wwwnm-kéfwmbﬁ.
[Toctennee ypasHeHue MOXKET GbITb NPeOGPA30BaHO K BHAY (CM.
popmyay (17) § 3)

Mslx) _ (q, V), (x) + Tl-(bv, V) s (%) +

Js
+ et — L @) +

AN S,

+ {lhae 2~ 1) — G ML @I @), (o)

Se

rie S, — cdepa B %% ¢ UEHTPOM B Hayaje KOODAMHAT pammnyca c,
Mepoa IT Temepb He obsi3aTesbHO KOHEUHA, HO MO-TpexHemy 1] {0} =
=0n

{12P1(d2) <00, M@ \S)< co.

Se

CnaGo nndpepenunpyembie MapKOBCKHE NMPOLECCH B HIHPOKOM
CMbicpe. [lpn M3yueHHH MapKOBCKMX MNpPOLECCOB B KOHEYHOMEDHOM
IpocTpancTBe %Y mpescraBiseTcs  €CTECTBEHHBIM pacCMOTpETh
Kllace mponeccos, MMEIOUHX TAKYIO XKe JOKAJBHYIO CTPYKTYPy, u4TO
H Nponecchl ¢ He3aBHCUMBIMH TIPHPalleHHsIMH. MOXKHO AaTh Cleayio-
Wiee onpenesente nMPoUeccoB NOJOGHOIO poja.
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Beenem  xapakTepuctuueckylo — QYHKHOHIO  pacnpeesenust
P(s, x, ¢, B):

o(s, x, t, W)= S et WP (s, x, ¢, dy), s<t, (s, x,s, u)y=1.
%d

HasosemM mMapkoBcKuil mpoiecc B WIHPOKOM CMBICAe cAado OQug-
pepenyupyemon, ecnu dyuakuua (s, x, ¢, u) Auddepenunpyema
10 S B TOUKE § == [ PaBHOMEPHO B KOHEUHO! O0JacTH H3MEeHeuus u,
T. €. eCJIH npenedt

g, x, u)y==Ilim Jexnbu—1 xt hu)—1
syt —S
CYLIEeCTBYeT paBHOMepHO mo « mpu |u|<< N, rze N npousselnHo,
JUist BeeXx x & J24, t = (0, ).

W3 pesyavratos TeopeMst 1 § 3 caezyer, 4TO €CMH MapKOBCKMI
npoluecc cnabo nuddepesnupyeM, TO CYLIECTBYeT BeKTop a(s, Xj,
a(s, x)= #¢, HeOTPUILATE]BHO OIpeNeICHHOE CHMMETPUUECKOE OTO-
Gpamxenue b(s, x)e= R4 B ¢ u mepa ¢(s, x, B) na B rague, uro
I/ [POM3BOJIbHOR  [BaX/Jbi HelpepHBHO AnddepeHnupyeMoil
oyuxuun f(x), x & %4, orpaHUYCHHON BMECT€ CO CBOHMH YacT-
HHIMU TIPOH3BOZHLIMH IEPBOTO H BTOPOr0 MOPANKA, HMEET MECTO
PaBeHCTBO

— Vi Ls—nsl (x) =T (x)
Af () =lim Tl QY2100

=@ 2, V@456 0V, VE+
+ | vetra—rwlee 5 d+

RINS
+ e+ =10 — @ Vg, 5 d2), @
S
npuueM ¢ (s, x, {0}) =0, ¢(s, x, F'\S)< oo u
[12Fg(s, x d2) < co.
N

B uacrHocTH, ecin ¢ (S, X)==q(8, x, #¥) < o0, TO uUpenbIAYLLYIO
GopMyJIy MOXKHO 3aNHCaTh B BHAe

Af () =(s, 1), V() + 50, DY, V@) —
-P@wﬁm—gfu+@ﬂammq.(u)

Fd
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Ecin d(s, x)=0, b(s, x)= 0, To cOOTBETCTBYIOLIHH MapKOB-
cKuil TpoLecc fBJAETCA, KaK cJelyeT H3 NpeablAyLlero, cKaukoob-
pasHBIM TPOLECCOM.

B ofumem ciyyae cooTHoulenue (41) MOXHO WHTEpNPETHPOBATHL
caenytomuM obpasom. O6osnaunm uepes £(f) cOCTOSAHHE CHCTEMDI,
XxapaKTepH3YeMOH paccMaTpuBaeMBIM MapKOBCKHM mpomeccoM. J{o-
nyctuM, uto E(S)= Xx. Torma AE(s)= E(s -+ As)— x ¢ TOYHOCTBLIO
no OECKOHEUHO MaJblX BBICHIETrO MNOPAAKAa MOXKHO MNpPEeICTaBHTb
B Bune AE(S)== AL + A& + AEs, rze AL cOOTBeTCTBYET HeCy-
uafiHOl cocTaB/fApled cMellleHHss AE(S) # Moxer GniTh NpeaCTaB-
scHO B Buae A& = a(s, x)As, AL, COOTBETCTBYeT CMEIIGHHIO BH-
HCPOBCKOro npouecca ¢ gucnepcuoHnofi marpuuei b (s, x)As, a Ags
pasro 0 ¢ BEPOATHOCTDIO 1 —q(s, x)As, a c BeposTHOCTBIO (S, X)
COBHALdeT CO CJAYYaHHLIM BEKTOPOM, HMEIOWIUM pacipeie/ieHue

.‘L{%f('_s—"’??l, Ipn sTom Ag; u AE; He3aBHCHMEL

Ecin B Qopmyrae (41) q(s, x, B)==0, 10 COOTBETCTBYIOIMH
MapKOBCKHI npolecc HasmiBaerca Ougpysuonnein. B stom cayuae
riaBHas 49acTb cMeuleHHss AE(S) COCTOMT M3 Hec/IyualiHOro cjarae-
Moro a(s, &) As (BexTopa mepenoca) u u3 (QUIYKTYaLHOHHOLO ujeHa,
HMEIOILEro d-MepHOe rayccoBO paclpenesNeHHe Co CPelHHM 3Haue-
HueM 0 M KOppessnHOHHON MaTpuuel b (s, &)As.

JAnpQysvonnbie TPONECCH HIPAlOT BaXKHYIO POJb B TEOPUN U
B NPHMEHEHHAX MapKOBCKHX IPOLECCOB M TMOAPOGHee paccMaTpH-
pajorca B r/1. VIIL. 3pech e orpannummces teM, uTo TpUBEAEM He-
CKOJIBKO HHOe onpee/leHHe AHGPY3MOHHOrO NpPOLECCa M YTOYHHM
LJsi Hero BLIBOL Iu(QepeHuHaNbHbIX ypaBHeHHIT Koamoroposa.

Onpenenenue. Mapkosckuii npoyecc 8 wupoxkosm cmoicae
HA3b:6AeTCA OUPPYIUOHRBLM, eCAU BbIROAHAIOTCA Ccaedyioulie Y-
A08UA:

1) Oaa npouseoavnozo x e Hé, ¢ >0 pasnomepro no t < s

P(s, x, ¢, S;(x)) =0t —s), (43)

ede S, (x) — donoanenue x cpepe S¢(x) paduyca e ¢ yewrpom
8 ToukKe Xx;

2) cywecreyer raxas pynxyua a(s, x) co suauenusmu e R
U AuHelHbll cummeTpuuecKul HeoTpuyatTesbro onpederennbli one-
parop b (s, x), orobpaxcaroujuii Fe 6 HI ((s, x)=[0, ] X #),
410 Oan npoussoavrozo x X u e>0 pasnomepuo no s,s < i,

| G—0P6 xt djy=als, =5 +ot—s), (44)
8, (%)

{ @ y—0Pls,x b, dy) =5, 92, 2t~ )+ 0(t—s). (45)
8, (x)
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Bexrop a(s, x) naseisaerca eentopom nepewoca, q oneparop
b(s, x)— oneparopom Ouppysuu maprosckozo npoyecca.
BriGepem B #? nekoTophlil Gasuc m 0603HAUMM yepe3 ai(s, x),

i=1, ..., m, KOMIOHEHTLI BeKTOpa a(s, x), a uepes by(s, ¥),
i, j=1, ..., m, sneMenTsl MatpHun omepatopa b (s, X) B 3TOM
Oasuce,

Teopema 6. Ecau pynxyuu a(s, x), b(s, x) Henpepvisuot,
a [(x) HenpepvisHa, OcpanuvueHq u TAKOBA, 4TO Pynryus

us, D= 1P, x 1, dy)
sd

Ou (s, x) 0%u (s, x)
dx, axiax]

umeer Henpepsigrsle UACTHbLE npousso@ubte

ou
T0 u(s, X) umeer npoussoduyro 55 Y0osaersopser ypasHenuio

_ _c?u (s, x)

ot =(als, ), Vu(s, 1)+ 40, DV, Vals, 1) (46)
U 2PAHUYHOMY YCAOBUIO

limu(s, x) =T (x). 47
SAt

Hoxasaresvcrso. Tlyers s;<{s<s, <<t Tak kax HYHKLIHSA
v (s, X) orpaHuuesa, To

wlor, ) —ulsy 0={ (s, ) —ulsy, NP sy, 5, 5, dyy =

Rd
= S [1e(s2) y) — (s, NP (s1, %, 8, dy) + 0, (s, — 59),
Sg (%)
riae ~0‘5—(82—"5—‘)—>0 npu JmoGoM ¢ukcupoanuoMm &> 0. s ¢dop-

S2— 8§
Mynul Teflsiopa BHITEKAET, UTO

u(sy y) — ulsy, x)=
=y —x, Vu(s, x)+%(y — %, VWul(sy, ) +r(x, y, s9),

npuueM npu y =S, (%) |r(x, y, $) <l y — xPo,, rae

u(sy, x4 0(y —x)) 0% (sy x)
Oxi dxi Oxi dx].

Oy = sup
i, 1,8, §= S, (x)

TIipH € —> 0. OTCIOJJ,a CJHELYyeT paBEHCTBO
u (Sh x) —u (521 X) =

=[@ (o2 Vs 0+ $ 6 (5,9 V, Vu (s 0) + R (s — 51, (48)
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poe lim lim R’=0. Pasnenus noayueHHOe COOTHOIIEHHUE HA §,—S),

e>0 S=5¥0
nepei’mﬂ K Openeny mnpu Sz ¢ S, 51 T § H Y4YHTbIBast HeNpephIBHOCTD

nepBbIX TPeX cjaraeMblX B NpaBof yactd ¢opmyanl (48) mo sp, mo-

Jay4yuM ypaBHeHHe (46).
I'pannunoe ycaoBue (47) BLITEKaeT H3 paBeHCTBA

(s, 9= = | F@—T@IPG, 2 1 dy) +o0,(t —5),

S, (%)

B KOTOpOM € >> 0 -— TPOH3BOJILHO Masoe YHCJAO0, H H3 HENpephiB-

HoctH f(x). B
HonycTum Temepb, 4TO CYUIECTBYET MJAOTHOCTb BEpPOATHOCTEH

nepexona, T.e. takasg ¢ywkuua p(s, x, f, y), uro ans awboro Go-
pPeeBCKOTO MHOXKecTBa B
P(s, x, 1, B)= gp(s, x, t, y)dy,
B
TAe HHTCIPHPOBAHUE MPOU3BOAMTCA Mo JjeberoBofi wmepe B %,
Ypapuenne Kosimoroposa — UenMeHa B 5TOM cjlyyae MOXKHO 3allf-
caTh B BHIe
pis, x, ¢, y)y= S p(s, x, u, 2)pfu, 2, t, y)dz, s<u<t. (49)
xd

Ecau p(s, x, ¢, y), xak ¢yuxnusa or (f, y), AOCTATOUHO rJamKas,
TO OHa& YIOBJETBOPSIET BTOPOMY ypaBHeHHI0 Kosamoroposa, HOCH-
HmleMy elle Ha3BaHHe ypasHenus Poxxepa — Iranxa.

Teopema 7. Ecau coornowenus (43), (44), (45) svinoa-
HAIOTCA PABHOMEPHO NO X U CYWECTBYIOT HENpepbisHbie npou3sod-

dp (s, %, 1, y) d(a;(Ly)p (s, x, b 4)) (b (L y)p (s %, 1, y)

o ’ ’ ~ N
at dxi ox, dxl

TO pynkyua p(s, x, t, y) npu (¢, y)e=(s, t*)X HA? ydossersopser
YpasHenuio ‘
dp (s, x, t,y)
ot - |
=—Malt, ps, x 6 ) --5(V, Vo, y)p(s, 5, 8, y).  (50)

Hble

Hokasareavcrso. Ilycth g(X)— NpousBoJbHAA ABAXKIE Hempe-
puiBHO nuddepernupyemas GyHkiusa, obpatraromascs B 0 BHe He-
Kotoporo kommnakra. Tak e Kak u NpH HOKa3aTeNbCTBE Npejbl-
Aylied TeopeMbl, MOXKHO yOeNHTbCS, YTO DAaBHOMEPHO 1O X

[S gWplt, x, by, y)dy — g(x)] =
=@t », Ve® +5 0, DY, Vg,

lim
Lyt pe B2 — 1



70 CJIYUAVIHBIE NPOUECCH B HIMPOKOM CMBICJIE IrJ. 1t
I/ICI'IOJII)BYH YCJOBHS TEOPEMHI M IIOCHAeHEe PaBEHCTBO, noJyquM

gt_gp(s, % 1, y) g () dy =

= lim
tAL, iyt 2=

= tim (ot x 0, y)[

Vs 5 6 )= p (s, 5 1 9] @) dy =
1

1y — 1

Jim Vot sm2e0 dz—-g(y)] dy =

®a
= o6, 5 1, [t . Ve +L 00 97, Dew)]ds

Wnrerpupys nociensee BhIpa)eHHe IO YacTaM, HaliieM, uTo

§2r6 5t e dr=—§[0 s 5 t, wat )+

+5(9, Vp(s, 5 1, )b (4 9)] e (v) dy.

YuuteiBas NPOH3BOJBHOCTb GYHKUMH g(y), W3 NOCJEAHEro paBeH-
CTBa MOJY4YHUM ypaBHenue (50). %8

3ameuanue Ecan Mapxoscxkuit npouecc E(f) ymomaerso-
psieT YCJI0BHSM

| G—=0P6 x4 d=ats, =9 +ot—s), (51)
Fd
{ @ yv—Pe st d)=06 92 90—9+ot—s) (2
d
B nas HexoTtoporo & >0
[1y—xFPP s, £, di)=o(a), )
R4
TO OH ABagercs nupdysuoHHEM. [eficTBHTENBHO,
Pls, 5 1, 5.00) < —eg | 15— ¥ PP s, x, 1, dy),
»4
(y——x)P(s, %, 1, dy)—':a(S, X)(t—S)—I"O(t—S)'—'

Sg (%)

— { w—9P@ 51, ap,

g (x)
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(2, y—xPP(s, x, ¢, dy) =

8, (x)
=092 9= +ot—9= [ ¢ y—xP(s,x 1, dy,

\Z)

e (¥)

npudeM npu o < 26
! i
§ 1y—xP st ap <t § 1y—2P"P (s 5, 1 dp.

x)

%]

S, = e (

Takum oOpasom, npu Jo6oM (HKcHpOBaHHOM & > 0 ycJoBHA
(43)—(45) BmmonnsoTca M npouecc §(¢) — nuddysHonnbii,

§ 5. Mpoueccel, cranuonapubie B MAPOKOM CMBICIAE

BaxHBI# Kaacce cIydadHBIX NpOLeccoB cOpasyioT CTalHOHapHBIE
npoueccel. Tak Ha3bBalOT NPOLECCH, TEOPETHKO-BEPOITHOCTHHE Xa-
PAKTEPHCTHKH KOTOPBIX He MEHSHIOTcA cO BpemeneM. Moxuo elje
cKasaTb, YTO CTAlHOHADHBHIE NPOUECCH — TO MPOUECCH], MPOTe-
Kaiollde B HE H3MEHAIWUXCI BO BPEMEHH YCJAOBHSX. Boace TouHO
370 O3Hauaer chaeaywoulee. Ilycts T — Kodeunnl uam 6ecKoHeuHbH
OTPE30K BPCMEHH.

Onpeneaenne. Cayuadnoui npoyece (8 wupokom cmoicie)
E(1), teT, co srauenusmnu 6 K HAZOLEAIOT CTAYUOHAPHBIM, ECAL

045 1106020 n u at06oix by, ty, ..., I, TaKUX, 4TO t H+tye= T (£ =
=1, ..., n), cosmectnoe pacnpedeisenue CAYuailHblx 6eKTOPOB
g(tl—i_t)"’ g(tn+t) (1)

He sasucur or t.

YcioBue HE3aBHCHMOCTH pPACHPEJENeHHs NCCALOBATEIbHOCTH
(1) or / skBuBajenTHO TPeGOBaHHIO, YTOOH MIS MOGOH OrpaHHuCH-
HOl HempephiBHOH (QYHKUEM [(X1, ..., X,), X, = &4, pequuuna

MiGE@ 49, ..., 8¢+ D)
He 3apucesa ot /. B uwactrocrn, ecanm xommoseHTsl Ei(f), j =1, ...

-+, k, BekTopa (/) 06/1a1al0T KOHCUHBIMH MOMEHTAMH BTOPOrO HO-
PAAKa, TO BeNHYUHDI

m (y=Me' (1), =1, ..., d,
He 3apucst or ¢, m’ (t)=mi, a BeJUUYUHEL
bR, s)= Mg/ (tE*(s), ], k=1, ..., d,

{5, 3aBUCAT TOJBKO OT PAsHOCTH f— s, bik(t, s) = bit(t —3s).
ViMeercs oOmupHbIl KPyr BORPOCOB, OTHOCAIIHXCA K TEOPUH
CTauuomapHBIX NpOLECCOB, peIIeHWe KOTOPHIX  MOMET  OHITb
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BLIDAJKEHO 4€Pe3 MOMEHTHI IePBOrO M BTOPOTO MOPSJKA PaccMaTpH-
BaeMbix npouecco. ITosromy uesnecoo6pasno BeIeqHTb Kiace mpo-
L€CCOB, MOMENTHI MEPBOro M BTOPOTO NOPSAAKA KOTOPBIX 06JafaioT
CBOMCTBOM CTaUHOHAPHOCTH. DTOT KJIACC NPOLECCOB GBLT BIIEpBLIe
onpenesed 1 usyyen A. 1. Xunuunnim [3).

Onpenenenne. Caywadnoii npouecc E()y=(E'(1), ...
ooy 89(1)), 1 =0, co snauenuamu 8 FL Has6LEAIOT NPOYECCOM, CTA-
YUORAPHOIM 8 UUPOKOM cmbicae, ecau MIE(D) |2 << oo u

Meg()=m=const, ME®—milE(s)—mI'=R({t—s) (>s),

e0e R (t)— nenpepoisnas marpuunas Gynxyus.

Oyrrwiio R () Ha3BIBAIOT KOPPEAAYUOHHOL (marpuurotl) ¢ynx-
yued mponecca §(f). B HEKOTOPHIX clyuasix LeaecoobpasHo pac-
CMaTpPHUBATL KOMIJIEKCHO3HAYHbIE CJyYyaWHble BEKTOPHbIE NPOLECCHI
L= (' (D), ..., L3(£)), rae Gr(f) = ER (1) 4 int(f), ER(2), P (f)—
HeACTBHTENbHBIE Ccaydaiiiple mpomecchl. UYTo6nl  3a1aTh npolecc
£(¢), nyxHO 3ajmarb 2d-MepHBIl BeXTOpHBII mpomecc 0(¢) =
=(E'(1), ..., (&), n'(?), ..., ni(¢)). PacupencieHus Bcepos-
MOXKHLIX XapakKTepHCTHK IMpouecca {(f) Torza Jierko BHIpaxKaioTcs
uepes COBMECTHBIE pacipejesieHus BeKTopos 0 (f).

B kadectBe npumMepa CTaUHOHApHLIX B IIHPOKOM CMBIC/eE npo-
LeCCOB PACCMOTPUM KoJeGaHHsi CO CaydaliHbIMH napaMerpamu. By-
IeM paccMaTpUBaTh CKassApHbe npoueccs E (7).

Bseaem HeKkoTopble TEPMHHBI, OKA3BIBAIOLIHECS NOJE3HBIMH npu
(usHUecKOd HHTEpNpeTalWH cayyallHelXx mnpouneccoB. Ecan E(H)
0003Ha4yaeT CHJIy TOKa B MOMEHT BPeMeHH ! U HMeeTcsi B BULY
SHEprys, paccenBaeMast 9THM TOKOM Ha €IMHHYHOM CONPOTHBJEHMAH,
TO €CTeCTBEHHBIMH SIBJISIOTCA CJEAYIOLlHe ONpeie/IeHHs.

Snepeuel, MePeHOCHMONR caydaliHBIM MPOLECCOM £(f) B Teuenue
poMeXyTKa BpeMeHHU (1, f2), HA3LIBAGTCS BEJHUHHA

1y
{ewas
t

ROAHOU 3Hepeued, nepeHocHMOil poueccoM &(f) (— oo << f << o0),
o3

Ha3plBaeTcsa HHTErpal S E*(t)dt, ecan ou cyurecTByer.
—_— 00

Cpedned mownocroro ciyualinoro mponecca HasbiBaeTcs npene

T
. 1
Jim _ST £2(1) dt.

Ecan npouece §(f) siBasieTcss KOMILIEKCHBIM, TO BMecTo &2(f) B mpe-
ABILYLIAX BHIPAXKEHHAX CAelyeT mucath |E(f) |2
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B ToM ciayyae, KOria mpouecc HMEET HHYI0 QU3HYECKy0 HHTEp-
npeTalHtio, IPHHATAsS TEPMUHOJOTUS MONKET eH He COOTBETCTBOBATS.
Bce ke B AajbHeHIIeM 3Ta TePMUHOJOrHsl GyAeT HCMOJb30BaHa.
Bo MHOTHX BONpocax ciaydyadHbie NPOHECCH MOACHUPYIOTCS CyM-
MaMH TapMOHHK C 3alaHHBIMH 4YacCTOTAMH M CJAYYaHHBIMH AMILIHTY-
aamu ¥ Gasamu. VpbiMu cloBaMu, paccMaTPHBAOTCS MPOLECCHI

BHAA

£@) =k;1 0 COS (pt -+ @p),

rAe 4p — 3aJlaHHble UHCJIA, a BEJHYMHB! o U @ caydaiinsl. Teope-
THKO-BEPOSITHOCTHAsl CTPYKTypPa 3TOrO Ipouecca MOJHOCTBIO OIpe-
AeJisieTcsl COBMECTHBIM paclpeleJenueM CIydaidHbIX BEJUUMH o, Qg
(k=1,2,..., n). Ilpu 370M NOA NpPOLECCOM, ONPeaeNCHHHIM HOP-
mysofi (1), clenyer monuMaTh ciayualHbll mpomecc, KOHEUHOMEp-
HEle paclpenesendsa KOTOPOTO MOTYT GHITH BEIYHCACHBI UCXOASA U3
dopmyanl (1) H COBMECTHOro paclpefefeHHS BEJIHUHH Qj, ..., On,
Q1, -5 On.

Cayuaiinpiit nponece §(f) npeacraBisier coGoff cymmy n rap-
MOHHYHBIX KOJIeOAaHMA ¢ aMIJNTYAAMH |an| M wacToTamu u.

Bo muorux ciyuasx mesnecoo6pasHG paccMaTpHBATh KOMILIEKC-
HO3HAYHBIE CJyyYalHble NPOLeCCH KoJaeGaTe/lbHOro XapakTepa

40 ==k; yee'“#, @)

Te KOMIJIEeKCHble aMIVINTYAbl Yr SIBJSIOTCA CJIY‘lﬂﬁHbIMH Be€JHYH-
HaMu:

Ve =0y + ife;
on, Pr, k=1, 2, ..., n, BemecrBeuusl. Ilpu sTom COBOKYIHOCTh
Beex uacror {up}, k=1, 2, ..., n, paccmaTpuBaeMas Kak MHOXKe-

CTBO TOYEK Ha MpPsAMON (- oo < & < o0), HA3BIBACTCS CHEKTPOM
cayualinodl gynkuuu (1), _

[Tpouecc §(f) MOXHO pacilenuTh Ha BeUIECTBEHHYI0 H MHHMYIO
Yacru:

L =t®+ i@,
rne
E(t) = k; oy, COS Uyt — By, sinugt,
n )
1 (f) =kZl oy, sinugt - By cos uyt.
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HeTpyAHO BHIYHC/IHTL CPEIHIO MOLIHOCTb, MEPEHOCHMYIO NPO«
neccém (f). Mimeem

T T
A lcora=p § 3 vt era=
—-T ~T &k, r=I

_ sinT(u,—u
~Yiwe+ Z vt St
k=1 k, r=1
k#r
Ipua T — co mojyuaem

T n
Jim 5 § 10 Pat =3 1wr

Takum 0o6pa3oM, cpelHsasl MOIIHOCTb, NepeHocHMasa KoJebaTesbHBIM
cryyalHbiM npomeccoM §(f), paBHa CyMMe CpeAHHX MOILHOCTeH,
TepeHOCHMEBIX KaMAoH rapMoHUuecKo# cocrasiasiomell mponecca.

AHaJIOrMuHO BLIYMCIASETCA CpelHee 3HAUeHHe CAyYallHoH (yHK-
nuu § (/) 3a GecKOHEUHBIH POMEXYTOK Bpemenu. Mmeem

T
1 sin Tuk
5T S 40 dt‘“ZVk Tu,
= )
npuyeM ecaH Touka 0 ecTb TOuKa cneKTpa ciydailHOro mporecca, TO
sinu o
gHaueHHe QYHKIHH —; B 370l TOuKe (# ==0) cyuraerca pas-
ubiM 1. Takum obpasom,

.
lim S L) dt =y,

Tlle Yo -— aMILUIHTYAA, COOTBETCTBYMOLlAs yactote 4 == 0.

Pacnpenenenne Bedwuunsl {(f) naxe Npd clenHaJbHBIX MOpen-
HOJIOKEHHSIX O pacupejeeHHH BeJHUHH Yy, IBJAETCA BecbMa CJI0XK-
uuM. Bce e mpocreliliMe XapaKTepHUCTHKH paclpeleseHHd CJAy-
uafino#t Benuumnst {(¢) noaydute HerpyaHo. [Ipemmonoxum, uro
KOMIJIEKCHbIE aMIUIUTYObl Yy, HMEIOT MarTeMaTHYecKHe OXHAaHud,
paeuble 0, H MexxAy co00fi He KOPpEIHPOBAHHL, T. €.

Myk=0, ka’?,:—o, ks&r.
Mz (#) =0.

Bamernm, 4t0 ecsiu 0 He ecTb TOUKa cHeKTpa CAydafiHOTO Ipolecca,
TO MareMaTHyecKoe oxkupanue QpyHkuuuf(!), T.e. ee cpenHee sHa-
Y@HUE B TEOPETHKO-BEPOATHOCTHOM CMEIC/E, COBIAJACT CO CPELHHM

Torna



§ 51 MPOUECCHI, CTAUMOHAPHBIE B HIHPOKOM CMBICJIE 75

sHayeHHeM MO OEeCKOHEUHOMY OTPe3Ky BpeMeHH (— oo, o). Ecan
ke 0 gBJASETCA TOYKOH CHEKTpa IIpollecca, TO CpefHee 3HAaUeHUe
BHIGOPOYHOIT QYHKIUK 110 BPeMeHH SIBJAETCA CAydalHOH BeJHUMHOM.
Jlnst KoppedsilMOHHOH (yHKUuHM mpouecca {(f) umeeM caenymoulee
BblpaxKeHue:

R, t)=MEE) ()] =
=M [ 2 Vebee! (ukt‘_u'tZ)] = Y crer (i h),
k, r=1

k=l

rae ¢;=M|v,[’. Takum oGpasom, xoppensnHOnHas (YHKIHS NPO-
gecca (%) 3aBHCHT TOJIBKO OT PAsHOCTH f; — I

R(ty, ) =R (t; — 1), 4)

R(t)y= Y cie'™, (5)

k=1

CnenoBaTesbHO, eciu B npouecce (2) BeJHYUHB Y, HEKOPPEJHPO-
BaHbl M HMEIOT cpednue sHaueHus, pasrble 0, To nponecc {(¢) sB-
JfleTCA CTAUMOHAPHBLIM NIPOLECccOM B IIHPOKOM CMEICJAe H ero KOp-
pensiuHoHHast ¢ysKuua paerca dopmyaoii (5). Jra ¢opmyaa
HasLBaeTCs CReKTpaAbHbiM npedcTasaehuesm KOppeasaluoHHOH GYHK-
uun. OHa ompefesseT CHEKTP CaAy4aHOrO mpouecca, T.e. COBOKYII-
HocTh wactoT f{up}, k=1, 2, ..., n, rapmMonnyecKkux KoJebaHmuii,
COCTABJISIOMHUX mponece {(f), u MaTeMaTHYeCKHe OXHMAAHHA ¢}
CPeJHHX MOIIHOCTEH, MEePeHOCHMBIX COOTBETCTBYIOIIMMH COCTaB-
JSIIOIUMH npolecca. Benuyuny ¢2 MOXHO Ha3LBaTb CPEOHUM 3HA-
yenuem MOWHOCTY TapMOHHYECKOH cocCTaBJfioNlell mpolecca ¢ ya-
ctoToil up. OHa moayyaerTcs myTeM YCPeAHEHHsI MOUIHOCTH MO Bpe-
MEHH M 3aTe€M YCpEJHEHHS B TEOPETHKO-BEPOATHOCTHOM CMBIC]IE.
B cBA3H C 3TUMH SHEPreTHYECKHUMH NPCACTABJEHHSIMH BBEJEM CJle-
LYIOUYI0 BaXHYI0 XapaKTEPHCTHKY CTAlMOHADHOTO mpoliecca, Ha-
3HIBACMYIO CHEKTPAJbHON (PyHKIMeH mpouecca.

Cnexrpaavnas pynxyus F (1) nponecca (2) ompegensercs co-
OTHOILIEHHEM

Fu)= ; c?,

up<u

dto osHauaer, 4T0 F(4) paBHa cpemHeil MOLIHOCTH, NePeHOCHMO
FaPMOHHYECKHMH COCTaBJASIOWMME npouecca {(f), 4acTOoTH KOTO-
PBIX MeHee 3aJaHHOrO 3HaueHusd #. OHa NMOJHOCTBIO XapaKTepHayer
Kax Cpe/lHIOI0 MOIIHOCTh Ka*KAOH TapMOHHYECKOH COCTaBJstonlel
npouecca §(f), Tak U CyMMapHYi0 CPEIHIOI0 MOIIHOCTH rapMOHHYe-
CKHX COCTas/AIOLIMX MNpollecca, YacTOThl KOTOPBIX JEXAaT B JI060M
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3ajJlasHOM HHTepBaJje. [eilcTBHUTENBHO,

¢y =F (u,+ 0) — F (u,), <Z<u2 c;=F () — F (u,).

byl

C nomouwpio CHeKTPasibHOH (QYHKUHH KOPDPEIALHOHHAS (YHKLUSA
npouecca {(f) MoxKer GBITL 3aNdcaHa B BUAE

oo

R(t) = g e 4F (). 6)

— 00

C MaTemaTHYeCKOM TOYKH 3peHHA CIEKTPajbHas (QYHKINS sB-
JISIETCSl HEOTPULLATE/IbHON HeyOhBalllell HenpepLIBHOA c/1eBa (hyHK-
LMeH, NMOCTOSHHOH BCIOAY, KPOMe KOHEYHOrO 4Yhcaa TodueK, B KOTO-
PBIX OHa MMCET CKauKH BeJHunHOw0o 5. OKa3biBaeTcs, YTO NOHATHE

CNeXTPaNbHOH QYHKLHH MOXKeT OBITb BBELEHO IJsI IPOH3BOJbHBIX
CTallHOHAPHBIX B LIMPOKOM CMBbICJe MpoLeccoB. 3TOT BOUpPOC, Tak
e Kak ¥ Bonpoc 00 oGobuieHun npexacrasienus (6) Ha npoH3BOb-
HBI€ CTaluOHapHble NPOLECCH, paccMaTPUBAETCH HHXKE.

Ocofbifi HHTEpeC MPEACTABJAIT CiAydaiiHble MPOLECCH, KOTOPLIE
MOryT OBITb MOJYYEHHl H3 HPOLECCOB BHAA (2) C MOMOWIbIO Mpe-
EeabHoro mepexofa. CyIMHOCTB 3TOrO NPEAENBHOTO NEPexXoga co-
CTOMT B TOM, YTO UHCJO CJaraeMblXx B CyMMe (2) HeorpaHHUYEHHO
Bo3pacTaer npu yObIBAHMH KOMILIEKCHBIX AMIVIHTYR Yr, @ CIEKTp
npoiecca, T.€. COBOKYNHOCTb BCEX UacCTOT Hy, BCE IJIOTHEE 3alloJl-
HsleT mpsMyio (— oo, oco). B mpenese nonyyaercs HeKOTOPBIH ciiy-
qyaliHelil 1polecc, O KOTOPOM CJeldyeT TOBOPHThL, UTO OH HMeeT He-
MpepuIBHLIA CrekTp. DBo/iee TOUHLIH CMBICJ NOCJENHErO TEPMHHA H
BONpoc 00 anaJjore npeicTaB/eHHs (2) IJd NOAyYaeMbIX TaKuM
06pasoM cJayuafiHBIX IPOILECCOB PAaCCMAaTPUBAIOTCA HHKE U B
ra. V. 31ech xe OrpaHHYUMCH PacCMOTPEHHEM OPeiesbHBIX pacHpe-
JeJIeHnH,

Teopema 1. ITycrs opp, B (B=1,...,0;n=12,...)—
dse nocaedosaresbHOCTy Cepuil B3QUMHO He3aBUCUMbLX (8 KA
0oil cepuu) cay4aiinslx 8eAutUR,

2

b,
l“nank = Mﬁnk =0, Dank = Dﬁnk = gvc <o

Cn (t) = k;l Ynkeiunkt =% (t) -+ in, (f), Yuk = Upe + if’nk-

Honyctum, 410 npu n—> co BLINOAHEHbL CACOYIOULUE CAOBUL:
a) cnexkrparvsle gyuxyuu F,(u) npoyeccos L, () npu n— oo
CXOOATCA HA HEKOTOPOM BCIO0Y NAOTHOM MHOXNCECT8E 3HAUeHul HQ
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npanots (— oo, o) K ¢ynxyuu F(u), npuresn
n
F(—o0)=0, F(+00)=0"=lim ), b2, < co;
E=1

©6) cayuatinoie geauuunvi {Cnr, Pnr} YyodoOSaETEOpPAIOT YCAOGBUIO
Jlunoebepea (Teopema 5 § 2).

Toeda npu n— oo cayuatinvui npoyecc §,(f) caabo cxodurcs
x crayuonapromy npoyeccy §(t), T(f)= E(¢)+ in(f). Xaparrepu-
cTUHecKas (QYRKYUA COBMECTHO20 pacnpedeseHus BeAUYUH

E(tl)y vy E(ts)r L (tl}) ey M (ts) (7)
Jaercsa ebLpasceniem
1
cp(ub veey Usy Upyooney Us)=eXp{_§B2},
20e
Bz=é‘ Z R(tj—fk)Zjék, zj=uj~ivj, j=1,..., S,
1, k=1
R() = g et 4F (u). @)

3aMerum, 4TO B YCJIOBUSX CQOPMYJIHPOBAHHOH TEOPEMBI MOXKHO
MOJIyYUTh B KauecTBe (QYHKIUM [ (#) NPOU3BOJBHYIO OIDaHHYEHHYIO
MOHOTOHHO HeyOBIBaOULyl0 (QPYHKIHIO,

CdopMyTupoBaHHas TeopeMa ABJSETCA YACTHEIM CJAYYAEM Teo-
peml 5 § 2. Tlpu stom cienyer cuuTath, uTO © €CTb MHOXECTBO
nap 0 =(4,q9), —co <<t<<oo, g=1, 2, anp(0) = anr(t,q), rae

e (8 1) =Re yue™®, o, (¢, 2)=Im y,e™n.

Jlerko npoBepUTb, UTO ECAH Qup, Pur  YAOBJIETBOPSIOT YCJIOBHIO
JluugeGepra, TO €My VIOBJETBOPSAIOT ¥ BEJHUHHBI ank(O) npu
moGom B.ITycte R™ (0, 6,y =R (¢, 1,), 0,= (1, 9;), R{Y (1, 2)-—

== Mg, (tx) g, (t2)1 R (tw tQ) = Mnn(tx)“n(tz)’ R{Y (tv 2) =
= M¢&, (t,)n, (fz). B cuay dopmya (3)

R (1, t)=RE h, t) = S cos [(t, — 41} u] dF, (u),

RE (0, 1) =y sinlt— £} dF, ().
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[TpunuMan Bo BHMMaHHe TeopeMy XeJJM, H3 YCJOBHS a) 0OPH
n — 00 MOJIYYUM CYLIECTBOBaHHE NpeesoB

Ry@®)=1limRY (x,v+8, i j=1,2,
>0

Ru() =R = | cos () dF @),

— 00

Rt)=- | sin(t) dF ().

TakuM o6Gpasom, ycaoBus Teopembl 5 § 2 Bumosnensl. M3 stoit Teo-
peMbl cliefyer, 4TO XapaKTepucTHUecKast (YHKIHUSA COBMECTHOTO
pacnpesiesenns Benuund (7) paBHa
~L g
@ty ooy Usy Uy ey U) =€ 2,
rue

s
Bt= 3" Rl — 1) uty -+ 2Rua () — ty) g0 +
ky 1=1
s
1 =
T Rt — te) vpv; =5 Z R(t;— 1) 22,
1 k=1
2j=Uj—"iU], j=1,..., s. B

Hoxazanuas TeopeMa NPUBOLHUT K NPHMEPY CTALHOHAPHOrO MPO-
necca, KOppelsiHUOHHas QYHKUUS KOTOporo aaercst dopmynoi (8),
rie F(u)— npousBo/ibHast HeOTpHUIlATE/TbHAS OrpaHHYEHHAs MOHO-
TOHHO HeyOniBawas PyHKUMs, HEeTIpepLiBHAS CJIEBa.

OxasblBaercsl, yTo COOTHOUIeHEe (8) sBAsETCH OOLIUM AJS BCeX
CTAaLHOHADHBIX B IDHPOKOM CMEIC/]e nponeccoB. VmeHHno, umeer Me-
CTO CJefyiollas Teopema.

Teopema 2 (reopema XunumHa). Has 1020 uT0b6: HENpE-
poisran pyrryus R(1) (— oo < t << 00) 6bira Koppeaayuonol
QynKyuel CTARUOHAPLROSE 8 LUIUPOKOM CMbICAe npoyecca, Heobxo-
Gumo u docrarouno, urobul ona donyckara npedcrasrenue (8).

Hoxrazareascres. Heobxopumocts. Koppesasinnonnas Qynkuus
CTAllHOHAPHOIO B IUHPOKOM CMBICJIE NPOLECCa NOJOXKHTENBHO OIl+
peneJena, T. €.

ka_l Rty — 1) Aed; =0

npu Jobom BhGope uucena n, f, ..., tay My ..., Ay (n— Ledoe,
p — neficTBUTEJbHEIE, & Ap — KOMilIeKcHble uucaa). M3 teopemsl
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Poxunepa — XuHUMHa cjenyer, uto R(f) Jnomyckaer npeacrab.e-
une (8). HloCTaTOUHOCTb yC/IOBHS TEOPEMHB BHITEKA€T M3 TPENBILY-
niefi Teopembl. B .

BripoueM, MOXHO 3HAYHTE/bHO MPOILE MOCTPOHTL CTALHOHAPHBII
B WHPOKOM CMBbICJE MPOLECC, KOPPEeJSLHONHAs (QYHKIUS KOTOPOTO
pbipaxkaercs ¢opmysoi (8) ¢ Hanepex 3afaHHOH CHEKTpAaJbHOM
¢yukuunei F(u). . i

Mycts F (4 00)==02 u {— cayualiHas Benuuuna ¢ Qyuxnuei
pacnpeiesienus —UITF (x). Tonoxum

L (f) = oe’ tt+o) |

rie ¢ U § HE3aBUCHMBl H ¢ PaBHOMEDHO paclpejeseHa Ha HHTEp-
pajae (0, 2rn). Torna
25

1 d
M{()=o S Sei(fu+w)_&_2_dp(u)%=0
—c0

n

R@t+h, By=M{L(t+ R (R)}

o
=o‘2 S
—o0

Onpenenenue Pynxyuio F(u), ¢ueypupyowyrwo e nped-
cragaenuy (8) KOppearsyuonnod BYHKYUU CTAYUOHAPHO20 (8 wu-
POKOM CMbICAC) NPOYECCa, HA3bIBAIOT CREeKTPaAbHOL ynkyueli. Ecau
F(u) abcoarotro nenpepeigua,

F@= { f@du,

-0

T0 [(u) HA36I6AIOT CHMEKTPAALHOL MAOTHOCT6IO Hpoyeccd.

Hanomuum dusnyeckuit cMblct crekTpaibhOd ¢GyHKmua. Ecan
nox caydaidHo#t dymkuueid E(f) moHMHMAaTh 3JIEKTPHUECKHH TOK, TO
dynkuuio F(u) MOXHO HHTEpPNPETHPOBATH CJEAYIOUIHM o6pa3om:
npouecc §(f) NpencTaBEM B BHAE KOHTHHYANBHOH CyMMLI» npo-
CTBIX TFaPMOHHYECKHX KO.icOaHUH €O CayuafiHLIMH aMILIHTYRaMH, H
npupauienne F(up)— F(w;) (u; << up) paBHO cpemell MOLIHOCTH,
PaccenBaemMOll TapMOHHYECKHMMH COCTaBJSIIOLIHMH Tponecca, ua-
CTOTEI KOTOPHIX JieXaT B HOJYHHTepBaJe [u;, ty).

OrmeruM, uro ¢yuxmuio R™'(0)R(f), rze R(0)= F(4 o),
MOXHO pacCMaTpHBATb KaK XapaKTEPHCTHUECKYI0 (YHKIHIO (VHK-
tun pacnpegenenns (F(4 o0))™'F(x). Orciona CIefyeT, YTO CHeK-
TpaibHasd (QYHKIUS OLHOSHAYHO BOCCTAHABJIHBAETCH MO KOPPENA-
Unonnoit. Ecit @ u b — TOUKH HenpephIBHOCTH (YHKIHH pacnpeie-
Jennus F(u), TO, KaK H3BECTHO H3 TEOPHH XapaKTepPHCTHYEEKHX

I

2

e 1 dF ()22 — S ¢ dF ().

o
L/‘a:
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pyHRUHH,

R dt, ©)

00
S e=ita _ ,—ith
00

F(b) ~ F (@) = 5

ILE HHTerpas CrnpaBa HOHHM&EETC B CMbIc/e TIJIABHOIO 3HAUYEHHA.
B rtoukax paspeiBa ¢ymkumm F(u) dopmyaa (9) ocramercs cnpa-
BEIUIMBOH, eclH B ee JIeBOH YacTH BMECTO F(u) nozcrasuts
Fu—+0)+F(u
5 .
Ecan xoppensiunonnas Gysxuns R () aGcomoTHO HHTErpHpyeMa
o

Ha HHTepBaje (—oo, ), T. e. S [R(t)|dt < oo, TO mpaBas wyacTs
—o00

paBenctsa (9) anddepenmupyema no napamerpy b. Taxum obpa-

30M, M3 abCO/HOTHON HHTErPHPYEMOCTH (yHKUMH R (f) BhITexaer

CyLIECTBOBaHHE CINEKTPaJbHOH MJIOTHOCTH W PaBeHCTBO

Hy = | R at,

T.e. f(4) ecth obpatHoe mpeoGpasoBanue Dypbe KOppeasiluHonHO
¢yuruuu R (¢).

Teopema 2 pomyckaer 0GOGMIEHHS B pasHbIX HamnpabJ/eHHusX,
Bo-nepBrIX, MOXHO paccMarpuBaTh BEKTODHEIE CTallHOHADHBIE [P0«
neccsl (B IUHPOKOM CMBLIC/AE), a BO-BTODHIX, CTaldoHapHble (HyHK~
UHH (CKanspHble HJIM BEKTOPHbBIC) HECKOILKHX aprymentos. Ocra-
HOBHMCS CHauajla Ha BEKTOPHbBIX CTAIHOHAPHLIX B WIMPOKOM CMbICJeE
fpodeccax ¢ KOMIUIEKCHBIMH KOMMOHeHTaMH. Ilycrs {(f) =
=(§l(t)’ teey Ed(t))

Teopema 3. Jasa rtoz0 urobe HEnpepsleHas MOATPULHAR
Gyuiyus R() = (Ru(f)), j, k=1, ..., d, 6viaa xoppesrsyuonnoil
Marpudnol  hyrkyuer  HeKOTOPO2O CTAYUOHAPHOZO 8 WUPOKOM
cuvicae npoyecca §(t), neobxo0umo u GocTarouno, uro6uL ee MONCHO
bbLa0 npedcrasurs 6 sude

Riy= | e"ar ), (10)

ede F(u)=(Fy(w)), j, k=1, ..., d, — marpuunag Pyukyus co
CAOYOUWUMIL CBOLCTBAMU:

a) Oas aw0bbix Uy U Us, Uy<<Uy, MATPUYA AF (u) =F (ug)—F (u;)
HeoTpuyaressto onpedenena;

6) Sp{F(+ o0)— F(— )} < oo

Ilo nozony ycioBusi 6) 3aMeTHM, 410 B CHJIY a) AMaroHaJjbHble
SJEMEHTHl MaTphubl £ (4) ABJSTCA MOHOTOHHO HeyGLIBAIOLIHMH
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¢ynkuuaME 4. TakuMm oGpasom, ycioBHe 6) SKBHBaJEHTHO TpeGo-
BaHHIO OTPAHHYEHHOCTH BapHaUHUM HA NMPAMOH (— 00, 00) KaxAoro
XMaroHaJbHOrO 3jeMenTta Fy;(4) Marpuun F(u).

Ilajee, U3 MOJOXUTENBHOH ONpeNe]eHHOCTH Matpuuel AF (u)

cJeLyeT, 4To
[AF i (1) F<< AF;; (1) AF . (u),

OTKyAa 1

L
2

Ziarne)<| 5 ar )] [ £ aruw)]

rae AF(up) = F(up)— F(up—1), p=1,2, ..., s, w<<u < ...
oo < U

OTcrona BHITEKaeT, YTO HEeAHATOHANBLHBIE 3JIEMEHTHI Fin(u) wmar-
puusl F(u) Takxe 6ynyT GYHKUHAMH OrpaHHYEHHOI papuanud. bes
OrpaHyuyeHHst OGILIHOCTH MOXHO CYMTATh, 4TO F(— o)== 0.

Teopema 3 BLITEKaeT M3 MATPHUHOTO BapuaHrta TeopeMypl Box-
nepa — XuHuuna. Ero MOXHO NOJyuHTb B KauyecTBe CJEACTBHS H3
Teopembl Boxnepa — Xunuuna. IlpuseseM cooTBeTCTByIOIlee [10-
Ka3aTe/bCTBO AJIst TOrO, 4TOObl NPOHJIIIOCTPHPOBATD, KaK H3 «OXHO-
MEDHDBIX» TEOpeM MOXKHO MOJYYHTb HX MHOTOMEpHbIe aHAaJOTH.

Horasareasvcrso reopemer 3. Iycts R (¢)— nenpepoiBHas Kop-
peJSILMOHHAA MaTpuuyHas (YHKUHS CTalHOHAPHOTO B IIMPOKOM
cMblc/ie d-MEpPHOrO0 BEKTOPHOIO TpoIecca £(f) ¢ xOMIIeKCHBIMH
KOMnoHenTamu. s J1060ro d-MepHOro KOMILIEKCHOrO BEKTOpa ¢
BBEJEM CJIyyaHHYyIO BEJIHUHHY

L&) =(@), c).

Torna .(f)— crauuoHapHEl B IIMPOKOM CMbIC/Ie crydadHbi npo-
LiecC C HEMPEpLIBHON KOPPeIALHOHHOH QyHKIMei:

m, == M, () = (MZ (¥), ¢) = const,
R, () 55 M([Z. ¢+ 8) —m,] e, (s) —m,])=c"R(t)e, ¢>0.

B cuny Teopemp 2 KoppeasinuoHHas (YHKIHS R.(t) moxer
GbITh mpeAcTaBJieHa B BHAE

oo

R ()= { e dF, ),

—-—00

rae F.(#)— MOHOTOHHO HeyObIBalOWast QYHKLHA OT 4 Fo(u) << oo,
[Iycts e — d-mepHBI BeKTOp, y KOTOPOro k- KOMIOHEHTA
PaBHa efuHHIE, a OCTAJNBHBIE HYJIO:

e(k>={0’ p=k,
» I, p=&.
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Toraa R w (t)== Ry, (f) ABAseTCS KOPPeJSUHOHHOR (yHKuMeh k-
KOMIIOREHTH BekTopHOro nponecca &(f). INoaoxum

g(ks ) — e(k) +'e(f), é(ky P ie(k) + g(f).
Hmeem
Re(k- N (t) = Rkk (t) + ka (t) -+ R}k (t) + R” (f), k # js
Rg(k, n (t) = Rkk (t) + iRk] (t) - iRik (t) + R” (t),

OTKyIa

Re(k, D ® —iRE(k, I 0] 1—i
Re; () == S — 1 L (Ru — Ru)-

Eciu moaoxuth

P n@) —F g p@
Fy@=—0 D S (P —Fap @), k%,

Fp,W)=F &),

TO HOJYYHM

Ry = “aFy,  ki=1, ..., d.
Ilpu atoMm
d L d
Rc(t) = Z EkRk]Cj= S e”"'d( Z Eka, (t) C,-).
k=1 o k, =1

U3 enuHCTBEHHOCTH CHEKTpaJbHO# GyHRuuu F, (1) caenyer

d
FC(u)zkzléka] (u)c,.

y

d
Orcioga BoiTekaer, 410 AF, (1)= Z CeAFy;(wyc; 220, tak uro
by T=1

>

matrpuua AF (1) HeorpuuareabHO onpefencsHas H Fpp(--00) << oo,
Tenepp ocraercs mnoKasaTh, 4TO AJAS JIODOA MAaTpHYHOH (PYHK-
uun F(u), obaanatomeii cpoiicTBamMu a) u 6) TeopeMhi 3, MOXK-
HO TOCTPOHUTb BEKTOPHBIH CTAalUOHAPHHHA B LIHPOKOM CMBIC/E
nporecc ¢ KoppeasuuosHoii ¢Gyukuuer (10). C atolt pesnio
cHauana BBeleM 2d-MepHBII JefCTBHTEJBbHBII TayccoB [polece
(E(%), n(?)), roe E(f) u n(¢)— d-mepuble HeACTBHTEJNbHbIE Trayc-
COBBI IpOLECCH], ONpeNesNHB €ro cjaeiywoluM obpaszom. Ilycre

a,=(a, ..., a), b,=(b}, ..., b}), k=1, ..., n,—nse no-
cienoBareJbHOCTd BekTopoB B %Y. OmpepesuM xapakTepuCTHYEs
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83l
cKylo (YHKLHMIO COBMECTHOrO pacnpeieienus sexropos (E(4), ...
L E(R), (), ..., n(f)) c nomomibio Gopmyasl
Q1) onr By (dh R Bl’ seey En) =
1 _ - - -
=exp{——2-K(a1, couy Gy, by, .., bn}.
rae
- - s - -
K@, ..o @y by, .y b= 2. aR (t,—t)a, +

bR (t,—1) &,

7=

+ 2 [4GR" (t,— 1) by + BiR” (6, — 1) 3,] + 23

R()=+ Scos(tu) dF @), R"(f)=— \ sin()dF @),

SMS

. 1 1
R' () — iR" ()= 5 R )= ) S " dF (u).
Has Toro, uTo6H 3TO ONpele/IeHHe HMeI0 CMBIC, T. €. YTO6bI PyHK-
st Q¢ 0, (@1 ... @n, by ... by) neficTBUTENBHO GBlIA Xapakre-

PHCTHYECKOH (YHKUMEH COBMECTHOro pacnpepenexus 2dn cirydai-
HBIX  BEJMUHH, HeOGXOAMMO M JOCTATOYHO, 4YTOOH (YHKLHS
K(a ... an, by ... b,) Gbl1a HEOTPULATEBHO onpeneseHHOH KBaf-
paTHueckod ¢popmod csonx aprymenToB. Kak merpyamo ysupers,

K(dh cony G, [’;1) ey 5n) =71Re ZZZR(tk— t/)zl':
The zp=ay —iby, k=1, ..., n. C npyro#i cTOpoHH,
Z ZR(t,— t)z, = S (Z e"“k”zk) dF (u) (Z e—”k"zk) =0.
—00 ‘=] k=1

TakuM oGpasom, @, ...t, ACHCTBHTEJBHO SBJISETCH XapaKTepHCTH-

ueckoil dynkuueir. JIerko y6eaurbest, 4To ceMelcTBO pacnpenesenui
{Ft,,..., t,}» COOTBETCTBYIOIIHX XapaKTEPHCTHIECKHM byHKIHIM

@t ...t,, YAOBJIETBOPACT YCJHOBUSIM cOrsiacoBaHHocTH (§ 1), Tak uto

OHO OHpeneJAeT rayccos ClydyaHHBIH NpPOLECC B MIUPOKOM CMBICIE.
Ipu stom

ME(@®) =Mn (=0, ME()E(s)=Mn(®)n(s)=R’(4 3),
Mg (@) n (s)=R" (¢t — ).
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ITosmoxum L(f) = §(¢) 4 in(f). Ilpouecc {(f) aABAsieTCH BEKTOPHBIM
rayccoBbIM IPOLECCOM C KOMIWIOKCHBIMH KOMIOHeHTamu. HMeeMm

ML) =0, ML ()=MIEDOE()+n@On ()] —
—iME@ T () +nOE ()] =2R(t —5) —2iR"(t—s)=R (t— ).

Urakg, §(z‘)-——rayccos CTAllHOHAPHDLIH B LIMPOKOM CMbIC/IE TpOuece
¢ KOppeaAUHOHHOH MaTpuyHoll pyHkuuell R(f — s). B

Ilonsrne CTalMOHAPHOCTH B LIHPOKOM CMbIC/IE MOKET GBITh 06+
obuleno Ha cayyafinbie (GYHKIHH HECKOJLKHX apryMmeHTtoB. IlycTb
C(x)=(t'(x), ..., 4(x))— BeKTOpHas cayyafiHasg (QyHKUHS B IIH-
POKOM CMBIC/Je, BO3MOXHO C KOMINIEKCHLIMH KOOpAMHATaMH, OIpe-
JeJjenHas 145 Bcex ¥ e £™. Dynem HazhlBaTh ee caydatinols no-
sen. Cayualinoe none [(x) HasoBeM OOHODOOHBIM, €CNH

MZ (x) =m = const, M) —m)(E(y) —m)* =R {(x—y),

rue R (x)— HenpepoiBHast MaTpuyHaa QyHkuusg. Ee HasbiBarotT kop-
peaayuonnol gynkyuell 00nopodnozo noas. Matpuunasi QyHKIHS
R (x) meoTpHuaTe/qbHO OlpejejeHa. DTO O3HauaeT, 4TO IJs JAIGObIX
d-MepHBIX KOMINIEKCHBIX BEKTOPOB 2, TOUEK X, & &A™, k=1, ..., n,
¥ J11060r0 Lesoro 7

n
>, R (x,—x)2, =0
ki T=1

Teopema Boxhnepa — Xunuura Jerko ofoOllaercs Ha HeoTpHUA-
TeJIbHO OnpefiesienHble GyHKUUM aprymenta X & £™. Tak xe Kak o
TeopeMy 3, MOXKHO JIOKa3aTh CJASAYIOULYIO TEOPEMY.

Teopema 4, [das T020 uT0b8r maTpuunas QyHkyus R(x),
X & He, 6oiaa KOPpessyuonnol ynKkyued 00HCPCOHO20 NOAR, He-
06x00umo u Gocraro4ro, 4Tobel ona donyckaia npedcrasrenue

Rx)= {ett= 0 F (), (11)
. 74

20e F(A)— MaTpU4HO3HAUHAS KOMNACKCHAS C4eTHO a0OuTUBHAA
pynkyus muoxecrs, onpedenrennas Ha GOpesescKUX MHOMECTBAX
R, Takas, uro 2*F (A)z = 0 048 406020 KOMNACKCHO20 BEKTOPA Z
u atobozo muoscecrea A & B, Ipu arom Sp F(R™) < oo.
CayuafiHoe mosie {(X) HasbIBalOT OOHOPOOHbIM W UBOTPONHOLIM,
ecsiu ero xoppensunonfas Gyaknua R(X) 3aBHCHT TOJbKO OT AJIMHEL
pektopa x. Takum o0pasoM, AJsl OJHOPOAHOTO H H3OTPONHOTO CJy-

YaHHOTO noJada
MG (x) —m) () —m)* =R (p),

rie p = p(X, y)— paccTosiHue MEXKAY TOYKAMH X M Y.
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Hafinem 1npeacTaBJ/JeHHe KOPPeNALNOHHON QYyHKUUH OLHOPOJHOIO
p nsorponuoro moas. C 3Tof IleJbl0 PacCMOTPHM BHIpameHHe AAs
KOpPEIALHOHHON QYHKUMH OJHOPOLHOIO MOJS

R(p)= | et wF (du)
%'m
y MPOHHTErPHPYEM ero 1o MoBepXHOCTH ceprl S, pagmyca p. Me-
Hsis MOPAJOK HHTErPUPOBAHHA, NOJYYUM

R(p)=~r—,,(lz)— S { Sei(x’ u) ds}F(du). (12)
2n7pm—1 ™ LS,

" Ilycrb f(¥)— npousscJjpHas uHHTerpupyemas ¢yHRuus B &™,
V, — cdepa panuyca p ¢ uenrpom B QuKcupoBaHHOU Touke. Toraa

— Sf(x)dx1 e dxT = Sf(x)ds,

o So
rie HHTErpa/] chopaBa B34T 10 MoBepxHOCTH Sp chepnt Vi, Ipume-
_HUM 35Ty (GOpPMYJy K BHIUHCIEHHIO BHYTPEHHEro WHTErpajga B mpa-
poft vactu Qopmyan (12). Ilepexons ¥ cepuuecknM KOOPAHHATAM
B n-MepHoM mpoctpanctee (cm. I M. Guxrtenroann, Kype
IuddeperninanpHOro B HHTErpanspHoro Hcuucienni, T.3, «Hayxav,
M., crp. 484), mpuHAB 3a ¢ yroJ MeXKIy BeKTOPAMH X H 4,
HOJYYHM

N

0T )L
Sei K Wyl . dx™ = S S S trlulcosm,rm-x sinm—=2 (PIX
Vp 00 0
‘ Xsin®™ 3@y ... SINQpeodrde, ... dp,—o=

m—1
o n
. 2% iriul cos @upm—1 gjpyn—2
= ———\\e rm=lsin™=2¢, dr do,.
r(#5=) de
Haree,
7 o 0
Seirlulcos wsinm-2¢, dp, == Z S (irju)cos@)® l cos @)® MriICOsQ) ginm=2q, do, =
) £=0 0

$ e TR (25
£t (2k) r (Qk;—m)
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PR
1 —— S Seir Julcos qh,-m-l sinm~—2q>l d<P1 —_
00

o e DT (M)
(= V' @ = F(2k+m) .
2

|
[\/]3

X
i

0
BocroJbayemcs  (OpMyJsoffi  YIBOGHHS B TEOPHH TaMMa-QyHKIHM:

1\ _ vV Tk
F(k+ 2)“22"—‘ T (k)

Tlonyuum

. n— u 2k+
’\/ I'( m) Z(_Ik (pl l)
= k'I‘(k+ +1)

1l =

lul® k=0

V(25 (2 ) Im (plul),

rne Jn (¥)— dynxguns Beccess mepsoro popa n-To nopsaka. Cienos
BaTeJIbHO,

Se”x’“)dx‘ dx-(,”") In(lul).

Vo

Orciofa BHTEKAeT, 4To

2n
Yot was=(3 ") s (1.
SO
B _uactHoCTH, paccMarpuBaemblii HaMH HHTErpan 3aBHCHT OT
{«|. BBefem O/IOXUTENbHbIA TaDAMETP A H HOJIOKHM

gm=F({y), >0

‘Toraa nocjefusas gopmyna u (popmyna (12) paiot

m—2 (Ap)
R(p)=2 7 F(’")S———_-:_——dg(m, (13)
o (dp) ®

rie g(h)— MOHOTOHHO BO3pacTawilas QYHKNHHA, g(—0)=0n
g (4 )= F (Z")=R(0) < oo.

Mbl noJTyundy, TakuM 00pa3oM, CIEAYIOULyio Teopemy.
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Teopema 5. [aa 10oeo 4t06or R(p) (0 <<p < o) 6biaa
KOPPEAAYUORROL GynKryuell 00HOPOOHO20 1 UBOTPONHO20 cayuat-
Ho20 noAs, Heobxo0umo u OOCTATOUHO, 4TOOBL ee MONHO GOHIAOC

npedcrasute ¢ nomoujpio popmyaet (13), 2de g(A)— ozpanuuen-

HOS MOHOTOHHO Reybbisarow,an pynKkyus.
IIpu m =2 ¢opmyna (13) npunumaer caenyouwmit npocroit

BHI: -
R(o) = Jo00) g (1), (14)
0

a npu m=3

Rp)=2 {22 4g a), (15)
0



FJITABA II
AKCHOMATHKA TEOPHU BEPOATHOCTEM

§ 1. AxcHOMBI TEOPHH BEPOATHOCTEH M OCHOBHLIE OMpeJENEHHS

B macrosmem naparpade BBOIHTCH Psifl OCHOBHBLIX INOHATHI T€O=
PHH BEpOSTHOCTEH M MPHUBOJATCH, B OCHOBHOM 0e3 J0Ka3aTeJbCTB,
ux paubosice BAXKHLIE CBOHCTBA, HEIOCPEJACTBEHHO BLITEKAIOIHe H3
Teopun Mepnl. JlokazaTenbCTBA NPUBOJHMBIX YTBEPKIEHHH MOXKHO
Ha¥TH B ydeOHHKAX 1O TEOPHH Mephl (cM., Hampumep, A. H. Koamo-
ropoB u C. B. ®omun [1]).

CoOuitust. JlonmycTuM, 4YTO [P BHIOJHEHHH ONPELe]eHHOro
KOMIJIEKCAa YCJAOBHH & HMMeeTCsl BO3MOXKHOCTb NPOH3BOJAHTL HEKO-
TOpHIe 3KCcnepuMeHTH. HaszoBeM ux OQonycrumbvimy (OTHOCHTEJLHO
347AHHOrO KoMIJeKca yejosult V). Habatonas pesyanTaThl agHOr0
3KCIIeDHMENTa, MOXKHO YTBepKAaTh, UTO KaKHe-TO COOBITHS B 3TOM
JKCMEepHUMeHTe OCYIIeCTBHJINChH, a HHble He OCYILeCTBHJAMChL, B Teo-
PHH BEPOATHOCTCH KaXKIBIH 3KCIEPHMEHT MOJHOCTBIO XapaKTepH-
3yeTcsl 3THMH COOLITHAMH, T. €. HENYCTHIM MHOXECTBOM COGEITHI,
0 K2XJAOM H3 KOTOPBIX MOMKHO CKa3aTh, OCYUIECTBHJIOCH JH OHO
B 3KCNIEDHMEHTEe HJH HeT. YCJOBHMCS Ha3blBaTh COOTBETCTBYIOHIHE
cobuitust Habawodaemoimy (B NAHHOM 3KCIEpPHMEHTE).

Hnst GospLieli Har/IsiTHOCTH H3JI0XKeHHs Leaeco0bpasHno BOCNOb-
30BaTbCA TEOPETHKO-MHOXKECTBEHHOW HHTEpHpeTanuedl BBOAUMEIX
NOHSITHA W COOTHOIleHHH. B 3TOH HHTepnpeTanHd HCXOZAT H3 He-
KOTOPOTO MHOXecTBa £ u Kaxjoe COObITHe, HalJwomaeMoe B Ka-
KOM-A160 HOMYCTHMOM 3KCHEPHMEHTe, OTOXKASCTBJSIETCS ¢ HEKOTO-
poiM noaMHoXecTBOM MHoxKecTBa L. Ilpm stom aareGpaunueckum
COOTHOIUEHHAM M JAeHCTBHSM Haj COOLITHAMH COOTBETCTBYIOT aua-
JIOTHUHble COOTHOIUEHHA H JeficTBHA HaJ MHOXecTBamu. Hanpumep,
ecnn u3 cobeitust A crenyer cobnithe B (A < B), To MHOXecTBO
A copepxurcsi Bo muoxecTBe B. CoGnitHio «uan A, uan B» coot-
BeTcTByeT cymMmma Muoxkects A u B (4 U B), coBMeillenuo coGuITUi
A u B—nepeceyerne mMuoxecTB (A (1 B), COGBITHIO NPOTHBONONOMK-
#oMy A (A) — pononnende K A B Q, T. e. MHOXKECTBO BCexX TOueK £,
ne pxomsimux B A. Ecan gBa coGHITHS HECOBMECTHMEI, TO COOTBET-
CTBYIOIIHE HM MHOXKECTBA HE MMeIOT OGIIHX TOYeK,
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B cBOIO Ouepeap KaxKJoe NOAMHOMKECTBO { HasHIBAIOT COObITHEM,
HO OHO He 006s13aHO ObITb HAGJIOfaeMBIM [IJs Kakoro-auGo u3 pac-
cMaTpHBaeMbiX KCIEPHMEHTOB.

Touku H3 Q Ha3BIBAIOT IACMEHTAPHOIMU COObITUAMU, CaMO Q —
docTogeprvim cobbITUEM, TAK KaK OHO COOTBETCTBYET COGBITHIO, IPO-
HeXOAAlleMy B JioboM akcnepuMenTte, Ilyctoe mnoamuoxecTso Q
Ha3BIBAIOT HEB03MONCHbIM COObLTUEM,

Mp 6yleM noab30BaThCH eUle CJAEAYIOMIUMH OOGO3HAYEHHIMH H
onpere/]eHHAMH:

IA(,L—cyMMa MHOXKecTBa COOBITHH A,, NepeHyMepOoBaHHbIX

a e
¢ NOMOIUBIO HHIEKCA @, Npoberawlierc MHOXKeCTBO I.

1A“— COBMelIEHHe MHOXecTBa COOLITHH A,, The o NpUHH-
aoeE
MaeT 3HaueHus u3 I.

AN B — pasnocts cobuituit A n B (cobuithe «A, HO He B»).

AAB — cumMMeTpHYeCcKass pasHOCTb COGHTHE A u B (cofuiThe
«uad A, nin B, HO He HX COBMeLUEHHE>).

lim A, — BepxXHuil npefesn TOCJAENOBATENBHOCTH COOLITHH Ag
‘(n=1,2, ...) —co6biTHe, NpPOUCXOJisilliee TOrJa H TOJIbKQO TOTAA,
KOTjJa OCyIlecTBasieTcA OeCKOHeuHas MOCJe[0BAaTeIBHOCTE COBLITHH
An (imAy, = {6. mu. Ay)}).

lim A, — nmxkHuE  npenen NOCJIeIOBATE/bHOCTH  COOBITHI
An (n=1, 2, ...) —cobniTHe, NpoOUCXOAsilee TOTAA M TOJbLKO
TOrAa, KOrZa OCYUIeCTBAAITCA Bce COOBITHST A,, HauMHAA ¢ HEKOo-
TOporo Homepa. HeTpyano aaMeTurb, 4To

An NimA, = [] 4, (1)

lim A, =
m=1 n=m

Y
s

1n

Hanpumep, co6eiTne, HanucaHHOe B NPABOH YacTH MEPBOro pasel-
CTBa, IPOHCXOJHUT TOTAA U TOJNBKO TOTAA, KOrjxa jsl JII060ro m Hail-
JeTcs Takoe # == M, yT0 cobbitHe A, ocywectasercs. [locaenuee
PaBHOCHJIBHO TOMY, YTO CYIIeCTByeT OeCKOHeuyHass IOJ10Cc/]e10Ba-
TeJbHOCTh OCYLIECTBJSIIOIIUXCS COOBITHH Ap.

B jpanbheiitueM 4acTo NPUMEHSAIOTCA cjeaylomiue GOpMyJLl, Bhl-
paxamollue COOTHOIIEHHe ABOHCTBEHHOCTH ONepaliii CYMMHpOBa-
HHA ¥ COBMeEUIEHHSA COOBITHH:

A h aLEJIBa =GQI (A N Ba) (HJIH aréJI—Ba ::aDIEa)’ (2)
A N aQI Ba = aLéII (A \ Ba) (HJIH afg—l—éa =a <—L;JI Ba)' (3)

IpoBepka atux GopMyn He COCTaBJsieT 3aTPyLAHEHHH, NPHYEM OJHA
H3 HHX cJeflyeT H3 JAPYrom,
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Sxcnepument. Kak Obljio cKasaHO paHee, KaXKIblfl LOMYCTHMBIH
TIPH IAHHOM KOMIJIEKCE YCJHORHH & 3KCMEPHUMEHT IOJHOCTbIO OIHU-
CHIBAETCH HEKOTOPBIM KJAaCCOM (COBOKYNHOCTBIO) coGnitTufi, Habmaio-
JaeMbIX B 3TOM 3KCOepHMEHTe. YCJAOBAMCH KJIAcchl coGuiTHii (Kaac-
CHl MOJIMHOXKECTB MHOXKeCTBa §2) 0603HAYaTh TOTHYECKUMH GYKBAMHU
€09, 7, ...

[lycts § — xamacc co6uiTHil, HaGMI0NaeMbIX B JAHHOM 3KCIEpH-

mente, Ecoin A, =% (n=1,2, ...), To, oueBHIHO, COBBITHE U A,
n

(oHO oOCymiecTBJAsieTCS TOTA2 M TONBKO TOrja, KOrjga OCYLIecTB-
asercs ofaHO u3 A,), cobwiThe ﬂAn (oHo ocymiecTBasieTcsT TOraa
n

H TOJbKO TOTAR, KOrJa OCYHlecTBASIOTCA Bce Ap) H COGHITHE Ay,
(oHO ocylzecTBJfeTCS TOLAA M TOJBKO TOrAa, KOTJa HE OCYILECTB-
asercs Apn) Takke SBJAAIOTCS HalGJMI0LAaeMEIMU,

Onpenenenne. Kaacc coboiruti (muomecrs) 9 Hasvieaercs
ancebpod, ecau ¥ codepxur AUB, ANB, AN\B, xaxosot 6o Hu
Guau A u B us 9.

Anreebpa coburtuii (mHOJNCECTB) HA3LIBAETCA C-aA2e6pol, ecau

0
U A, =% dan wmoboli nocaedosaressnocru {A,, n==1, 2, ...},
n=1
A, =N
CoBsitust u3 o-asuredpst W HaswBarorcs A-usmepumsimu.
Ws onpenesnenns g-amreGpel caenyer: ecant A, e, n=1, 2, ...,
o

9 — g-anre6pa, 70 || A, =U. Do BLTeRaeT 3 Qopmyan (3):
n=j

oo oo -
(4, = U4,
=1 n=1

B cOOTBeTCTBHH C MNpPEJABIAYLIINM 3aMeYaHUeM YCJIOBUMCS CUH<
TaTh, 4UTO KJjacc Hab/iolaeMbix B A4HHOM 3JKCIeDUMeEHTe COOBITHHA
ABJSETCH O-aarebpoi.

MHOXeCTBO 3KCHepHMEHTOB MOXKHO YIOPANOYHTh. A HMEHHO,
ecjin 3kcnmepuMentam IJ; u Jo COOTBETCTBYIOT o-anre6pul & u o
HabArnaeMbXx cOOBITHH U & < §o, TO OYAEM TOBOPHTBL, UTO IKCIle-
puMeHT 3y 6oaee unpopmaruser, yem J,. C Apyrofl CTOPOHB, ec/i
71aHO HEKOTOpOe MHOMXKECTBO 3KCHepHMeHTOB {Fy, a =1} u §y (2 =
& I)— COOTBETCTBYIOIIHE 0-aaTedOpbl HAOMIOZAECMBIX COOBITHH, TO
MHOKECTBO {IJ,, o0 &1} MOXKHO paccMaTpuBaTh Kax OJHH COCTaB-
HO# 3KCOEPHMEHT, eCM CYHTatTh HAGAIOLaeMbIMH B 3TOM 3KCUepH-
MeHTe COOBITHA U3 MHHUMAABHON o-anreGphl, comepXainel Bece Ty,
c =1 Takyw MEEEMaJBHYI0 ©-aareGpy YycaoBuMmcss 0GO3HAYaThH
0{%,, o & I}. Ee cymecTsoBaHHe BhITeKaeT H3 CJEAYIOUIRTO MDeA-
JIOXKEHHS:

Hycre S — npoussossroill kaacc nobmuomecrs Q. Bceeeda
cywecTayeT MUHUMAABHAA O-aa2ebpa muovcects, codepicawas M.
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J[efiCTBHTEJILHO, BCETAa CYLIECTBYeT o-anre6pa, cojepxamas M.
TakoBO# SIBJfETCS, HanpHMep, O-aare6pa BCex IOAMHOXeCTB ¢
PaccMOTpHM NepeceyeHne BceX o-anreGp, comepxamux M. Ono
gpssiercsl 0-aare6pol, H NPHTOM, MO MOCTPOEHHIO, MHHHUMAJbHOH,
copepxaien M.

MuHHMaJpHYIO 0-aire6py, coep;Kallyl KJjacc MHOXecTs i,
o6o3nauaior ¢ {M} u Ha3bIBAIOT 0-a12e6pol, NOPoXAeHHOl KaGc-
con M.

B psane cayuaeB Tpefyercss YCTaHOBHTb, UTO HEKOTOPHIH KJIace
COOBITHI CONEPIKUT JAHHYIO o-anarebpy. Caeayromuil pesyabraT npu
5TOM 4acTo OBIBaeT MOJE3HBIM.

Teopewma 1. Ecau kaacc muomcecte M colepicur HeKoTopyro
arzebpy U u MOHOTOHEH, T. e. eCAU B8MECTe ¢ NPOU3BOALHOL MOHO-
TOHHO @o3pacTaroujell (yboiearoujell) nocaed08aTEAbHOCTHIO MHO-

(o)

aects An =M on codepucur u |J A, [ An), 10 M codepocur o-
n=1 n=|

asrzebpy o {A}.

Bepostnoctb. [lycts & — g-anre6pa Bcex HaGa0gacMblX COOBI-
THi B JAHHOM MHOXKECTBe JONYCTHMBIX 3KCIEDHMEHTOB., Bepost-
HocTh P (A) cobuitua A, A & &, xapakrepusyer CBA3b MeXIY KOMII-
JIEKCOM YCJIOBHH ¥ H cOOBITHSIMH u3 ©, He 3aBHCAULYIO OT NPOMU3BO-
JIUMOro 3KcllepuMeHTa. EcTecTBeHHOHayuyHasi MHTepHpeTalus 3T
CBfI3W JIOCTATOYHO XOPOLIO H3BECTHA, H MBI O Hell He HAlOMHKHAaeM.
AxcnoMaTHYeCKH MOHSTHE BEPOSATHOCTH BBOLUTCS CJEAYIONUM O6-
pazom (A. H. Koamoropos [2], [7]).

Onpenenenne. Bepoarnocreio P(-) Haselsaerca 4ucirosas
pynxyus, onpedesennan ua ©, obaadawujas caredyomuny ceoii-
creami:

a) PA)=0, P@=1,

0 P(04)=2%Pu

n=l}

048 NPouBBOALHOL NOCAEO0BATEALHOCTI. NONAPHO HECOBMECTUMBLE
cobviruii Ap, n=1,2, ... A N4, =T npu nsr, 4, 06).

TakuM o6pasom, QyHKuus P sBasieTcsi Mepoi, 3ajaHHoll Ha &,
YROBJIETBOPAWMIEN YCJAOBHIO HOPMHPOBKH P(Q) =1 (BeposarHo-
CTHOH Mepoii).

Onpenenenue. Muowecreo Q ¢ svi0enennoil 8 nHem -arzeb-
boti & scex nabaodaemolx coboiTutl u 8epOATHOCTHOL mepoli P, 3a-
Oannoil na ©, Haselsaercs 8epPOATHOCTHbIM npocTpatcTéon {Q, &, P}.

BepostHocTh 06namaer CeLyIOIIUMH CBOHCTBAMH:

1. P(A=1—P(A). B uacraocty, P (J)=0.

2. Eciu A< B, 10 P(B\ A) =P (B)—P(4). B uacrrocTH,
ecan A< B, 1o P(4)<<P (B).
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3. Eemm 4, < A,41, n=1, 2, ..., TO

P (nD, A, ) =I1imP (4,). 4
4. Ectn A, D Apey, n=1, 2, ..., T0

P (fjl A, )=1lim P (4,). (%)

o0
B wacrnocru, ecin A, > A4,,,, [] 4,= O, 10
n=|\

P(4,) —o0. (6)

ST CBOMCTBA BEPOSTHOCTH XOPOIUO H3BECTHHI H3 TEOPHH MEpHI,
B psane cayyaes GbiBaer umenecoo6pasibim pacupuTe 067acTh
Onpeie/eHus BepOSTHOCTH P ¢ [IOMOINbIO CJEeAyIOLIell ONepallly,
KOTOpYIO Ha3LIBAIOT MOIOJHEHHEM BEPOSTHOCTHOrO MPOCTPABCTBA.
Ob6osnauum gepes ® kiacc Bcex HaGJIOLAeMBIX COOHTHR N Be-
poaraoctd 0, R = {N: P(N) =0, N =&}, a uepes R — k1acc Bcex
coOmTuil A, naa KoTophix cymectsyer N e=® Takoe, uto A < N,
= {A: AcN, N=9%}, lyers ©—knace cobuituii S Buia
S=8UA, S=6, A= Herpyaso nposeputs, yto & spasercs
g-a/re6pod COOBITHIL.
Onpenennm Ha & BeposiTHOCTDL P, noaoxus P(S U A) = P(S),
ecan S&© u A= Do onpenesenne 0ZHO3HAYHO U P — CYETHO

apnntuBHag Qynxuns Ha ©. Takum o6pasoMm, {Q, &, P} ssagercd
BEPOSITHOCTHBIM NPOCTPAaHCTBOM.

Onepaunio nepexona ot {Q, &, P} k {Q, &, P} nasusaior no-
NOAHEHUeM B8ePOATHOCTHO20 npocTparcTed. Ecan R R, 10 © = &
¥ BEpPOSTHOCTHOE NPOCTPAHCTBO HasblBaerc noanoiym. OueBHIHO,

uto {Q, &, P} ABASAETCH MOJHBIM BEPOATHOCTHHIM NpPOCTPAHCTBOM.
B nosnHom BepOATHOCTHOM NPOCTPAHCTBE NMPOM3BOJLHOE MOAMHOMKE-
€TBO HAGIION2eMOr0 COOBITHSA BepOATHOCTH () camo ABAsieTcs HabJaio-
J2aeMBIM COOBITHEM,

Cayuajinple 27eMeHTb. Bo MHOTUX ciiyuasx Kiaace HaGII0[aeMbIX
B JlaHHOM 3KCHEPHMeHTe COGHLITHH 3ajgaeTcss CAeNyIOUIHM 006pas’oM.
[TpunuMatoT, YTO Pe3yALTAT SKCHEPHMEHTa ONHCLIBAETCH TOUKOH He-
kotoporo muHoxectsa X. Hampumep, ecam skcnepumenT cocrour B
K3MCDEHNH B NAHHBIH MOMEHT BpEMEHH M B JAHHOH TOUKE MpOCTpaH-
CTBa CKOPOCTH BeTPa, TO B KauecTBe X MOXKHO NPHHSTH TPeXMEpHOe
BEKTOpHOE NpoCcTpancTBo. Ecau xe ckopocTs BeTpa namepsietcss He-
TIPEpLIBHO B TeUeHHE HEKOTOPOro MNpPOMEXYTKa BpeMeHH [fy, #1] H
npepamosaraercs, YTO COOTBETCTBYIOWIAas (QYHKUHS HelmpepuiBHA, TO
B KauecTBe X MOXKHO B3ATb NPOCTPAHCTBO HENPEPHLIBHBIX (YHKIUMA
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Ha oTpeske [fo, ;] cO 3HAUEHHAMH B TPeXMEPHOM BEKTOPHOM MpO-
CTpaHCTBE.
Onpenenenune. Mroscecreo X ¢ goilesennoli 8 Hem G-anzed-
oti nodmHoxcecTs B HA3LIBAETCA UBMEPUMBIM APOCTPAHCTEOM
{x, B).

Touxky X, XapaKTepH3yIOINYI0 pe3yAbTAT SKCnepHMeHTa, 0603Ha-
gquM uepe3 §. IlpennosoxkuM, uto HabaiONaeMBIMH COOBITHAMH HAB-
asxotest co6riTus Buja {{ e B}, B 3B, U3 ucxoAHBIX npeanoJoxe-
Hail caenyer, uto cobuitHio {{ & B} cootBeTcTBYyeT B Q HEKOTOpOE
MHOXKeCTBO S = Sp & ©&. Takum o6pasoMm, paccMaTpHUBAEMBIN 3KC-
NEPUMEHT OnpelenseT HeKOTopoe oOTobpaxkeHue g o-anre6pnl B
B o-aarebpy ©. 9to orobpaxenne o6aagaer CASAVIOIIMMH CBOH-
CTBaMH:

a) g(X) =9,

6) eciu By N Be=, B;=B, 710

g{B)Ng(By) = I
B) g (QQIB“) =QQIg(Ba), rae I — npousBosbHOE MHOKECTBO

HHJCKCOB, B, = B.
W3 a) — B) JerKO BBITEK2ET, UuTO

r) g(@)=9;

1) g(B)=g(B);

e) g(Ba\By) = g(By)\g(By);
0 & ([],5)=[], ¢ 00

Bynem rosopuntb, uTo oToGpaxeHHe g o-aarebpel B B &, o6aa-
mamomee CBOHCTBaMA a) — B), nopoxaaer B {X, B} uexoropuift cay-
Ya#HBIA 3JeMeHT {.

[Tonoxum m(B) = P(S) (B & ®). OueBunso, uro m(B) sB-
JSIETCsl BepoSITHOCTHOH Mepo#t u {X,D, m} — BepoATHOCTHLIM m1pO-
cTpancTtBoM. Mepy m HasuBawT pacnpedenentes CAy4atinozo 3ie-
menta §. Ilpu stom m(B) = P{{< B}. B Hekoropmix cayuasx
YIA06HO mosk30BaTLCA 0003HAUSHHEM

m=Pg  (Pg(B)=P(g(B).

Ecan B comepxuT onnoToueuHble MHOMKecTBa (T. e. MHOMKeCTBA
{x}, cocrosimue wu3 ommoii Toukm x, x & X), TO OTOGpaKeHHe g
MOXKHO ONHCAaTh CJEAYIOIIHM 06pAa3oM.

ycrs g{x} = Sx. 3acrasiss x npoGerars X, noiyyum pasGue-
HHe gppocrpaHcTBa £ Ha ceMeHCTBO &-M3MepUMBIX MHOMKECTB
{Sx, x = X} nonapuo 6ea o6mux Touex:

SxNSyu=@ npua x; 5 %y, xUXSx=Q.
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Onpenenum oro6paxenue [ MHoxkecTBa R B X, non0xuB f(0) =
=X, eclH 0 & S,. [Ipu 310M Sp = g(B) ={0: [(0)= B}. Takum
o6pasom, g(B) asasercs npooGpa3oM MHOXKecTBa B npu TOueyHOM
oro6paxenun [ npocrpanctsa Q B X, g(B) = f"1(B). C apyroi
CTOpPOHBI, NYCTb [-— npousBo/ibHoe oTob6paxenne Q B X. Toraa
f~1(B) ofnanaer cBoficTBaMyu a) —B), H ecan Aas Jwboro Be B

7B ={o: fl0)=B}=6, ™

To f-! aBnderca cayuafinpim sjaeMentoM B {X, B}.

Onpenenenue. Oto6pascenue [ npocTparcrsa Q 8 X, ydos-
aergopstowjee (7), Hasolear0T usmepumoin orobpaxcenten {Q,S}
e {X, B}

W3 npenmepiayinero cjeiyer: mMPOHU3BOJABHOE H3MEPHMOe TOUEYHOE
oro6paxenne | {Q, &} B {X, B} onpenenser ciaydaliHblii JaeMEHT
¢ =f(w) B {X, B}. O6patHO, ecay ORHOTOYeuHbIe MHOXeCTBa X
B-usMepuMbl, TO NPOU3BOALHLIA cayuafinpit snement B {X, B} 3a-
JlaeTcs ¢ NOMOIIBIO M3MEpHMOro ToueuHoro orobpamenus f: Q—X.
B yacTtHOCTH, mOCAeqHEE HMeeT MeCcTo, ecai X — METpHUecKoe Ipo-
CTpaHCTBO, B — o-anre6pa ero GOpeJeBCKHX MHOMKECTB.

IIposepka BHINOTHEHHA ycjoBus M3mMepuMocTH (7) B psie cay-
gyaep ofservaercs CAeNYIOINM NPEII0KEHHEM.

Teopema 2. Tyero B =o{M}. Jaa Tozo urobel [ Goir0 usse-
pumbin orobpascernuem {Q, &} e {X, B}, docrarouno, urobor yc.ao-
sue (7) ebinoansiocy 0as npousgosvhozo B =M.

HeficTBUTeIBHO, KJ1aCC MHOXKECTB, AJaf KoTopux (7) umeer Me-
ct1o, siBasiercss o-anre6pos. Ilostomy, ecam pasenctso (7) BoimoJ-
nsercs Aas Bcex B ua M, TO OHO BHIMOJHAETCS H I/ BCeX B e
e o{D}. i

[lycts §-— npousBoabHB cayvaiinbit sgement B {X,B}. Hs
CBOMCTB a) — B) oToGpaKeHUs1 g BLITEKaeT, YTO KJA4CC COOBITHH

o {t}z=1{S: S=2(B), B&3} (8)
apagercsa o-aareGpoit. Ona HasmBaeTca o-aa2ebpoid, noposcdennol
CAYHQLIHbLIM BAeMERTOM [, W SABJAETCA KJAACCOM COOLITHH, HabJro-
[aeMBIX B TOM 3KCIEPHMEHTE, BO3MOXKHbLIE HCXOIBl KOTOPOTO OIH-
CHIBAIOTCH CAYYaMHBIM 37eMEHTOM L.

B paabHeHlleM pacCMaTpUBAIOTCA riaBHBIM o6pa3oM ciayuaiinble
3JeMeHThl, OlpelesieMble TOUEYHBIM OToOpaxeHuem @ B X, T. €.
ajeMenTH { = f(a).

[lycTh naHa MOCJENOBATENLHOCTh CHYUAHHBIX BJIEMEHTOB hn =
= fp(w), k=1, ..., n co 3HaUCHHAMH COOTBETCTBEHHO B {Xp, B,}.
DTy 10CJe0BaTeNbHOCTh MOXHO pacCMaTpuBaTh Kak ONHH CJY-

yafigplil 3JeMeHT [ Cco 3HaueHHAMH B H3MEPHMOM MNpPOCTPaHCTBE
{Y, B}, onpenensemuiii caepyomum obpasom. Ilycts ¥ — muoxke-
CTBO BCeX YNOPSANOYEHHHX IOCJEIOBATENbLHOCTEH Y == (X1, Xo, ...
vev, Xn), The xp & Xp. Ilpocrpanctso Y HasmiBaioT npoussedenuem
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npocrparicts Xy, ..., Xn u nHWyT Y=;;IIX" i ¥ = X; X
=1
X X2 X ooo X X,. B Y paccmorpuM Kiace MHOXecTB B pupa B ==

=HBk, Bke%k, T. €.
k=1

B={y=1(%, X3 .., X}t X, =By, k=1, ..., n}.

MHOXKecTBa 3TOro Buia 6Gynem HaswiBaTh kupausamu B Y. Muuu-

MaJbHYI0 O-aiarebpy B, comepxallylo BCce KHPIHUYH, HA3HIBAIOT 1O~

uzgedenuem o-ar2e6p By, u numyt B=o0{B,, k=1, 2, ..., n}, a
n

usMepuMmoe npocrpaHctso {Y, B} = TT{Xs, B} — npamoin npous-
k

R=1
sedenuenm npocTpancts {Xp, Br}.
PaccmotpuMm oroGpaxenue [ Q B Y, onperenseMoe COOTHOIIe-

preM Y = f(0) = (fi(0), f2(0), ..., [2(0)). Ecau B=£Bk,m

T e=[/"B)=6.

Knace ¥ muoxkects A, mas kotopuix f~1(A) &, ssaserca o-
aareGpoil (B CHJIY TOrO, YTO NpcoOpa3 CyMMBI, epeceyeHuss 1 pas-
HOCTH MHOXECTB paBeH, COOTBETCTBCHHO, CyMMe, MepecedeHuIo H
pasHoctn npoofpases). Tak Kax ¥ COAePXHT KHPIHYH, TO OH CO-
JEepHKHUT W MHHUMAaJBHYIO C-aaredpy 9, NOpOMAEHHYIO KHPIHYAMH.
Hrax, [ ectb usmepumoe oroGpaxenne {Q, S} B {Y,9}. Bysem ro-
BODHTb, YTO CJYYaiiHblii 3MEeMEHT { == [{w) fBJAAETCS HPSIMBEIM IIpO-
H3BefeHHEeM CJAYUalHBIX 3JMeMeHTOB [r = fr(0) (=1, 2, ..., n).

Cayuafiibifi daeMesT = (o), NpUHEMAKCIUA AeACTBATENbHDIC
snavenns (X = #!, B = B! —oc-asre6pa OOpeeBCKUX MHOJKECTB
Ha JeACTBUTENBHOM Ocu), HA3BIBAIT caydalnol seaudunod. Cny-
YafHBIH 5/EMEHT [ CO 3HaYeHUSIMH B /1-MepPHOM JCHCTBUTEIBHOM
npocTpancTBe %" HasblBAIOT CAydalineim  sekTopom (IpH  3TOM
B = B"” — ¢g-anre6pa GopeseBCKHX MHOXKECTB 1n-MepHOr0 NMPOCTPaH-
cTBa).

Cayuaiinsie Beazuunpl. Ilpoussoabnas ciayvaiinas BeJHYNHA
¢ sajaercsas HeKOTepo#l AeHcTBHTeNBHOH (yHKuuEH [(w), obranaro-
umel ceoficteoM [~1(B) & & pag aiobore 6opesieBCKOro MHOXKeECTBA
Be . Tak kax o-anreGpa OOpeseBCKHX MHOMECTB Ha NPSAMOH
TIOpoXKAaeTcsl CHCTeMOll GECKOHEYHBIX HHTEePBaloB {(— o0,a), a e
%'}, To mas M3MEpUMOCTH [ JOCTAaTOYHO, yTOOH NpH JHOGOM @a
Fi{(— o0, 0) = {u: f{0) < a} =©&. TTocnegnee TpeGopanne 0GHYHO
Gurypupyer B onpeneieduu AeACTBUTENbHOH ©-u3MepuMoi (QyHK-
Unm, 3afaHHol Ha U3MepuMoM npoctpauctee {Q, &}. Takum obpa-
30M, NMOHATHE CJAYYaHHOH BEJHYHHBl COBNAJACT C TOHATHEM Leil-
CTBHTeNbHON &-H3MepHMON GYHKUHE H O6lHe CROHCTBA CaydyalHbIX



96 AKCHOMATUKA TEOPWU BEPOSTHOCTEM It n

BeJHYHH COBNANAIOT C OOIMMH CBOHCTBAMH HEHCTBHUTEJIbHLIX H3Me-
PHMEIX (QYHKIHI,

3aMeTHM, YTO B HEKOTOPHIX CJAYYasiX IPHXOLHTCS paccMaTpHBaTh
C/y4aiHble 3NEMEHTH CO 3HAYCHHAMM M3 PACHIMPEHHOH YHCJIOBOH
npsamMoit R = [— oo, + oo]. Takue ciyyadHLIe 5/1eMEHTH HA3HIBAIOT
o6obuennbimi C/lJ'thHblMLl seaununanu. Ilpun atoMm posb ¢-anred-

pot B mrpaer g-anre6pa B!, cocrosmas M3 MHOMKECTB BHAA
B, BU{— o}, BU{+ o0}, BU{+o}U{—w} (BB

OTMeTHM HeKOTOpble CBOHCTBA CJy4aHHBIX BEJHYHH.

Teopema 3. Eopeﬂeecrcaﬂ pynkyus =g, ..., &) =
= g(fi(0), ..., fa(®)) CJIy‘laHHbIX BeqmuuH & = fr(w), k=1,.
coey 1, Tamfce fAsaaerca caydalinoi geauuunol, a gl/gg, sup §n,
inf g, Mg, limg, — obo6uennvimu cay4alinoimu 8eAutuaML.

Ilpu sTOoM wacTHOe ABYX CJAYYailHBIX BEJIHUHH YCIOBHMCSL CUH-
TaTh paBHBIM 0, ecJH UYHCJAHTEeNb W 3HAMEHATEeNb ORHOBPEMEHHO
PaBHBL HYJIIO,

YKasaHHbBIE CBOACTBA CJYUYaUHBIX BeJNUUMH (H3MepUMEIX (YHK-
IHH) XODOLIO M3BECTHHl H3 TEOPHH MEPHL.

BaxHbBIM TNpUMEpPOM CJAyYaHHBIX BeJTHUHH ABJIAIOTCH HHIHKA-
TOPH! H3MEePHMHIX coOuiTuil. Huourxarop y(A) = x(4, o) cobutusa A
OTpefeNsieTcss CJAeAYIOMHUM 06pas3om.

Onpepenenne. (4, 0) =1, ecau oA, u (4, 0)=0,
ecau o E A.

AnreGpavyeckuM [JefiCTBUAM HAJ COOBITHAMH COOTBETCTBYIOT
aHaJIOTHYHble NefiCTBUA HAX HMX HHAUKaTopamu. J{eiicTBHTE/NDLHO,

« ([4,) =TT,

X(UAn)=ZX(An), ecn A,NA =@ npu n+r,
1 1

YANB)=%(4)—y(B), eciu Bc A,
w (im A,) =Tim y (4,),
(lim A,) =lim (4,).
Cayuaiigas BeiMUMHA, NPUHAMAIOULAS TOJBKO KOHEUHOE WJIM CyYer-

HO€ MHOMECTBO 3HaUYeHHMH, Ha3biBaercs ducchemoﬁ Ecan {cn, n=
=1,2, }—-MHO}KeCTBO BO3MOXKHBIX 3HAYeHHH CJIYYaHHOH BeJH-

YHHB &, Ah — co6uiTHe {§ = ¢,}, TO E= Z cax (4,)-

Teopema 4. [Jan npoussoavrol Cﬂyuauuou 8eAUHUHbL E CY-
wecTsyer nocaedosaTeAbHOCTd OUCKPETHbIX CAYHQUHBIX 8eAUUH En,
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NPURUMQIOUUX TOALKO KOHEYHOE HUCAO PABAUYHLLY SHA4eHull u Cxo-
dawuxca K § npu Kaxdom o. Ecau § neoTpuyarenvna, 1o cyuie-
cT8YeT MOHOTOHHO Heybbiearoujas nocaedo8areabHoCTs OUCKPeTHOLX

cAyHalinblX 8eaudun En Takux, uto 0<CE — & < G npU 106oM @,

n—l1 n
o : k—1
JIeHCTBUTENbHO, €CJAH IOJOXKHTh §, == Z Z i+

b—1 J=—n ke=| " )X

X % (Aje), TAC A,-k={m:f+ ~ <§<J’—l——,’f—},T0anI§l<n

oo

1 ’
6yneM HMETh 0<§—§n<7. IMosoxus &, = Z-Qk—,,x( nk), Tae

k=0

Al = {co: —Q’%—<§< —k;T]}, noayunM 0 <{g— &, < —;—n IS BCEX O,
npH KOTophix E2>0, npuueM IOCJAEL0BATENbHOCTh & MOHOTOHHO
ne y6uiBaer. W

ITyctbs 3Hauenne coyyafiHON BeTHUYHHBI £ MOXKHO ONPEJENHTDL 1O
HEKOTOPOMY 3KCIEPHMEHTY, pDe3yJbTaThl KOTOPOro ONHCHIBAOTCS
CAYYaMHBIM 3JEMEHTOM { CO 3HAYeHHSIMH B H3MePHMOM IIpOCTpaH-
cre {X,8}. EcrecTBenno oxuuartb, uto § siBaserca B-H3MEPHMOI
¢dyHKLMeR OT cayyaliiHoro anementa {. Tounast GopMyauposka 3Toro
Co00parkeHHsI CONCPIKUTCS B CJEAYIOIIEM NpelJoXKeHH .

Teopema 5. Ecau & — cayuaiinas seauuuna, usmepumas or-
HOCUTeAbHO C-aa2ebpol Ty, NOPONCOCHHOU CAYUQALUHbIM 3NeMEHTOM
{ = [(w) na usmepumon npocrpancrse {X,B}, ro naiidercs raxas
B-usmepuman pynxyus g(x), x<= X, uro & = g(g).

Hoxasareascrso. JlonycTHM CHayvaja, 4T0 £ NPHHHMAeT KOHEY-
HO€ HJIH CUeTHOe MHOXEeCTBO 3HaueHuil aq,, n=1, 2, ... IlosoxuM
A, ={o: ¢=a,}. Tak xaK § &y-usMepumo, To A, Tt u, caeno-
BaTe.ang:_lHaﬁneTc;{ rarkoe B, & B, uto 7! (B,) = A,. Iycrs C,=

=B, \ kU By. Torga C, &8, C,NCp=0 mpunsm, {7 (C) =
=1
n—1 n-1 co oo
=1 @\ U @) =a Ua=4, 077 (Uc,) =Ua—e,

T. e. f(Q < D C,. onoxum g (x) =Y. a,x(C,, x). Torxa E=g ()=

1

= g(f (@)). Tlepefinem k ofmemy cayuaio. CywwecTByeT noeaenoBa-
TENIbHOCTE JHUCKPETHHIX CJAy4YaHHBIX BEJHUHH E,, Tr-M3MEPHMBIX H
CXonamuxess K § npu kaxaoMm o. ITo npepsixymemy &, ==g,(Z),
The g, (x) — B-usmepumasn QyHKIuus. MHOKECTBO Touek S, B KOTO-
PhiX g, (X) CXOZHMTCSH K HEKOTOPOMY mpereny, B-H3MepuMO, copep-
Xur f(Q) n npu KakaoM x=f(®)=={ cymecTByer lim g, (x)=E.

OJIOXKHM g (x)=1limg,(x) npy x&Sn g(x)=0 npu x=S. Torga
€ (x) — B-uamepumas pyHKUHS H g =¢t @ :
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Onpenenenmue. c-aacebpa § nasvisaercs npocTod, ecau ona
cocTour us & u scex muowecre suda F=ZE,,], ede {E,, n=
7

=1,2, ...} —cuernas (uau roneunas) nocaedosareivrocTs no-
RAPHO HECOBMECTUMBLY cOObITUL U U E,=Q. Mnoscecrsa E, 6y-

n
Oem HQ36160TH aTOMAMU G-AA2e6pbl .
Teopema 6. Ecau cayuaiinas eeiusuna N usmepuma OTHOCU-
TeAbHO npocTol 0-aa2ebpol. §, TO OHA NOCTOAHHA Ha aTomax

n= ; ax (Ey).

HeiicTBuTenbEO, CAydaiiHyI0 BENHUHHY 1) MOMKHO annpoOKCUMH-
poBaTh CXOASIIEHCS NPH KaxkKIOM ® MOCJIE]0BATEeAbHOCTLIO ciyqar-
HBIX BEJHYUH 1n, MOCTOTHHBIX Ha aToMax E, (Teopema 4). Otciona
CJeNyeT MOCTOSHCTBO M Ha MHOXecTsax E,. @

FoBopsiT, uTO HexkOTOpoe yTBepKAeHHe HJIH CBOACTBO, OTHOCH-
eecss K BEpOATHOCTHOMY mpocTpancTsy {Q, &, P}, uMmeer Mmecto
C 8epPOATHOCTHIO | WM nOYTU HABepHOe, eCAn COGLITHE, COCTOSILIEE
B TOM, 4TO OHO BBbIIIOJHAETCH, &-H3MEDPHMO H HMeeT BepOATHOCTb,
pasryio 1. Ecin § = ¢ BepoaTHOCTHIO 1, TO C/IyuaiiHble BeJHYHHbBL
§ H M HA3BIBAIOTCS dK6UBQACHTHbLMU. [IHIWIYT Takke, UYTO E =

Teopema 7. Ecau &, = n, (mod P),n=12 ..., ub(t, ...
«vvy In)—Oopeaescrkan pynkyus 6 F", 10 caedyrowue pasexcrea
BOINOAHAIOTCA € 8ePOATHOCTHIO 1:

h(§1> tee gn)=h(n1’ ) nn): SUP§n=Suan
inf g, =infn,, ﬁ—rﬁgn=mnm h_n]§n=__11_r£]nn

ITO npeaJioKeHHe TOKa3bIBAET, YTO OOLIYHO aHAJUTHYECKHE OfTe-
pauuy npeoGpasylOT CHCTeMbl KBHBAJICHTHBIX CAyYalHBIX BEeJHYHH
B 3KBHBAJEHTHBIE, TAK YTO MOMKHO TOBODHTb 00 Olepauuax Hap
KJlaCCaMH 3KBHBAJ/JECHTHBIX BeJHYHH.

Cxonumocts ¢ BepositHocTbio 1. ITyetn &, n=1, 2, ...,—nocJe-
A0BATENbHOCTE Cly4yaiHbIX BesauyuH. Cobmitne S = {lim &, cymute-
cTByer} &-H3MepHMO.

HeficteutesibHo, S =ﬁ U ﬂ {m: [Em, — Em, | < -;—}
E

=] n=1l m, my>=n

Onpenenenue. Iocaedosaressnocto &n, n=1,2, ..., cxo-
outca ¢ 8epoOATHOCToI0 | uAu nouTu HasepHoe, ecau

P{limg, cywecrByer}==1.

Jsis JoxasarenncrBa CXOAHMMOCTH C BEPOSITHOCTbIO | B KOHKpeT-
HBIX 3ajayaXx OblBaeT MOJIE3HBIM CJEAYIOUUI KPUTepHIL.
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Teopewma 8. Ecau Hadderca Takas nocie008aTesbHOCTL 4u-
cen &n, 4T0

3n>0, nglsn<°°, glp{!§n+l_§n!>8n}<ooy

ro ¢ sepoarrocToro 1 cywecrayer lim &,,.
Ecau 048 206020 ¢ > 0

glp{lg_gn,>8}< oo,

TO En NOUTU HOBEPHOE CXOOUTCA K E.
Hoxasareavcrso. Tlyerb An = {00! |&nt1 — En] > e,}). Toraa

pama) =P ([1 [ 4,)=1imP (Ua,) <T@ 3 en=0.

TMosTOMy C BeposATHOCTbIO 1 cylllecTByer Takoe ny = fg(w), 4TO
l&nt1 — En| << &, D219 Bcex n = ng. Orcroma ciepyer, 4to psan
Q0

g + Z (Epe1 —E,) CXOMUTCS C BEPOSITHOCTBIO I, YTO M JOKa3LIBaer
n=l

nepsoe yTBepikieHue. Ilyctp remeps Ay, = {m: le—¢&, | > -}V } .
HNnmeem

P{li_mlg—gn|>0}=P{D N u AN,,}<

N=1 m=1 n=m

00
<lim lim ) P(Ayn)=0. W
N> m-»o00 n=m
CxonuMoOCTh MO BEPOSITHOCTH.
Onpenenenue. [locaedosaresvbrocTe cayualinbly seiudunt
En, n=1, 2, ..., Ha3blBaercs cxodaujelics nO BEPOATHOCTU K CAY-
wainol eesuuune § (P-lim§, = &), ecau daa awbozo ¢ > 0

P{lg,—¢&|>¢e}—>0 npu n— .

Ona nasviBaercs yHOAMEHTANLHOE NO BePOATHOCTU, ecau OAf
4106020 & > 0 MOXHO YKA3aT6 TAKOe ny = Ny(e), 4r0 04 8Cex
ny, ng = Ny

P{ |§YL1 —En2l>8} <8'

IMonsTHe CXOMMMOCTH 1O BEPOATHOCTH COOTBETCTBYET IOHSATHIO
CXONMMOCTH N0 Mepe B o6llell Teopuu Mephl. M3 pesysasratos no-
ClenHell BLITEKaeT

Teopema 9. a) Ecau ny= P-lim&,, i=1, 2, 170 7, =
‘=1 (mod P). .
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6) Hdxra roeo 4T06b6L NOCAE008ATENBHOCTL CAYHQUHBIY BEAUUUH
En CXOOUAQCL NO BEPOATHOCTU K HEKOTOPOMY npedeay, neobxodumo
u Gocrarouno, 4Tobol OHA 6640 PYHOAMEHTANLHOL NO 8epPOATHOCTIL.

B) Ecau nocaedosarenvmocts &, €x0duTcs ¢ 8epOATHOCTbIO 1,
70 OHa Cxodurca no eepoarnoctu. O6patHoe, 6006we 2080ps, He-
gepno. Ho us nocaedosaresvnoctu caydaiinbix seauwut, cxoos-
weldca no 8epPOATHOCTU, MONMHKO BbI0EAUT6 NOONOCAEA08ATEABHOCTS,
CXO0SUYYIOCR ¢ BEPOATHOCTbIO 1.

r) ITycre n®=P-limg® (k=1, ..., d), , =g, ..., gy,
2de g(t, ..., ty)— Oedcrsuresvran pynxkyus, HenpepovisHas 68 Je,
uckatouan, Ooire moixcer, muoxecrso D rakoe, uro P{(n®, .
oo, D) e DYy = 0. Tozda

P-limg,=gm®, ..., n®).
B uacTHOCTH, OZHOBPEMEHHO C MOCJEAOBATENALHOCTAMY {ggﬂ} cxo-

HATCSL TO BEPOATHOCTH TocJejfoBatTebHocTH EN - EX), £ . EQ y
ED /8D, mocnenuas — npu ycsaosuu, uto P {n® =0}=0 un

P-lim (ES) + gg:)) =n 4+ 1@,  P-lim (gt(zl) . fégZ)) =11 . n®,

W 0
P-lim 5= —%~
2 2) °
@ @
MaTtemartnuecxoe oxuganue., MaTeMaTHYeCKOe OMKHAAHHE IH-
CKpeTHOH cayuaiiHON BeJWuHHEL &= 2. ¢, (4,) onpenesercs ¢dop-
n

MYJa0#

Mg = ;cnP {E=c,},

ecad CyMMa PsAfa, CTOAWEro B NPaBOH YacTH pPaBeHCTBA, HMeeT
cMbics. DTO BHIpaXKeHHe MNpeacraBiaseT cofoi0 HHTErpaad B ab-
cTpaKTHOM mnpoctpancTBe ¢ Mmepoll {2, &, P} or npocroit gyuxuuu

flo)= X cax(4a):
Mz = { /(@) P (o). 9)
) |
IMocnenuiowo tHopMyay OyleM CUHTAThL ONpeleeHUEM MaTeMaTHye-
CKOTO OXHAAHHA B O0OLleM cJjydyae NPH YCIOBHH, 4TO HHTErpad

B npaBoil yactH paBeHcTBa (9) ompenened. [lociensnee osnauaer,
YTO MO KpaHHeHd Mepe OJUH U3 HHTETPaJOB

{i* @P @), [F (@P@o)
Q Q

KoHeueH (3mech [+ == max {f, 0}, f~ = max {—/, 0}). Ecau onun
H3 HHUX GecKoHeueH, TO ME = -} co uiau — oo coorBercrBeHHo. Ecin
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MaTeMaTHUYeCKOe CXHIAHHE BeJIHYHHbI £ KOHCYHO, TO GyAeM roBo-

PUTD, YTO BEIHUHHA § unreepupyema.
DyneM HoJb30BaThCA TaKKe 0603HauYeHHEM

Mg — S ¢ dP.
TTo10KEM ;
{eaP={1 P @) =Mys.

4 A4

113 06lIHX CBOHACTB HHTErpasa BHITEKAIOT CJASNYIONINe ¢BONCTBA Ma-
TeMaTHYECKOT0o OKHIaHUI.
Teopema 10. a) Hepasencrso

ggdP>g ndP
A A

70200 1 TOAbKO T020@ 8binoARfeTCs Oaa 8cex A e &, Koada

£ 21 (mod P);
6) SgdP:SndP
A A

das scex A, 1o2da u TOABKO TOo20a, Koeda § = n(mod P);
B) ecau ME u My koneunbr, TO

M (a& + bn) = aME +- bMn

Oas 8cex nocroantoix a u b.
OTMeTHM P YacTO HCHO/Ib3yeMbIX HEPABEHCTE,
Hepasenctso YeGpimera. Ecau f(x) >0 (x>0) u monoroutuo
He yooisaer (x = 0), o Va >0
Mf MiCigl)

PUEI> < —Fr—

HepaseHCTBO HeHceHa Ecau g(x) — Henpepuisraa svinyxkias
Pynrkyua na (@, b), —co < a<<b<< 4 o0, ua<<ti<< b(modP),

T0
g (Mg) < Mg (8). (10

Hanomuuwm, uro ¢pynkuus g(x) HaselBaercs ssoinyxkaol na (a, b),
€CJIH 1Js JIoObIX IBYX TOUeK X1 M X u3 (&, b) u moboro A & (0, 1)

g Ax + (1 —2) ) <AE (x) + (1 —A) g (1),

T. €. ecsu JroGast Touka ayru rpaduka Kpusoht y=g(x) x < (x, x3)
JMEXUT He Bbllle OTPe3Ka, COCAMHAUIEro KOHUM 3Toff ayru. Ms
ONpexeneHusi BHITEKaeT, UTO JJIsi KamJoH TOuKH Q = (X, g(%Xo))
Tpajuka BHIYKAOH KPHBOM CyLIECTBYeT ONOPHAas npsaMas, T.e,
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npsMas, Npoxoaamas yepe3 TOUKy Q M Takas, YTo BCe TOYKH rpa-
¢uKa XpuBOH JieKaT He HHXKe OMOPHOK NMpsAMOfA. DTo O3Hauaer, uTo
s moboro xo & (a, b) Halimerca Takoe o, 4TO

g(x) — g(xg) = a(x — xo) ,
nnst Beex ¥ & (a, b). Ilonaras sgecw xo = ME, x = E u Geps Ma-
TeMaTHuecKoe, OXKHAAHHE OT o6eux uyacre#l HepaBeHCTBa, MOJYYHM
HepaBenctso (10).

Caencrsue |ME[P < M|E|Pnpup>1u

L
p

(Mg <(MIEP)

HepaBsencreo T'éabpepa.

npu 0<qg<np. (1)

1 1
—_ — 1 1
MignI<(MIEP)? - (MIn )9, eoe S +o=Lp>1. (12
YHactubiM ciydaem HepaBeHcTBa [énblepa sBigercs HepaBeH-
crBo Komu — ByHsakoBcKOro
(MéEn)* < ME? - M2,

C nomomsio nepasenctsa ['€nbaepa Jierko MONYYHTh HepaBEHCTBO
MuukoBcKoro

1 L .L
IMIg+n PIP <[MIEP]? +MInPI?,  p>1. (13)

B pasmeix Bompocax 4acTo HCNOJIb3YeTcss BO3MOMKHOCTb Ipe-
LeJIbHOrO Tepexofia MOJ 3HAKOM MAaTeMaTHYECKOTO OXHIAHHS.

Teopema 11. a) (Teopema 0 MOHOTOHHON CXOOHMOCTH.)
Ecru 0t <Epyy (n=1,2,..)), 10

lim Mg, = M (limg,).
6) (Jlemma @ary.) Ecau &, = 0(mod P), ro
M lim &, < lim Mg,
B) (Teopema JleGera o MmaxopupyeMolt cxomumocru.) Ecau
|&n| < n(mod P), lim &, == g(mod P) u Mn << o, 70

lim Mg, = Mg.
TMoaoxum

¢ (d) = g'gdP=ng(A), A6, (14)
A

Onpeneanenne. [Jeldcreuresvnas QyuKkyus MHONCECTER
¢(A), onpederennan na HexoTopoil G-arzebpe &, nasvisaercs 3a-
PAOOM, ecAu OHQ MOJCET NPUHUMATL GECKOHEesHble BHAYeHUs TOALKO
001020 3HAKA U eCAu OAR NPOU3BOALHOL NOCAE00BATEALHOCTU He-
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nepecexarouguxca muoxcecrs A, (A, =6, A, NA, = & npu n = r,

n= 1’ 27 .. ‘)
(o) o0
q>( Ua.)=2 o
n=| n=1
Ecan cayvailHas peJqudHHa & HMeeT MaTeMaTHUYECKOEe OXHUAAHHE
(koHeuHOE MM OEcKOHeYHoe), TO (QyHKHUS MHOXKECTB ¢, ONpele-
sasemas ¢opmydon (14), ssasercs sapsaom. '
Crenywoiass ¢opMmyjia COOTBETCTBYeT NPAaBHJIY 3aMeHbl mepe-
MEHHBIX B TEODHH HHTErPHPOBAHHUS.
Teopema 12. IHycro &= g(§), 20e § = f(0w)— cayuatinoLi
saemenr 8 {X, B}, g — Oedicreutesvras B-usmepunas pyukyus Ha

X, m = P[~! — pacnpedesenue cayuatinoeo srementa . Tozda
Mz = { ¢ (v) m (a), (15)
b’

ecau 00HQ U3 CTOPOH 3T020 PABEHCTBA onpedeneHa.

Honycrum, uro Ha {X, 8} 3amaHa KoHeuHasa HJAH O-KOHEYHAd
mepa ¢. Hanomuum, uto Mepa g HasblBaercs 0-KOHeurnol, eciu cy-
LWeCTBYeT MOCJAe[OBaTeNbHOCTh MHOXecTB B,, B, &%, Taxux, 410

UB.=X u q(B,) < .

Onpenenenune. Mepa m na {X, B} nasweaerca a6corroTro
HenpepoleHOL OTHOCUTeAbHO Mepol q (m K q), eciu cCyujecrsyer
B-usmepuman Qyukyus p(x) rakas, 410

m(B)=Sp(x)q(dx) das ecex BeB. (16)
B

Teopewma 13 (reopema Papona— Huxomuma). Hias To20
4ToGbr mepa m Oblia A6COAIOTHO HENpepvlBHA OTHOCUTEAbHO Mepol
g4, Heobxodumo u docrarouno, urober us ¢(B)=0 caedosaro
m(B)=0.

ITycte m — pacnpenenenue cayuafinoro siementa § = f(w)
{m=Pf)ra {X, B} um<<y.

Onpenenenne. Dynkyus p, onpedessiemas cOOTHOWEHUEM
(16), naseieaerca naoTHocTb0 pacnpederenus cayuaiinozo dae-
MEHTA [ OTHOCUTeAbHO mepol q. IlaoTHocTs pacnpedesenusn obia-
Oaer caedyrowunu ceoticreans:

p(W>0 (modP), {p()q(n=1,
X

Ecan pacnpenesienne o6/1agaeT MIOTHOCTBIO, TO MaTeMaTHYECKOE
OXHJanne BeJUYHHBH § = [({) MOMKHO BHYHCAHTDL IO ¢dopmy.ie

M= { (00 (1) g(dn). (17)

X
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MpoctpancTBo £Lp. Kaace ciayuafinblx BeAUUHH §, JJIS KOTOPHIX
Mg} < oo (p>0), o6osnaunm uepes Z,=Z%,(Q, S, P). 3ror
K/1acC JIHHeeH: ek ;e ¥, (i=1,2), o cj, =L, n g+, = 2,
TlepBoe 13 3THX yTBepKIeHHH OUEBHJHO, a BTOpPOE NpPH p =1 BH-
TeKaeT W3 HepaBeHcTBa Munkosekoro (13), npn p=(0, 1) —n3
HepaBeHCTBA

B+ EP<<IEP+IRP  O0<p<l), (18)

creaymooulero u3 toro, uto (1 4+ x)7 <1412 (x >0,0<<p << 1).
Ecnn B &5 (p == 1) BBECTH HOPMY

L
e, = (MIEP)?,

TO OHO OYAeT NOJHBIM JIHHEHHBIM HOPMHDPOBAHHBLIM MPOCTPAHCTBOM.
CxoaumocTe B &p NoclIeA0BaTeNbHOCTH §, K mpeleny & osHa-
Yaer. yTo
Mg —%,P—>0 npu n— oo,

W3 nosHoTel npocrpanctBa &Fp CAEAYET, 4TO AAS CXOAMMOCTH NO-
C/IeNOBATENbHOCTH &, HEOOXOAMMO M AOCTATOYHO BHIMOJHEHHE yC-
aosug Komwu:
p
M[gnl—gm] —0 npu n, n,~>oo.

ITocnenoBaTesbHOCTD  CAy4YalHBIX BEJHYHH, YAOBJETBOPSIOULast
3TOMY YCJIOBHIO, HasbiBaerca @ynlamenrarvrol 8 L, U3 dpyuna-
MEHTAJbHOCTH (a CJHEROBATENDBHO, M CXONUMOCTH) B £p clenyer
(yHIaMeHTaJbHOCTh (CXOJHMOCTb) NO BEPOSITHOCTH., DTO BHITEKAET
H3 HepaBeHcTBa UebnllreBa |

P{lgnx_gnz'>8}<_e}7Mlgm—gnz,p'

PasHomepHas uHTerpHpyemoctb. CeMeHCTRBO CayYafiHbLIX BeJHUHH
{€(), t =T} (T — HeKOTOPOE MHOXKECTBO) HAa3LIBAIOT PAGHOMEPHO
unTeepupyembimn, ecam Aas aoboro e >0 MOXKHO yKasaTb Takoe
N = N(¢), He 3aBucslliee OT ¢, 4TO

My{lE@I>NDlE)i<e VieT.

B caenyiouleM yTBepXIeHHH YKa3HIBAIOTCA CBOHCTBA, 3KBUBAJCHT-
HBEle paBHOMEPHO!N HHTErPHPYEMOCTH.

Teopema 14. Cemeicreo {t(t), 1 =T} pasnomepro utre-
epupyemo Toeda u TOALKO T020Q, K020A

a) MIe()I<C VteT;

6) Oan awboeo g > 0 nadderca 6 > 0, ne 3asucsyee or t, Ta-
koe, 4ro das 6caxkogg usmepumoeo A, das koropozo P (A)<< ®,
umeen My (A) [E(Y) |'< e.

3aMeTHM, YTO OAHA HJY KOHEYHOE UYHCIO HHTETPHPYEMBIX Cay-
YalHBIX BeJHYMH 0OpasyloT paBHOMEPHO MHTErpHpyeMoOe ceMelcTBO
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¥ ec/d OOBEJHHATD ABA WM KOHEUHOE YHCIO PaBHOMEPHO MHTEIpPH-
pyeMbIX CeMEHCTB, TO CHOBa TOJYYHTCS DABHOMEPHO HHTErpHpYe-
mMoe CceMeHCTBO.

CileAyOlie NPU3HAKY DABHOMEPHOH HHTErPHPYEMOCTH GLIBAIOT
TOJIE3HBIMH B KOHKDETHBIX CJIyYasix.

Teopema 15. a) Ecau cemeicrso {E(t), t=T} mamopu-
pyerca unteepupyemoll cayuatinoi seauqunod v (|&(t)| << n(mod P),
Mn << 00), TO OHO PABHOMEPHO UKTESPUPYEMO.

6) [lycto g(x), ¥ &(— o0, 00), — HEOTPUUATENbHAS b6opeses-
cKas PYRKYUA TAKAR, 4TO g (X)/X — o0 npu |x|—> oo, u

MgE@®)<e VteT,

2de ¢ He 3asucur ot t. Toeda cemedicrso {§(t), t & T} pasnomepro
UHTe2pupyemo.

C noMOLbI0 NOHATHA DPaBHOMEDHO HHTETPHPYEMOCTH JIETKO
chOpMyAUPOBATL KpUTEPUH cXOauMOCTH B &).

Teopema 16. [as 1020 4r0661 nocaedosareavrocto {&,, n=
=1, 2, ...} cxoluracy 8 &y, nHeobxodumro u docrarouno, urobes
OHA €X00UAACL NO GEPOATHOCTU K HEKOTOPOoMYy npedery u 6blia
PABHOMEPHO UNTE2pUpYeMOL.

Ananornuro  Qopmyaupyercs KPHTEpUH cxoaumocty B Zp
(p=1). BMecTo paBHOMEPHOH HHTErPHPYEMOCTH CaMOf TOCAENO-
BATC/IbHOCTH §, B 3TOM Cjiydae cieayeT MOTPe6OBaTh PABHOMEPHYIO
unterpupyemocts {|&,|?, n=1,2, ...}. [lo noBoay HOKa3aTeNbLCTB
COPMYJNHPCBAHHBIX yTBepxkieHuii cm. A. H. Konmoropos #
C. B. @omnx {1}, K. Hesé {1], I1. JI. Xenneken n A. Toprpa {1].

§ 2. MocTpoenue BePOATHOCTHHIX MPOCTPAHCTB

BeposaTtHocTHOe npoCTpaHCTBO ABJAETCA NOBOMBHO CAOMKHBIM Ma-
TEMaTHYECKUM OOBEKTCM, H BO MHOTHMX 3aJa4aX €ro He/b3sl CUMTATh
TEPBOHAYAIBEO 3aLanHHbBIM. [103TOMY Ba:KHO yMeThb KOHCTPYHPOBATH
BEPOATHOCTHLI® NMpOCTpancTBa. B namGosiee MPOCTHX Clyyasx HYX-
HO TIOCTPOHTL KOHETHOMENHOE BePOATHOCTHOE NPOCTPAHCTBO IO 3a-
ALaHHOH QYHKUMM pacupeiesends. PaccMOTpUM cHauasa HeKOTOpHIE
CBOHCTBA QYHKIHA pacupereenus.

Pyuxunn pacapenensuus. ITycrs § — cayvaigbi BEKTOp CO 3Ha-
ueHusivu B 9, E=(3, %, ..., &%), rae E* ero koMnoment. Ilo-
JIOZ UM

Fy=F(' £ ..., ) =P'<x, 2< A ..., i<

Onpenenenne Pynxyun F(x) Haswisaercs Pynxyued pac-
npederenusn cayuaiinozo eexropa E (4au coemecrrol ynryuel
Pacnpedesenun cayuaiinox seauuun ELE%, ..., £9),
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b?). Yeno-

Oycrs a, be A4, a=(a', ..., ad), b = (b}, ..
br (ak < bh) LIS BCeX

BUMCA NMHCaTb a << b (a << b), ecan a* <<
k=1,...,d

Hasosex mnosxectso Ia, by={x: a << x << b} d-mepnoin un-
repsasom (unrepsasom e #4). Anasornuzo OIIpeNe/IIOTCS. 3aMKHY-
Thle uHTepBanbl I [a, b] ={x: a << x << b} W OTKpHITHIE MHTEPBAJbI
I(a, b)={x: a << x < b}. HerpynHo BHIpasuTh BepOSITHOCTb IO-
najaHua cJy4aliHoOro BekTopa & B d-MepHBIE HHTepBaJ uepe3 (QyHK-
uuo pacnpepenenusa. C sroff measio nonoxuMm (¢ << s)

k 9
A[tys)f (xl’ x2, ey xd):—:f(xl’ x~) ¢y xk—17 S’ xk+17 M ) xd) -

O & (A o N s S SR 7
Quenuano,

Ab oF (1) = (ﬂ < dyn <t <s})

ik

M HETPYAHO YGEZUTHCS, UTO
Fla, 0) =ML yyBhe g2y« Al F =P =1lg,b). (1)

Teopema 1. Pynikyus pacnpedesenusn F(x) obaalaer cae-
dyroujumu ceodcreanu:

a) 0 Fx)< 1,

6) ecau x < y, 1o F(x)<< F(y);

B) Al[al,bj)AfaQ’ 52) - - - Aﬁza‘ p@) F(x) =0 04z wobux a<b; -

r) pyuryus F(x) nenpepoisna caesa, 7. e. F{x — 0)=F (x);

1) F(x)— 0, ecau minx*-> —oo0, u F(x) — 1, ecau minx® — -} oo,

% k
Hoxasareascrso. a) — ouesugno. Ecom x <Ly, to F(y) — F(x)=

=P({& <y} \{E<x}), orkyna caenyer 6). B) BHTekaer us (1).
Iyers x, <X, <<x ¥ limx, =x. Cobbrua A, = {L<x} \{& <x,}

06p33y10T MOHOTOHHO yﬁbIB AIOUIYIO NOCACA0BATC/IbHOCTD, 1 n An=@ .
. n=|

[Moatomy (em. (6) § 1) F(x)— F(x,)=P(4,)— 0 npu n— o0, uro
nokaseiBaer r). Jlasnee, ecan minx® - — oo, To cymecTByer Takoe j,
k

uT0 %} —> — 0o, Tlon0oKHM 2 =sup{xf, k=n, n+1, } TOTZLA

Z2,~>— 00, 2, MOHOTOHHO He BO3PacTaeT H ﬂ {%] <z,}=@. Io-

stomy F(x,) <P {t <z,}—0. Aﬂanomqno noxasbIBaeTc;x BTOpas
yacTb YTBepXKIeHHUs 1) (caexyeT saMeTHTh, uTo | — F(x)=

=p(Jw=n)
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[Tpou3BoJIbHYIO QyHKUHIO B %Y, ynOB/eTBOpsAIOLLyl0 a) — 1), Oy-
gemM HasblBaTh pyuryueld pacnpedenenus (8 H);, ecau ke OHa
JOBJIETBOPSET TOJBKO YCJIOBHAM 0), B), — MOHOTOHHO 803pacTaro-
weil $yrryueid s R MounoTonno Bospacraioliyo dyskuuio B F¢
c/leflyeT OTJIHYaTh OT (QYHKUHHM d NepeMeHHLIX, MOHOTOHHOH N0 Kax-
JAOMY apryMeHTY, — YAOBJETBOPAIOLEH TOJNBKO YCIO0BKIO O).

CnenaeMm ciaejyloliee 3aMe4aHHe O BO3MOXKHLIX pas3pbiBax (yHK-
u4u pacnupenesenns F{x). Kak Qynkuusa ot ofHOH puKCHDOBaHHOH
KOOPIHHATHl X", OHa MOHOTOHHas, M nosToMy nperean F(x!'+4-0,
$#40,...,x%+0) B xaxk[0il TOUKE X CyIIECTBYIOT.

PaccMOTpHM ruiepmiockocts He = {x: xkzc}. IIpu ¢ 5= ¢y
H?l a H?z He mepecekaworcs. IlosTomy cymecTByeT He Gosee 4eMm

cueTHOE MHOXKECTBO 3HaueHHH cf, r=1, 2, ..., Takux, 4to
7F(+OO,...,+OO,C+0,+OO,...,+OO)'-—
—--F(—OO,_,,,-——-OO,C,—-—-OO,,_.,—-OO)==

IJs BCeX ¢ 7~ ck,
HazopeM ka eunepnaockocramy paspoisa pyuxyuu F (x). Ta-
r

oD 00
— k
xuM obpasoM, ecan x & H°, rpe HO =kU1 UHCk, 10 F(x) Hempe-
= r=1 r

pHiBHa B TOUKe X, a ecan a& H® u b°& H, 0 F{l|a,, b,) —
—F(lla, b)), ecan a,—>a u b,—a.

KoneunomepHoe BeposTHOoCTHOE npoctpanctso. [Tycrs {7, &, P}—
BEPOSITHOCTHOE npocTpancTso, & D Bé, rae Bd — g-anrebpa Gopenes-
CKHX MHOXecTB B %¢. Ecau monoxuTh

F(x)=P({(— o0, x)),

T0 F(x) Oyner ¢pyHKuHKell pacnpegeseHus.

Teopema 2. Ilycro 8 H?¢ sadana npoussonrvras QyHKYUS
pacnpedenenus F(x). ToeGa moxcHo onpedesurs B8epOATHOCTHOE
npocrpancreo {#4, &, P} Tak, urober © D B u P{(— oo, x)}=
= F(x). Ilpu arom eepostnocTs P na o-asecebpe B onpedessercs
00HO3HAUHO. :

IlokasaTesbCcTBO 3TOrO NPENJNOKEHHS OCHOBAHO Ha OOLIUX Teo-
pemax o mpopo/mxenun mep. Ilpusenmem cootsercrylomine GopMy-
JIMPOBKH.

Onpenenennsn 1. Herpusuaronoiii xaacc muoxecre M ua-
8bisaerca NoAYKoALYOM, ecay Oasn awbuly Njes M, i =1, 2,

ANA M, A[\A2=kU A%, 20e At
=1

2. Heorpuyareasvnyro adOuTusnyro QyHKyuo mHoXcecTs m, ofn-
Pedesennyro na noaykorvye M, HO3618AI0T APEOMEPOL {M, m}.
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3. Pynkyure muoxMcects m’, OnpedeseHHyrry Ha ~Kaacce MHO-
acecre M, nHasei8aIOT npodoasicentem PYHKYUU MHONCECTS M, onpe-
Oeaennol na M, ecau MW DM u m' (A)= m(A) npu A=

4, Ilpedmepa Haszwisaerca o-koHewrnoi Ha X, ecau natidercs Ta-

oo
Kas nocaedosareavHocTy Ay, 4o X = U Ay, Ap =M.
k=1

Teopema 3 (reopemMa o NPORO/KEHHH Mephl). [Ipedmepa m
T02da u TOAbKO To20Q UMmeeT HeKoTopoe npodoaxcenue {&, g}, ede
@ — g-aaeebpa, g — mepa Ha &, kKoeda ona noayaddurusua, T. e.

o0

ecau us kU A DA caedyer
=1
m@) < X m (M) (2)

Oas at0bbix A u Ap us M. fIpu 3TOM, ecau m O-KOHEYHA, TO ¢ Ha
o{M} onpedesnerca 00HOBHAUHO.

Teopema 4. Kaacc J noayunrepsaros Ila, b), a,b = R, 06-
pasyer noayxoavyo, a F(I{a, b)) — npedmepa na J.

Heficteuteasno, I{a, b) N Ic, d)=1[t, s), tne t = (¢, ..., t4),
s =(s!, ..., s9), th = max(a*, c*), s* = min(b*, d*) u I[{, s)-— &,
ecad ycjaoBHe ! <{s He Bmmnoasedo. Hanee, [[a, b)\/[c, d)=
= {x: ¥l ={ai, b)) \[c4,d?), j=1, ..., d}, uto mnpencraBiasger co-

600 cymMy He OoJee yem 2¢ unteppanos. IlokaxeMm remepn, 4TO
F(Ila,b)) aBnserca agputuBHOM dyukiued na J. Ecau uarepsan
I{a, b) paa6urb na aBa: [{a, ¢;) u I'{c,, b), rne c; = (¢!, b?, ..., bd),
al < ct < bl 10

F(l[a, b)) = A][al, cl)A:iaz, p2) v+ A‘[iad, bd)F (x) -+
+ Al ATz, 42 -+ - Afcd_ wayF () ="F (I[a, ¢)))+ F (I [c,, b)).

Takoe e paBeHCTBO HMeeT MecTto, ecad [ [a, b) pa3OuTh Ha xBa uH-
TepBaJa ¢ NOMOIIbIO deeHus Joboi U3 cropoH [a*, b*) Ha mBe ua-
ctd. Tlo HHAYKUHM aaAuTHBHOCTb (GyHKIuH F (/) nokasbiBaeTcs AJst
NpOKM3BOJILHOIO pasnoxeHus [ Ha cyMMy uHTepBasoB. W
Hepeiinem K 10Ka3aTeJbCTBY TEOPEMHI 2. Ocraercs moKasarhb,
yro ¢yukuusa F(I) obGnanaer cBOACTBOM NOJYaiARTHBHOCTH (2).
(o)

Hyers I = I{ag, bo), In=1[an, by) uI=|]I,. B cuay me-
1

npepuiBHOCTH GyHKUMH F(x) creBa MOMKHO HafTH TakKoe g =
= (&, ..., &), & > 0, uTO

< F(lla, — e, bk»—F(I[akybk))<2k; n>0 (k=12 ...).
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OTkpHIThie HHTepBaibl [(ay — ey, bp) NOKPLIBAIOT 3aMKHYTBIA HH-
repBal I{ao, by—e] B cuny reopemn Teiine — Bopeas us Hux
MOXKHO BBUIETHTh KOHEYHOE MOAIOKPLITHE, HanpuMep {/(a, — ey, by),

p=1,...,n}. Torna nocnenoBaTesbHOCTD HHTEPBANOB [[ay — ex, by),
k=1, ..., n, nokpbiBaer uHtepsan /[[ag, by — ¢). Henepecexaro-
muecss MHOXecTBa (k= 1,2, ..., n)

P
I ay, bo—ﬁ)ﬂ{l[ak — &z b))\ _L=J‘1 [a; —e, bi)}

ABJAIOTCA CyMMaMH HeNepeceKalolluXcst NOJyHHTepBatoB In; (j =
n

dp
=1,..., d). Takum obpasom, [[ay, by — &) = U U Iy n
k=1 j=1

ndk

Fillay bo—e) =X X FUs) < X F (I oy —ex, ) <

k=1

Ms

<L F(llas— e 00)< X F (1) +n.

&

I

i

Iepexons x npeneay npu & — 0, nonyunsM F (I [ay, b,)) <k2 F{y)y 4+,
=]

HJIH, B CHJY NPOHU3BOJILHOCTH 1],
Fllla, b)) < X Fly).

Teopema Koamoroposa. Paccmorpum cienylomyio 3agauay. ITyers
HaHO HEKOTOpOe MHOXKECTBO H3MePHMBIX mnpocrpaHctB {X;, 9.},
S & S, u COBOKYNHOCTb BEPOSITHOCTHBIX Mep {Ms, 5,055 n=1

2,... sy €S}, rae Ms,,s,...,s, — M€Pa Ha NMPSAMOM NPOH3BENEHHH

n
E{Xsk’ Bs,}. TpebyeTcs mnocTpoUTb BEPOSTHOCTHOE MPOCTPaH-

ctBo {Q, ©, P} u cemelictBo {§, s = S}, rae & — cayuaiinni sae-
MeHT B {X;, B}, Tak, uTOGBH NPOH3BOJbHAA TNOCAELOBATENLHOCTD

n
(Ess Cspr -2 &s,) (n— moGoe) mmena Ha zﬂ{xsk’ B;,} sananHoe

Pacnpenenenne ms,,...,s,.

Ilpexne Bcero, scHO, UTO COBOKYMHOCTD Mep M, ..., s, He MOXKET
IS5 COBEpPUIEHHO MpPOH3BOJbHOH. ~[leficTBUTENBHO, ecaH 3ajmava
HMeeT penieHue H

s, s, .05, (ﬁ Bs,,) =P (kfjl {Gs, € Bsk}) , @)

k=1
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TO, O4YEBHJHO,
n4-r n
msl,...,sn_|_’_(l%]_—=_[1 Bsk)=msl,...,sn k];[l Bsk), (4)

ecJd st————Xsi npu j=a-+1,...,n+mu

n n
msx,....sn (l;—-[l Bsk)=msjl,...,sjn (H Bs]k); (5)

k=1
rae (ji, fo, ..., jn)— HEKoTOpas mepecraHoBka umcesa (1, 2, ..., n).
Coornomenuss (4) u (5) HasbBAT YCAOBUAMU COSAQCOBAHHO-
cTu cemeficTsa pacnpenesendfi {ms, ..., s, n=12,..., s, =S}

Teopema 5 (reopema Kosamoropoma). [lycte X, — noanvie
merpuueckue cenapadesvHsvie npocTpancrea, B, — o-aarcebpa 6ope-
aesckux mHowcect8 X, [As npoussossH020 CO2AUCOBAHHO20 ceMel-
créa pacnpedeseHul {msl,,,,,sn; n=12,...; s, =8} moxno no-
CTPOUTH BePOATHOCTHOE npocTparncTéo {Q, &, P} u cemelicrso cay-
yaldnoly seaudun {i;, s e S} Tax, 4Tobel ms,,...,s, Oblio pacnpe-

deaenuen nocaedosaresooct {gs,, .. ., Csn}.

Ilpexkpe uem mepefiTH K [0Ka3aTelbCTBY TEOPEMbI, NpUBEAEM
PAL HYXHBIX LSl Aa/dbHeHAlIero 3aMeyaHufi H NOCTPOEHHI.

ITycts €2 — npocTpaHcTBO BceX GYHKUHA @ = w(s) aprymedra
§ & S, NpUHHMAIOUINX NPH KaXKAOM § 3HaueHus a3 X, (Q—-—-— 11 XS) .

se=S

Onpepenenue, Mroncecrgo Cspreenrs,, (B(s"""sn)) suda
Cs,nvos, (BEr o)) ={o: (a(s), ..., 0(s,) & BEv- )},

2de Br o) = 0{Bs,, k=1,2,..., n}, nasweaoT YusuHIpuUe-
CKUM uAu, noopobree, YUAUHOPULECKUM MHOXCECTBOM 8 Q ¢ OCHO-
sanuem BCv - =°n) yad koopdunaramu sy, . .., sy

[Tpu QuKCUPOBAHHBIX TOYKAX Si, Sz, ..., Sp MENAY WUAHHAPU-
ueckimu MHOKectBaMH Cy .. s (BUv %)) u mmowecrnamu ms
{8, k=1,..., n} cyuecrByer u30MOp(H3IM: KamKi0e MHO-
xectBo Beo{B,, k=1,..., n} onpeieiser UUJIHHAPHYECKOE
MHoxecTBo Cs,...,s, (B), AJA KOTOPOTO OHO CJIYKHT OCHOBAaHHEM;

pa3nbiM OCHOBaHHSAM COOTBETCTBYIOT Da3Hble UUJAHHAPHYECKHE MHO-
XKeCcTBa, CyMMe, DasHOCTH HJH NEPECeHweHHI0 OCHOBAHHH COOTBeT-
CTBYeT CyMMa, pPAasHoCTb WJIM MNepecCuYeHHe HUAHHAPHYECKHX MHO-
ecTB. 1O HENIOCPEACTBEHHO BBITEKAET H3 ONPCHENCHUSA UHAHHADH-
YEeCKOIo MHOKeCTBa.

paCCManHBaH nedcTBUA HaX HUJAHHAPHYECKHMH MHOXKECTBaMH
B obulem cjay4dae, HYXKHO HMETb B BHAY, YTO OOHO M TO K€ ILHUJHH~+
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I HyecKoe MHOXKECTBO MOKET 3aJaBaTbCa Haj Pa3HbBIMH Ha6opaMn

KOOpAHHAT.
Tax, OY€BULHO, YTO

Csx, vers sn"(B) = Csl, cee Sy en, Sn+r(B >< X3n+z >< e >< Xsn_,_r)-

Jlerko BHIETb, 4TO JIIOOble 1Ba LHJIHHAPHUYECKHX MHOXKECTBA
Csppovnr sy (B) u Cs;,...,s; (B) Bcerma MOXKHO paccMaTpPHBATh KAk IH-

JUHAPHYCCKHE MHOXKECTBA HaJ OOHOH M TOH Ke NOCJAeHNOBATENb-
HOCTBIO KOOpAMHAT sf, s), ..., s/, colepxallell Kak S, ..., Sp,
TaK H S, ..., s;. Orciona caenyer, uto, paccMaTpuBas anreGpan-

yecKHe JEHCTBHS Hajl KOHEUHBIM YHCAOM UHJHHIPHYECKHX MHO-
XKECTB, MOXHO CUNTaTh, YTO OHM 3afaHbl HaJ (GUKCHPOBAHHOH mO-
- C/IElOBATEJNbHOCTBIO XoOpiauHaT. Takum o6pasoM, Kaacc Bcex Iu-
JHHADHUYECKHX MHOXKeECTB obpasyer aJjre6py MHOXKeCTB.

K s10My MOXKHO A06aBHTb, YTO €CAH S — GeCKOHEeuHOe MHOMKe-
¢TBO, X, HMEIOT 1O KpaliHell Mepe NBe TOUKH, TO KJacce UMJIHHAPU-
YeCKHX MHOXKECTB He sBJSIETCS O-aareGpoil.

[e]

JlefCTBUTENBHO, MHOXKECTBO lljcsn ( {xgn} ), TAe X, — OLHOTO-

YEUHOE MHOXKECTBO, X5 & X. , He SBJAETCH UMIHHAPHUCCKHUM.
ITyers X, — moHOE MeTPHUECKOE NPOCTPAHCTBO, ps — COOTBET-
n A

cTByfomas Merpuka, k=1,2, ..., n. B mpocrpancreo ¥ =[] X,
k=1

n
BBENIEM METPHUKY 0 (yy, yo) = ’\/k};l 0} (¢%, xF) , rae y, = (*hs <o s ),
HeX,.

Touku x} (k=1,..., n) Oyiem HashBaTh KOOPOUHATAMU TOY-
ki y; & Y. HeTpynHo yBHIETB, 4TO NOC/IEZ0BATEJBHOCTD TOUEK Yn
CXONHUTCA K HEKOTOPOMY IpefeJy TOTAa H TOJLKO TOTA4, KOTrAa
KOOpAMHATEL TOYEK Yn CXOAATCS B COOTBETCTBYIOLIHX NPOCTPAH-
CTBax K HeKoropomy mpexeny. Orcioza caenyer, uto Y — moJHoe
MeTpuyeckoe mpoctpanctso. OHO cemapalesbHo, Tak Kak CueTHOR
MHOXKECTBO TOYeK BHEA (x}l, xfz, . x’}n), xfk €Z, The Zp—

CueTHOE BCIOAY NJIOTHOE MHOXKECTBO B Xp, ofpasyer B Y Bcioxy
IJIOTHYIO CeTh.

IIpn nokasarenncrtse Teopemer KoaMoropoa wmr HCIIOJIb3yeM
CleNyOUlyI0 TeopeMy.

Teopema 6. Ecau X — noance merpuseckoe cenapabenvroe
RPOCTPaHCT60, M — 6EPOATHOCTHAR Mepa Ha O-aizebpe Gopeses-
CRux mnoncects npocrpancrsa X, 1o OGan Ar06blxy ¢ >0 u B9
haiiderca Taxoi xomnakr K, K &%, uto m(B\K) < e.
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Hoxasareavcréo reopemo. Koamoeoposa. Begem panee ompe-
JefeHHOe OpOCTpaHcTBO Q dyHKmHE o = o(s), o(s)= X,
Ss& S, MAas  NpOM3BOJNIBHOTO  LUJAHHADHYECKOTO  MHOXKECTEa
C=Csl,...,sn(B(s”“”s")) OO HM P,(C)-’_—‘*msl,...,sn(B(s"""s")).
W3 ycnopuit cornacoBannocTh Mep Bbitekaer, uto P’(C) onpene-
Jgeno ognosHayHo. Ilyers Cy, k=1, ..., n, ... — HeKoTOpasg no-
C/1eI0BaTeNbHOCTL HHJIMHADUYEcKHX MHOXecTB. He ymenniuas ofum-
HOCTH, MOXHO CUUTATh, YTO OHM 3aJaHbl OCHOBAHHSIMH BSP”"SP)
Haj OQHOH H TOH Ke NOC/eJoBaTeNbHOCTBIO KOOpAHHAT (Si,

.» Sp, ...). YUHTBIBAs CyUIECTBYIOUIHA H30MOPPH3IM MeXKIy UH-
MUHADHYIECKHUMH MHOXECTBAMH HaX (QHKCHPOBAHHOHM TNocCAexOBA-
TEJIbHOCTbIO KOODAHHAT M HX OCHOBaHHAMH, BUAHM, uto P’(C) sp-
JSIeTCsT KOHeUHO afAuTHBHON MepoH. [JoxkakeM, uTo oHA MOXKer
GBITH NPOJOJIKEHA 0 HeKoTopoit Mepul P Ha {Q, &}, rae & — o-an-
re6pa. B cuay TeopeMbl O NMPOZOJIKEHHH Mepwl AJS 3TOTO HOCTA-

TOUHO NMPOBEPHTD, 4TO P’ MONyafnUTHBHA, T. €. eclH C, Cnl;jl Car TO
P'(C)< 3 P’ (o).
ITyetn CO=-=YQl C, (C,NC, = npu k ==r). JdokaxeM, uTo
P(C) =3 P (Ca. ©)

n
Orciona Oyzer BuiTekaTh Tpebyemoe. [losomum Ch=C, \ U Ch.
1

Mmuoxectea Cf, 06pa3yloT MOHOTOHHO HEyGBIBAIOILYI0 MOCJEN0-
BATEJIbHOCTb IUJNHAPHYECKHX MHOXECTB C IIYCTBIM MNepeceyeHHeM.
Tak xax

P"(Co)= L. P (C) + P’ (CY),

TO 1Sl J0Ka3aTedbcTBa (6) mocratouno nmokasars, urolim P/(Ch) = 0.

Honycrum npotuBHOe, T.e. uto Hm P/ {C})=a > 0. O6o3nauum
uepe3 B, OCHOBaHHE UUJAHHIADHYECKOro MHoxectBa Cr, u mycts Ci
pacrosioXeHo Hajx KOODAMHATAMH 8|, Sy, ..., S, . Des ymasenus
OGIIHOCTH MOMKHO HPCANOJNONKUTE, YTO TPH YBeJHYEHHH n Habop
COOTBETCTBYIOIIHUX TOUEK (51, S93 « v ey an) He yObiBaer. B cuay teo-
pembl 6 HaliieTcsl TaKoe KoMIlakTHOoe MHOXectBo K, K, < B, ut0

My, BaNKp) <5ip. n=1,2, ...
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I'ch’rb Qn—ummnapmecxoe MHOXKECTBO HaJ KOOpAHHartaMHu

n
Sy, +-+» Sr, C OCHOBAHHEM K, F,= ﬂl Q, u D, — ocHOBaHue MHO-
r=

"n

secrsa Frn. OueBnano, uto Dy, ecTb KOMNakT B HXSk, Tak Kaxk D,
z=1

qBASETCS NepecedeHueM 3aMKHYTBIX MHOXECTB, CPeH KOTOPHIX [0
Kpair’meﬁ Mepe oxHo, K, KOMIaKTHO.
Tark Kax MHOXKecTBa F, MOHOTOHHO yGHIBAIOT, TO H3 ®(S) & Fu,
o >n, caenyer of(s) < F,. IlosroMy, ecau (xsl, Koy vvny Xy oo
n
ey xsrn+p) &= Dn+pv TO (xsl) xsz’ L] xsrn) =5 Dn-

Muosxectsa F,, oueBuIHO, HemycThle. DoJjee Toro, Tak Kak
n n

Ci\Fn= ) CiNQ)= [ (€N Qp, To

PCANF) < Y P(CINQ) =) ms, s, (BNK)< 5
1 {

OTKy/Ma CJELYEeT, YTO

lim P" (F,) =1im P’ (C3) — lim P’ (C,\ F,) > 5 .

W3 kaxporo MHoxectsa D, BbifepeM Kakylo-n1u60 TOUYKy

(x’l‘, R ) [Tpu oBom k mocnenoBaTenbHOCTL TOUEK  x%,
n.

n=1, 2, ..., IPHHAJVIKHT KOMIAKTHOMY MHOXeECTBY B X;,, a I0-

CJ1e0BATENLHOCTD (x?“, v x;‘:i), Jj=20,1,2, ..., gexur B D,.

C noMoilpo AMATOHAJIBHOTO MpOIlecca HalJeM Moc/aef0BaTeqbHOCTD
HHIEKCOB f; TAKHX, YTO NP KaXKAOM R TOCJAeJ0BATENBHOCTD x:”
CXOZUTCS K Hekoropomy npegeny xi. M3 saMkHyTOCTH MHOMecTBa
D, cnenyer, uto npu Jwo6oM n (x?, X, . n, xﬁn) &eD,.

Onpenenum GYHKUHIO o (S), TOJOXKHB m(sk)=x?e, k=12 ...,
H J00Npele/uB €¢ B OCTaJbHBIX TOYKAX NPOH3BOJNBHEIM 06pa3oM.

s o}

N 4 7

Torna npu JawboMm n umeeM @ (3) & F, = C,. Clegosatensio, ﬂ Cp
n=}

HEeNyCToO, YTO NPOTHBOPEYHT NEPBOHAUAJNBHOMY JAONYLICHHIO. OTCIOZla

. 4 7/
Buitexaer, uto lim P (Cy) =0 u npeamepa P’ JonycKaer NpoaoJ-
JKeHHe N0 HEKOTopoi Mepel P Ha o-adrefpe ©&, comepkaileil Bce
LUHJHHAPHUECKHE MHOXeCTBa NpOcTpaHcTBA. BepositHocTHOoe mpoct-
panctso {Q, @, P} nocrpoeno. IlosoxuM Termeps §; = gy(w) = o (s).
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Torna

P {(gsl: veey gsn) = B(sl’ e sn)} —
=P{o (), ..., 0(s,) €BEr )} =
=P’ (Csl, (B(Sl’ Sn))) =0, (B(Sl’ vers Sn)). N

s Sy

§ 3. YcuoBHbie BEpOSATHOCTH

OuementapHas (opMyJaa AJs YCIOBHOH BEpPOATHOCTH COGLITHS

A npu runoreze B

PUAIB =202 P>, (1)

)

NO0Ka3bIBaeT, Kak CJeAyeT ONpeleJsiTb BEPOSTHOCTb, €CIH Onpeje-
JIEHHBIM 006pa3oM MeHsieTcsl KJacc AONYCTHMBIX 3KCIEPHMEHTOB HJH
KOMIIJIEKC YCJOBHH &, NpPH KOTOPHIX NPOBOLATCS SKCIEPHMEHTHI.
A wumenno, x ¥ noGapasiercs ciaenyioliee TpeGoBaHne: paccMaTpH-
BalOTCsl TOJNBKO Te 3KCIePHMEHTHl, B KOTOPhiX B 06s3ano mnpouc-
XOIHTB.

[TocTaBum Bompoc mmupe. [JomycTuM, 4TO NPOH3BOAHTCH HEKO-
TOphIil sKcnepuMenT 3. Kak ciefyer ONpenesnTb BEPOSTHOCTH cO-
ObiTHH, HaOMIONaeMBIX B APYTHX SKCIEPUMEHTAX, €CJH TNPENHoJo-
KHUTb Pe3y/abTaT 3KCIIePUMEHTa J (QUKCHPOBAHHBIM?

Ilpexkne uem math ¢opmanbHOe OlpeneseHue, OGCYAMM H pac-
CMOTPHM INOCTABJEHHBII BONPOC B YACTHBIX caydasix. IToCKOJBKY
SKCIEPHMENT J NOJHOCTLIO ONKCHIBaercs 6-ajireGpoll § mabuonae-
MBIX B J cOOBITHI, 0603HAYHM BEPOSITHOCTb, KOTODPYIO Ke/IaTelbHO
onpenenuth, iepes P{A|F} u nHazoBeM ee yCIOBHOI BepOATHOCTHIO
co6uiTust A oTHOCHTENBHO G-anrebpu §. Ecin A & §, To ecTecTBeH-
Ho mnosoxkute P{A|§} =1 nau O B 3aBHCHMOCTM OT TOrO, MpO-
M301JI0 JIH COBBITHE A MK HeT.

[Tycte Tenmepn § siBAsieTcss npoctoil o-anire6po#, £, — ee aTOMBL
u P(E,)>0. Ectu A — npouseosstce cobuitne Ha &, TO MOJO-
KHUM

Hm%=;PMMM@J 2)

rae P (A|E,) onpeneasiercs no ¢popmyae (1).

OTMeTHM CYILECTBEHHYI0O OCOGERHOCTb JHAaHHOTO onpenesNeHHs:
yCJOBHAA BEPOSTHOCTL ABJSETCA CAYYaHHON BETHUMHOH, 3aBuHcALLleld
OT pesy/bTaTa COOTBETCTBYWOUlEro skcnepumenTta. [ocaenuee ¢op-
MaJ/IbHO 03HAYaeT, YTO YCJOBHAA BEPOATHOCTb SBAAETCH §F-H3MEpH-
MO# cJayyalHOH BeJHYHHOH,
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BBejeM TIOHSITUE YCJIOBHOIO  MaTeMaTHYECKOTO  OXKHAaHUs
M{E|S} cayuaitroli Benuunnbl §. EcTecTBEHHO MONOKHATH

M1} = (&P (o] )
Q
HJHA

MEs=Y &2 | cap. 3)

n
[Ipu 3TOM mOpeanonaraercsd, 4to ME KOHEUHO. Ecaun B mnocnenHed

Gopmyne moJoKUTb § == j(A), TO MoJMyYUM yCJOBHYIO BEPOATHOCTD
cobbiTHs A

M (L)1 5 = D% (E) Dl —p 4,

TaK 4TO YCJOBHAA BEPOATHOCTb fABJAETCH YACTHBIM CJaydaeM yc-
JIOBHOTO MAaTEMAaTUUeCcKoro OXHIaHHA.
[TycTe 1 — NpOH3BOJbHASA OrPaHHUEHHAS F-H3MEpUMasn Caydaid-

Has BeJuuuHa. Torzaa n——ZanN (E,). ¥YMmHoxada paBenctBo (3) Ha

1), TOJNYYHM

MM EIE) =) a, [ gaP=3" {nzaP
n E, n E,

HIU

MM {E| B}) = Mnz. 4
TlocnepHee COOTHOUIEHHE MOJIHOCTBIO OlNpenesaseT YC/IOBHOE MaTe-
MaTH4YeCcKoe OXUZaHue caywailiHofi Benuuussl &. JlelicTBuTesbHO,

nycrs £ — §- uzmMepumas cly4ailHasl BeJMUMHA TaKas, 4yTo AJs JIo-
Bok orpanmeHHou F-u3mepuMol caydaidHon BeJIHYMHBL 1) HMeeM

M(ng)_- M(nE). Tak xaxk é—nocmmmaf{ na E,, to §-— Cn, OpH
o E,. [lycts 1 = y(E,). Toraa

Mng) = ¢, My (E)) =, P (E) = { z.aP,
En
T. e. £ coBnamaer ¢ npasoil yacTbio Gopmyant (3).
Bocnoabnayemca paeeHcTBoM (4) /s onpeleseHust YCAOBHOIO

MaTeMaTHYeCcKoro OxujiaHusa B obuwem caygae. Ecau B {4) noJao-
¥uTb 1} = Y (F), TO OHO NPUMET BHJ

(Mg ap = (ear. 5)
F F

Onpeneaenune Ycaosuoim maresmaruveckum oxudanuem
M{E|S)} cayuainod eeauwunot & (ME cywecTéyer) OTHOCUTEAbHO
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o-aseebpor § HasvigaeTcs F-usmepumas cayqalinas sesuduna, yoo-
saeTgoparcuias pasencrsy (b) das kawdozo F = §.

Teopema 1. ¥caosroe maremaruueckoe oxmudarue npous-
604bHOU  cayuaidnoll seaudunvr (ME onpedeseno) cywecrsyer u
(mod P) eduncrsenio.

Hoxasareaverso. Ilpasas uacte ¢opmyinl (5) fBJAfETCS O-KO-
HeuHbiM 3apsaoM @(F) Ha §, abCOJIOTHO HENpPEepPHIBHBIM OTHOCH-
TeabHO Mepel P. B cuay Teopemnl Pasona — Hukoxuma cyuiect-
ByeT §-usMepuman GyHKUHA g(#) Takas, uTo

¢ (F)= | e WP du).
F

Ocraercs nonoxute M{E|¥}= g(u). Ilokaxem eauHCTBEeHHOCTH
{mod P) ycAOBHOro MaTeMaTnyeckoro oxuganust. Ecau cymecr-
BYIOT JBe CJyuyailHbie BEJIHUHHB & U Ey, YIOBJETBOPSIOUIME Onpeje-
JIEHHIO YCJOBHOIO MAaTeMAaTHYECKOrO OXHAAHHUS, TO s J106oro

Feg S (é; — 22) dP =0, uro B cHNy §-U3MEPHUMOCTH BEJIHYHUHBI
v F‘ v v
£, — £, BO3MOXHO Torna, Korxa &, =&, (mod P). W
Onpenenenune. ¥caosnoid eepoarnocToto coboirus A 0THO-
CUTEAbLHO O-Qa2e6pbl T HA3DIBAIOT CAYLALUHYIO BEAUHURY

P{AI3} =M {x(4)|3}.

Ipsimoe onpenenenue P{A|§} Moxuo chopmyaupoBath Tak:
Ycaosnasn sepoarnocte P{A|F} ectv F-usmepumasn cayuaiinas
seaununa, ybosaersopaouan 044 Kasdoeo F = § pasercrsy

{P(aisyaPp =P anp). (6)

F

M3 reopemnl 1 caenyer, uto P{A|F} cymecTByer ¥ npu Kamaom
A (A =©) onpenensercs (mod P) exuHCTBeHHBIM 06pasoM.

OuesuznHo, uTo a5 J1060H F-u3MepuMoll cayuyaiiHOH BeJHUHHBI
BHINOJIKACTCS PaBEHCTBO (4), €ciu TOIBKO BesnuyMHa nE HHTErpH-
pyema. CoorHomeHHlo (4) MOXHO HPHIATb CJIEAYIOLIYIO BamKHYIO
uHTepnperanuio. Ilpennonoxum, uyro ME? << co. Bymem paccma-
TPUBAThL CAyuallHble BeJHUYMHB KaK BEKTOPH B THJbOEPTOBOM npo-
crpanctee Z3(Q, &, P). Ilonoxum maa kparkocta § = M{E|S},
i nycte H o6osnauaer mogmpocrpaHcTBo Fo(2, ¥, P) Bcex §-us-
MEPHMBIX C/IyYaHHBIX BEJHYHH C KOHEYHBIM MOMEHTOM BTOPOro IO-
panka. H saBnserca JuHeHHBIM 3aMKHYTBIM NOANPOCTPAHCTBOM

PL2(Q, © P), E=H, u nas moboro n & H My (E— &)= 0. 310
paBeHCTBO 03HAYaeT, YTO BEKTOp £— § OpTOroHa/ieH MOANpPOCTPaH-
ctBy H, 1.e. uto § sBaseTcs npoekumeidl Bekropa § mHa H. Hrak,
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ecan ME? << co, TO yC/IOBHOEe MaTemaTtuueckoe oxunanune M{E|§}
apJsercss TNPOeKUMeHd § Ha TOANPOCTPAHCTBO BceX §F-H3MePHMBIX
cydafiHBIX BEJHUMH C KOHEUHLIM MOMEHTOM BTODOTO MOpSAKa.

TlpuBeleM Dsiil CBOHCTB YCOBHBIX MAaTEMaTHYECKHX OXHIAAHHHA.
YcJOBHMCS, UTO BCE pacCMaTPHBaeMble HHXKE CAydaHHbIe BeJIHUMHBI
@MeI0T KOHeuHoe Hin OecKOHEUHOe MaTeMaTHYeCcKOe OXHAaHue,
a BCe HANHCaHHBIC PABEHCTBA NMOHHMAIOTCH KaK PaBEHCTBA C BEPOAT-

HOCTbIO
a) Ecau cayuainas sesununa § §F-usmepuma, 1o

M{z |8} =¢.

JleficTBUTE/IbHO, yCJoBHe (D) BHINOJHSETCS TPHBHAJIBHO, eC/k
nonoxkutb M{E|F} = & B uvacrHocTh, ecsin A = §, 10

P{AIT} =x(A). 7y

6) Ecau &, B2 npunumaror 3nauenus 00HO20 3HAKQ UAL UMEIOT
KOHEeUHOe MATemMaTudeckoe oxcudanue, To

M{§1+§2|%}=M{§1]%}+M{§2l%}-
TlonoxnM & =M {g;|F). das moboro F g
S(él+éz)dP= SéldP"l‘ SEzdP:

F F F
={taP+ (eaP= [ +e)ap.
F F F

YuuTsiBas e€AHHCTBeHHOCTh (mod P) YCJIOBHOTO MaTeMaTHHecKOro-
OXHIaHHA, NOJyuuM Tpebyemoe.
Cnepncreue. EcauA N B=, 10

P{AUBI8}=P{A|8}+ P{B|¥}(mod P).
B) Ecau E<<n, 70
MEITI<M{n8},
Ko20a xora 6bl 0OHQ U3 CTOPOH HEPABEHCTBA UMEET CMbICA.
Ecou n =0, 1o SM{n IB1dP =0 ana moboro F e §. Caeno-

F
Bateapno, M{y|§}=>=0. B ofmeM cayuae, noJoxus 1 = § -+
+ (m — &) u Bocnosib3oBaBILKCh 6), NOJYUUM

MBI =MEITI+MN —EITI=M{E IS}

r) Ecau &, n =1, 2, ..., — MOHOTOHHO HeybbviBaroujas nocie--
dosaresvrocTs HEOTPUUATEAbHOIX CAYUAUHbIX BEAUUUH, TO

lim M {g, 13} = M{lim¢, |§}.
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HeficTBHTE/NIBHO, B CHJIy TEOPeMBl 06 HHTErPHPOBAHHH MOHOTOH-
HEBIX NOC/AELOBAaTEJbHOCTEH

§1im M (2 153 2P =lim | M (g, 1%} @P < lim fenap= {lime, ap.
F

F F F
Canencrsue. Ecau A, n=1, 2, ..., nonapHo Hecosme-
CTUMbL, TO
P{la1s)=5Pirim ®

BaxHoe samesanye. Ycnosrsle BepositHocTH P{A |§} = Pg{4, o}
ABJAIOTCA PYHKUHSAMH IBYX apryMeHToB — A u 0 (A E 6, 0 = Q).
PaBencrso (8) umeer MecTo TONBKO ¢ BepOATHOCTbIO 1, npuuem
HCKIIOYATEIbHOe MHOXKecTBO N TeX , Anf KOTOPHX (8) He BbI-
TIOJIHEHO, 3aBHCHT OT moc/enoBaTenbHOcTH A,. [lostomy, BooGme
TOBODS, HeNMb3sl YTBEPKAATh, YT0 Pg (4, @) aaa Kakux-au6o ¢ -
Jigercd Mepod.

1) Ecau maremaruueckue oxudanus & u af umeror cmoica, o —
‘B-usmepunas cayuaidnan sesuuuna, TO

M {at |3} =aM {IT}. (9)

B cuny G) npu noxasaresbcTBe MOXKHO OrpaHHUHTbCS mnpegmno-
JIOXKeHueM, uto £ >0 n o = 0.

Hnsi nucKpeTHbIX ¢ M § paBeHcTBO (9) GBLIO YCTaHOBJEHO pa-
Hee, XOTi H 3aMHCBIBAJIOCh B APYTol, HO SKBHBAJIEHTHOH dopme (4).
B oflemM ciyyae MOCTPOMM MOHOTOHHO BO3DACTAIONIYIO MOCIENO0-
BATEJIbHOCTb HEOTPHLATENbHEIX AHCKPETHBIX CIYYaHHBIX BEJIHYHH Ey,
CXOAALLYIOCA K § NMPH KaXXAOM ®», H MOHOTOHHO BO3PacCTaILLYIO MO-
CJI/IOBATENbHOCTD  F-H3MEPHMBIX  HEOTPULATE/BHBIX JHCKPETHBIX
CITy4aHHbIX BETHUMH Qn, CXOAAILYIOCS K o, IOACTABHM B (9) ar==or,,
§ = Em W TIepedfeM K mpelielly, NOJOXHB CHAauajga M —> 00, a 3a-
TeM n— oo. Micnosbsys r), mosyunm tpeGyemoe.

CaencrBue. Ecau F=§, 10

P{ANFF}=x(F)P {4]S}. (10)

[TosTOpHOE NpHMEHeHHE ONEpalmuH BLIYHCJAEHHS YCJIOBHOTO Ma-
“TeMaTHYECKOTO OXHAAHUd o6JajaeT BaKHBIM H 4acTo npuMeHse-
MBIM CBOHCTBOM <«IIOTVIOLLICHUSA>.

Teopema 2. Ecau§; < o, 1O

M{M{gl%2}l%l}=M{gl%l}-

HoxkazateancrtBo. Uz Fe§, crenyetr F & §,, u nosromy

I MIMEIS)B)dP = (MR aP = (8P = (M5, dP.

£ r F F



¢ 3 YCJOBHEIE BEPOSTHOCTH 11e
ComnoCTaB/As  KpaiHHe 4YacTH MOJYYEHHBIX DPABEHCTB, NOMYHHM
rpebyemoe. 3aMeTnM, 4TO paBeHCTBO M{M{E|S1) | B2} = M{E| 1}
(‘i‘fC%‘l) TpUBHAAbHO. [leficTBHTENbHO, BEIHYMHA MBS B a
rem Gosee M Fo-usmepuma. HammcanHoe paBeHCTBO TOTAd BhiTE-
xaer U3 a). .

[IycTb paccMaTpHBAETCS HEKOTOPHIA IKCNEPHMEHT, ONHUCHIBAC-
MBlil CTyYaHHbBIM 3JeMenToM g, § = g (o), co snavennsmu B {X, B}.
VcaoBHOE MaTeMaTHueckoe oxupanne M{E|L} cayuaiHol BesHuuHBL
£ OTHOCHTEJIbHO CNyyalHOro 3JleMeHTa {-— 3TO TO CpeJHCe 3Haue-
nue E, KOTODOE OHO HMeeT Nnpu (HKCHDPOBAHHOM 3HaYeHHH L. B co-
OTBETCTBHH C NPENBIAYIIHMH PAacCyXIEeHHSMU MpUMeM clenylollee

Onpeneaenne M{E|L}= M{E|St}, ede & — o-aqcebpa,
NOPONCOEHHAR CAYHAUHBIM INEMEHTOM L.

EcJad HCXONUTh M3 NEePBOHAUYANBHOrO ONpefe/eHHs YCJIOBHOIO
MaTEMATHYECKOTO OXHAAHHSA, TO 3TO ONpeleseHHe 3KBHBaJCHTHO-
caefyoleMYy:

M{e|C} seaserca Ty -usmepumot cay4QitHol seausunoll, ydo-
gaeTsopsiroweii npu atobom B & B coorHouleruio

| MeigaP=§ zaP. (an

g~ (B) ;)

Teopema 3. Ycaosuoe maremaruuecxoe oxcudarnue M{E|L}
asaserca B-usmepumot pyuxyued or §, 1. e. nailderca Takas B-u3-
mepumas Oeticreutesvnan Qyuxyus h(x), x e X, uwto M{E|L}=
=h() u VB9

Sh(x) Pg-! (dx) = S £ dP.

B Pkt

[TepBas uacTbh yTBEPXKIEHUS BHITeKaeT W3 TeopeMn 5 § 1, a BTO-
pas — M3 npaBu/a 3aMcHBl mepeMeHHBiX (reopema 12 § 1).

OTMeTHM clieyIolle CBOHCTBA YCIOBHBIX MaTeMaTHUECKHX OXKH-
LaHUH OTHOCHUTEJNLHO CJYYalHBIX BeJUYHH, HENOCPEACTBCHHO BLITe-
Kaolye U3 NpeiblAyllero:

e) Ecau &= h(), 20e h(x)— B-usmepumas GyHKyus, T0
Mgl =&

K) Ecau §; — cayuaiineie anementor 8 {X; B}, i=1, 2,
(Cl,M%2)|—}ux npamoe npoussedenue, o M{M{E| (L1, C)}|Ci}=
= M{E|C:}-

YTBepxaeHue €) caefyeT u3 A), XK)— H3 TEOpPeMHl 2.

Peryagpubie ycaoshsie BepoatHoctd. I[lonoxum P{A|B}=
= P%(4, o). Ipn kaxaoMm A & & yc/oBHass BEpOATHOCTD P4, o)
OnpexneseHa OJHO3HAYHO, HO TOJNBKO C BEPOATHOCTbIO 1.

npeneaenune Ecau cywecrsyer ¢pynkyua p(4, o), A
6@, 0 = Q, Takas, uTo
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a) noury dan scex w p(A, w), Kak Pyrkyus or mHowmecrsa A,
ABAACTCS 6ePOATHOCTHOL MepOLl,
6) npu purcuposanrnom A p (A, o) F-usmepuma u

p(4, ®) =P%(4, 0) (modP),

To p(A, ) HA3LLEAIOT peeyAsipHOL YCAOBHOL B8ePOATHOCTLIO,
MoxHO NpUBECTH NpPHMeEPHI, KOrjga pPery/ispHble YCJIOBHBIE Be-
POATHOCTH He CYIIECTBYIOT. Ecau e OHM CyIIECTBYIOT, TO YCJOB-
Hble MaTeMaTHYeCKHe OXHIAaHUA BHIPAKAWTCA Yepes HHX ¢ To-
MOLUBIO HHTEIPDHPOBAHHUS.
Teopema 4. Ecau p(A, o) =P°(A, 0) — pecyrapras ycaos-
HASL BEPOATHOCTS, TO

MEI8) = 7)) P, o) (12)

Horasareascrso. Kaace cayuaiiHblx BequuuH §, A1 KOTOPHIX
aTa (opMyJa CHPaBel/uBa, JIHHEEH, 3aMKHYT OTHOCHTGJBHO mpe-
AeJBHOTO IIePeXofa HO MOHOTOHHO BO3PAaCTaICIUHM NOCAEf0BATENb-
HOCTSIM HEOTPHLATENbHBIX CAYYaHHBIX BeAHYHH (B CHIYy TeOpeMmbl
00 MHTErpHpPOBaHHH MOHOTOHHBIX NOCJefOBaTeJbHOCTeH) H coaep-
war unpukaropu y(A), A € &. Orciona dopmyaa (12) caexyer
Aas Beex &, Ajst KOTOpbIX ME Konedno. B

[Mockonibky perynsipHble yCJIOBHBIE paclpenesieHHsi He BCerga
CYUIeCTBYIOT, BBelleM BHIOH3MeEHEHHE 3TOro MOHATHSA, AOCTATOYHOE
AJS pemlenud psiaa 3ajad, BOSHUKAOWIHX B IPHJOKEHHSX.

ITycre {X, B}— u3MepuMoe NpoCTPAHCTBO, § — cayvaliHbill 3.e-
meHT B {X, 9}, § — 0-anrebpa, § < &. )

Onpeneaenne. Ecau cywecreyer ¢pynkyua Q(B, o), on-
pedenennan na B X Q u Takas, 4ro

a) npu Qurcuposannon BB Q(B, w) F-usmepuma,

6) ¢ sepoarnocrord 1 Q(B, o) npu gurcuposannon o 1848eTCA
BepPOATHOCTHOUW Mepol Ha B,

B) npu kaxdom B9 Q(B, o)= P{({ < 3)|%} (mod P), r0
Q(B, ®) Ha3b16QI0T  pe2YAAPHBIM  YCAOBHBIM  pachpedeneHlem
CAYUQIIHO0 3AeMEHTA § OTHOCUTEALHO G-aicebpol F.

Ycniosne B) SKBUBaNeHTHO TpeGoBauuio: Aas Bcsikoro F & §

jQB, 0)P@e)=P(E =B P).

F

Teopewma 5. ITycte X — noanoe cenapabesvtoe meTpudeckoe
npocTpancTeo, B — c-areebpa b6opesescrux muoncects X, §— cay-
saiinbid arement 6 {X, B}. Tozda § obradaer pecyrspueim ycaos-
noly  pacnpedesenuem OTHOCUTEALHO NPOU3BOAbHOL G-aseebpei F
(Fc©).

Hoxazareabcrso. Ilycts g — pacmpenenende ciaydaliHOro sJe-
MeHTa {. MOXKHO MOCTPOHUTL MOHOTOHHO BO3DACTAOILYI NOCAELO-
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BaTeJbHOCTb KOMNakKToB K, B X Takylo, uto (cM. teopemy 6 § 2)
g(X\K»)<< e, u e, — 0. TIpocTpaHCTBO BCeX OrpaHHYEHHBIX He-
npephBHBIX QYHKIMA Ha METPHUECKOM npocTpanctse X 0603HAUHUM
uepes ¥ (X) u Beenem B ¥ (X) merpury p(f, g), nonoxus r(f, g) =
=f—gl, Ifl= sug{]f(x) l. Tlpocrpancreo @ (K,) sBasercs

X e
cenapabenbnbim. Ilyers {f.n(x), k=1, 2, ...}— cuernas Bcrony
njgoTHas cetb B % (K,). Ilpomomxkum f,;(x) na Bce X Tak, yTo6HI
Sup I fnk (x) l = SUPXI fnk (X) l
X e

xe=K,

[Monoxnm % = %n (L), %xn(X)= x (K4, x). Uz cBoiicTB ycaos-
HLIX MaTeMaTHYECKUX OXKUAAHHI BHITEKaeT, YTO MOXKHO HalTH Ta-
Koe Do, uto P (Do) =0 u npn o & Dy BHNOAHAIOTCA cAeRyIOlIHE
COOTHOILIEHHUST:

ecad [, =0, 1o
MT@x 18320, M{rfo @18 =M {Fae O % IS
ecas | fpp— fnil <r, 10
IM{(Foe — Fa) X2 I8} 1<,
MA{(F e (O + T O % IT} =M {F 1 (©) % | B -+ M {F; () %0 | T}

Ansg Beex n, kR, | u paunonadnumx r. C Zpyro#t CTOPOHH,

[ MG @218 = M 021 T 2 @ AP 1<

< | e —fwwig@,
FK,

Tak uro ecau || x, (f — F.)1—0, 1o
M{f(C)an‘S}=limM{fnk,(§) Xn| B} (mod P), (13)

IpuyeM Ipeles CnpaBa He 3aBHCHT OT BHIGOPA anNpOKCHMUPYIOILEH
NOC/IeIOBaTeNbHOCTH.

Tak Kak ycJ0OBHOE MaTeMaTHUECKOe OXHAAaHHE He OMNpefes]eHO
Ha MHOXeCTBax BepoATHOCTH 0, TO MOXKHO BOCHOJB30BAaTbCS COOT-
nowennem (13) ans onpenenennst M{f({)x»|F} B ciyyae npous-
BoJLHOH f, HenmpepblBHOH Ha K, rie /xnh/*HeKOTOpaH focJe-
JOBaTEJIBHOCTL  3JIEMEHTOB BCIOAY IIJIOTHOH Ce€TH TakKas, 4To
IH(F — Fan;)xnll = 0. TIpu TakoMm ompenmencHuu ycaOBHHIX MaTeMa-

THYECKUX OXKHIAAHMA AN BCeX w & Do M AJS BCEX HeNpepbIBHLIX
Ha K, o¢yuxuuit f(X), g(x) u mM00bIX AeHCTBUTENBHBIX ¢ H d

M{ (8 %8} = 0, ecan f =0,
M{c] (©) %+ dg @) % 1T} =M {F Q) %, 1T} + dM {g @) %, | §},
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‘1. e. ¢ BepoaTHOCTbIO 1 M{f({)xn |8} OKasbiBaeTcs NMOJIOXKUTENBHBIM
auHedHBIM QyHkuuonasoM Ha % (K.). CornacHo onxHOl Teopeme
‘M3 TEOPUH Mepbl TAaKOH (YHKIMOHAJ JONYCKAeT NpencTaBJeHHe

MO8 = | 1®Wa.@xe), o=b,
Kﬂ-

tle Gn(B, ®)— mepnl ompenensieMble Ha GOPENEBCKHX TNOAMHOMKE-
crBax K, omHosHauHo. [/ npousBo/bHOrO B & B nonoxum

q(B, 0) =limg, (BN K,, o), o & D,
9(B, ) =q(B), o & D,.

HeTpynno nposepuTb, uTO mnpH (GUKCHPOBAaHHOM @ ¢ (B, ©) saB-
Jasercsa Mepoil. [leficTBHTEJNbHO, BO-NepBHX, ¢ (B, w) xoneuno apgau-
THBHA (2TO BhITEKaeT M3 aAJNUTUBHOCTH ¢,). [Hamaee, ecin B =

=L_J13m By Bn,= @ npu n; 7= ny, 10 (0 & DY)
N N o
2.9 (Bs, m)=q(u8k,m)<q(UBk, m)=

= tim a((10, 0) = lim 34, B0 K, <5 084, 0)

n=»o0
‘3acrasass N — oo, noayuyuM ¢ (U B, m) =2.q(Bs,0), T. e. ¢(B, 0)
1 1 .
-cueTHo anjgutuBHa. M3 pasencrsa

| F@au(dx, 0)= { 1(9g(dx, 0), o=,
Kll Kn

caenyet (o & D)
Ve )= | Fqr, 0)=lim { }(1)g.(dx, o)

X [ K

Uk,

1

n

i moGodt B-usmepuMoli HeoTpuuarenbroit ¢pyukuuu f. ITosTomy,
€C/H [ — HenpephBHAA U OrpaHHUEHHAS, TO

M{fl%}=’}i_£r:°M{fxnl%§}=Sf(x)q(dx, ©) (modP).  (14)
X

Tak Kak DPOH3BOJIBHYIO OIPaHHYEHHYIO B-H3MEPUMYI0 (YHKIHIO
J(x) MOXHO annmpOKCHMHPOBATH NOC/AENOBATENLHOCTHIO OrPaHHUEH-
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HBIX HeNpephBHbIX GYHKUUH [, (X¥) Tak, YTOGHI S] F () —F,(x) g (dx) —

{Mi©I81aP— (M7, QIR aPI<

F F

< Slf(x)-—f,,(x)lq(dx) BHITEKAeT, 4YTO paBeHcTBO (14) umeer

F
MECTO H AJS NPOH3BOJNBHON B-H3MEPHMOH OrpaHUYEHHON QYHKIHHU.
B uwacruocr, P{B|F}=¢(B, 0) (mod P). R

PaccmorpuM cayuafineie saements §; u & B {Yy, 8} n {¥y, B}
coOTBeTCTBEHHO, The {Y;, B;} yI0BIETBOPSIOT YCJAOBUSAM TEOpPEMBI 5.
[Monoxum Y2 =Y, XY, B2 = 0o {B,, k=1, 2}. [Tocaenosaren--
HocThb G2 = (g, &) MOXKHO paccMaTpHBATh KakK cjaydaiiHbIf 3Je-
Mernt B {Y(:2), B2} a V(.2 — xak nojHoe MeTpHYecKoe cenapa-
6eabHoe mnpocTpaHcTBO. [IycTh ¢; o6osnauaer pacnpenenenue &;
(i=1, 2), ¢"?—pacnpenenenue {2, a ¢@'Y— peryasipHoe:
YCJIOBHOE pacnpejeseHye §y OTHOCHTENbHO G-anareGpul §, nopox-
AeHHOH cayyaliHbIM aJeMeHTOM §;. Tak kak ¢! gpasercs Fr-uame-
pHMOi_ (yHKIHel, T0 g1 (By, ©) = q (By, L)), re By & By,  chyH--
uus g(By, y) B;-usmepuma. M3 ompeneseHHst ycJAOBHBIX BSPOSITHO-
crell caenyer

—> 0, TO u3 HepaBeHCTBA

| 9B ) dP =q0-2(B, X By),

a7l By

rae B; — mpousBosbHOe MHOXKecTBO U3 B H §; = ¢;(w). B coor-
BETCTBHH C IPaBHJIOM 3aMeHB!l IepeMEeHHOH 3TO PaBeHCTBO MOMKHO-
3anucaTh B Buje

g2 (B X By) = S q(By, y1) dy,
B,
HJIH

g2 (B, X Bo) = { 0 By, 1) {49 B, ) 4y, y) 01 (), (15)
Y] Y2

roe ¥ — HHAMKATOPH MHOXKEeCTB B mpoctpancrie Y; M3 mocnen-
Hell GOpMYJHl BLITEKaeT
Teopema 6.

P g dg2 = (§ 7, 929 (dus, 9001 (dy) (16}
P2 Y \v,
Oas a0botx BA-usmepumoly HeoTpuyaresvHvlx Gynkyuil,
IleficTBaTeNbHO, Kaacc GyHKUHH f, NS KOTOPHX Qopmynaa (16)
BepHa, JHMHEEH ¥ 3aMKHYT OTHOCHTeJbLHO NpEAeJbHOTO lepexoga no
MOHOTOHHBIM TOC/efoBaTedbHOCTAM. Tax Kak on B cmay (15) co-



124 AKCHOMATHKA TEOPUM BEPOSITHOCTEN [T 11

ACpKUT QYHKIHH Buia xx®, To OH COZEPKUT M HX JHHeHHbIe
KoMOunauuu. C Apyroiél cropomsl, npoussoabuyo B(A-yamepumyro
(YHKIMIO MOXHO aNlPOKCHMHDPOBATH MOHOTOHHO BO3pacTanoUHMU
MOCJACNOBATEbHOCTAMH  JIHHEHHBIX KOMOMHAUMH (QYHKUME BHIA
x([)x(z), |

3amerum, yto dopmysa (16) Bepra H gas 3HaKonepeMeHHbIX
Qyuxuuit f, ecqim TONLKO OfHA H3 cTopod pasedcrsa (16) uwmeer
cmeica. M3 ¢opmyant (16) sritekaer

Caencraue.

M{F (@ L) 182} = { £ @, ) 9 (g, 20). (17)

Y,

[TonyuennsiM pesysibrataMm MoxHO mpHiaTh crenyiomyio Gosee
obuyio dopmy. IMyctb &n — cayualinble saeMeHTH B {Yn, B}, Vi —
NOJIHbIE cenmapalelibHble METPHUECKHE HPocTpaHcTBa. [10/10KHM

8
vho =Ty, Beo=g(®B, k=1, ..., s,
k=i
ns==(%1, Lo, ..., &), qr — pacmpesesenue sIeMeHTA Zr B {Yg, B},
g9 =g (B, Ty, ..., Ls~1) — peryaspuoe YCJAOBHOE pachpeieseHHe
3JIeMEeHTa s OTHOCHTEJIBHO O-a/re6phl 3%—1 =$‘(;l, Tor eemr Bgy)® Us
popMyJIH

M{FISe ) =M{ . (M50, }[Sn, 0} - 1B, b
TIOBTOPHO NpPHMEHSAA cooTHomenHe (17), mosyunm
M@, ..., W I% )=
={ o (G v 0@t g ey pam0) X

2 yn—-l Yn
Xg®dYn-1, Gty Yoo« v vy Yumg) - .. qD(di, &),  (18)
M{TC, ..., L=
=S S (S o, - o ya)d™ (dy,, yy, -, yn—l))x
}’1 Yn.-l Yn
X gD (dyp—1, Y1, « ooy Yn-s) .. ¢2(dys, y1) g1 (dy)).  (19)

§ 4. Hesasucumocts

Mycrs {Q, &, P}— ¢ukcupoBaHHO® BEPOSTHOCTHOE IpOCTpaH-
ctBo. ITox cobeiTusiMu GyneM NOHHMATh, €CIH He OrOBOPEHO HHOe,
&-n3MepuMble TOAMHOXKeCTBa Q.

OBa cobeitua A u B wuasmBaoTcs He3asucuMoiMu, ecJau
P(ANB)= p(A)P(B). B cayuae P(B)> 0 s10 yCJIOBHE SKBHBA-
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JeHTHO cnenywoiiemy: P (A{B)== P(A). W3 onpenenenus uero-
CPELCTBEHHO CJeayeT:

a) Q u A, rne A — upou3BOABHOE COOBLITHE, HE3ABUCHMH,

6) ecan P(N)=0, A — moGoe, To N u A He3aBUCUMBI;

B) ecit A u B; (i=1, 2) HesaBucumn, By DBy, 10 A u
B\ B, nesapucumpl. B vactnoct, A 1 B, He3aBUCUMBI,

r) ecan A u B; nezasucumel, { =1, 2, ..., n, npudem By, By, ...

n
..., B, nonapuo necoemectumsl, To A H UB,- TaKXKe He3aBHCHMBL.
i

3amernuMm, 4To $e3 OTFOBOPKH O INOMAPHOH HECOBMECTHMOCTH CO-
6uiTHfl B; nocienHee yrBepxAeHue, BOOOLIE roops, He HMeeT Me-
cra.

n) A ue saBucut or A Torma W TOJIBKO Torma, korga P(A)=90
wi P(A)y=1.

Ilycts [ — HekoTopoe MHOxecTBO, {M;, [ I}— MHOKeCTBO
KJIacCOB COOBITHH.

Onpenenenue Kaaccor coburuld {M;, i <[} Hazoisaworcs
HesasucuMbiMy  (UAU HE3QBUCUMbBIMU 8 COBOKYNHOCTU), eCau OAf
NpoU3BOAbHbLY NONAPHO HepasHbix iy, ..., i, (ipe1) u npous-
goabrolx Ay, A, &My, k=1, 2, ..., n,

P(A, N AL .. NA)=P(A)P(4) ... P(4,).

3ameruM, UTO AJAST GECKOHEUHOrO MHOKECTBA KJaccoB COOLITHH
onpeaeseHHe HE3aBHCUMOCTH JKBHBAJEHTHO TpeOOBaHHIO, 4TOGHI
NPOH3BOJBHOE KOHEYHOe MOAMHOMKECTBO KJaCCOB COOBITHH COCTOSJIO
H3 HEe3aBHCHMBIX KJIACCOB COOBITHH,

HasoBeM kjJacc COOBITHI T-KJIaCCOM, €CJAH OH 3aMKHYT OTHOCH-
TeJbHO onepayuu nepecedenuss coluituit (r.e. ecnm us A =M,
Be=Mcnenyer ANB=M).

Teopema L. [Tycroe {M;, [ [}— cosokynuocTe Hezasucu-
Molx m-Kaaccos cobuituld. Toeda munumansvuote o-areebpor o{M;},
ie I, Hezasucumsl.

Hokasareaocrtgo. MOXHO OrpaHHUHTBCH KOHEUHBIM  YHCJIOM
kaaccos My, ..., M,. HocraToyno mokasarth, 4YTO €CJAH ONHH U3
KaaccoB, HanpuMep Ty, samenutsp Ha 6{M}, To HOBas mocrenoBa-
TeJILHOCTh KJIAacCOB COOLITHH TaK:Ke He3aBHCHUMA.

O6o3uauum yepes Y Kjaacc Bcex cOOLITHH, He 3aBHCAUIMX OT
My, ..., M. Tlo onpeneneruo MW; < A u Y obmamaer CBOACTBAMMU:
OH 3aMKHYT OTHOCHTEJNbHO CYMMHPOBAHHS CYETHON MOCIEA0BATENb-
HOCTH HellepeceKamluxcsl CcoObITHH M 00pa30BaHHS pPa3HOCTH
By\ By npu ycnosuy, uro By > By. Teopema 1 temepp BhiTeKaer u3
CAeNYIOLEro NpeoKeHHs.

Teopema 2. Ecau kaacc coboiruii % codepwur m-karace M
u obaadbaer caolicreamu:

a) us Ay Ay, Ay =¥, i =1, 2, caedyer ANA, = ¥,
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6) us A,es9%n=1, 2 ..., A, NA,= O npu ns=m cae-
dyeTUA,,E‘lI,

ro N codepowcur o {W}.

Hoxkasareascrgo. O6o3naunM U; MHHEMAJbHEI Kaacc COGLITHI,
cogepxkamuii M u obGaagaromuid ceofictBaMu a) u 6) (A, ecThb
nepeceyeHHe BCeX K.JacCoB, coaepxamux M u obsamanomux csofi-
crBamu a) u 6)). I[Tokaxkem, uro A, =c{M}. Mycrs A, (B) o6o-
3HayaeT KJacc Bcex coburufi A u3 ¥;, maa xoropux ANB=¥,.
Jlerko nposeputs, uto U, (B) o6nanaer csolictBamu a) ¥ 6). [aJee,
ecii Be M, 1o A (B)D M, tak xak M — m-kaace. ITostomy
A (B)y=1Y, (ecoiu B=M). Ho ato osnauaer, urto A, (A)> M nas
moboro A€, 1. e. U (A=A, Teneps yxe s moboro A< U,.
Taxum obpasom, U; saBasierca n-gjaaccoM. Ho m-xaacce cobuitui,
OllHOBpeMeHHO ofJsagamomufl cBoficTBaMH a) u 6), OUEBHIHO
aBaserca o-aarebpoii. Mrak, U = o {M} u A > o {M}.

Teopema 3. Ilycte {My, i = I}— mroxiecreo Hesasucumvlx
n-xaaccos cobvitud, 1 = LU I, (1Nl =), 8, =My, i = I},
k=12 Toeda B, u By Heaasucumel.

B cuay teopeMbl | MOXHO OFPaHHUWTBCH NPEANOJOXKECHUEM, 4TO
M; — o-anre6pul. Pacemorpum kaaccwl ¥, (B =1, 2), cocrosmue
H3 BCEBO3MOXKHEIX COGCBITHI BUIA A,‘lﬂAi?ﬂ ﬂAin, n — gioboe,
ir &€ I;. Onu 3aMKHYTH OTHOCHTEJBHO nepeceueHuil, Ap COMEPIKUT
Bece My, iy, u % u Yy HesaBHucHMEBL B cuny reopemur 2 o{¥} =
=My, i} n o{¥}=0c{M;, i =]} nHeszaBucumbl. @

CunencrBue. Ecau I pasburte Ha npoussosbHyw COB0KYn-
HOCT6 noOmHoxcecrs, [ = U I, nonapno 6esz obujux TOUEK, TO

| XK}

o-ar2ebpot B, = o {My, i1}, k= Q, Hezasucumvr 8 cosokyn-
HOCTU.

Hesapucumsbie caydaiinble aaementbl. Ilycts ; = f;(w) —ciay-
yaiuniil anement 8 {X;, 8}, ie L

Onpenenenue. Cayuainvle oaementor {t;, iel} Hasol~
8QIOTCSA He3asucumbim (HE3ABUCUMbIMI 8 COBOKYNHOCTU), ecAu 0Af
2106020 n U npou3sosvHblx B e %ik ire1,

P (kfill &, = Bk}) =,’]:=Il P {¢:, = B:}.

Bonee o6mum gBasieTcs onpenesieHne He3aBHCHMOCTH ceMelicTBa
MHOXECTB C/yyadHbIX 3JeMeHTOB. PaccMOTpHM HekoTopoe cemefl-

CTBO MHOXKECTB {;‘;, ie]u}, R € M, caydaliHEIX 2JIEMEHTOB €O 3HA-
uennsmuu B {X%, B},
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Onpenencuue. Muomecrsa cayuaiinbly 34eMeHTO8 {g‘;, =
= Iu} (v = M) Ha3bIBAIOTCA  He3aBUCUMbIMY  (B3AUMHO HE3QB8UCU-

MoLmu), ecay He3asucumo: Kaaccol coboituli {Myu =M}, roe My
COCTOUT U3 8CeB803MONCHbLX coObiTUl suda

n
A u _ : 1 U
le {g, =8, ), n=12 ..., i <l, B =%,

Myers o{lY, i< 1} =T, obosnauaer c-aaredpy, MOPOKICHHYIO
MHOXKECTBOM CJAydYaHHbIX ajeMentoB LY, i &/, T.e. MHHHMAJAbHYIO
0-are6py, OTHOCHTEALHO KOTODOI HM3MEpHUMEl BCe caydalliHe Be-
JUYHHBL ¢4, [ & [, p QUKCHDPOBAHO.

Teopema 4 Muowecrsa cayuainvix snementos {L}, i < 1.}
(v = M) nesasucumes 10200 u TOAbKG TO20Q, K020@ HE3Q8UCUMbL
o-aneebpol Fy, p = M.

JloxaszaTeJbCTBO BBHITEKAET M3 3aMEUaHHA, YTO KJAacchl COGLITHIL,
BBeJEHHLIE B ONPEACJEeHUHM HEe3aBUCUMOCTH MHOXKECTB CJaAyuafiHbIX

3J1eMEHTOB, ABJSIIOTCS M-KJAACCAMU, H U3 TeopeMnl 1.
CnencrBue. [Tycrs (;“, oo BY), nE M, — mnoxecrso He-

3a8uUCUMbLY NOCAe00BATEAbHOCTEN CAYAliHbLY 30emenTo8, g, (X, - - .
e xsu) —of{By, k=1, ..., s }-usmepumvie Ppynxyuu (n&M).
Toeda cayualinoie seauyunot

=g, ), mEM,

B83QUMHO He3Q6UCUMDL.
3ameuanne Cayuafinele peamunusl {§,, w < M} B3aumHo
He3aBHCHMBlI TOTJa H TOJBKO TOrAd, KOTAA AJsl JI0Goro 7, JoGbX

D1, P2y «.., Wy U3 M ¥ M06bIX NefiCTBUTENBHBIX Gy, ..., Qn
n
P{Eul < Apy oo vy gun < an} =£:[l P{guk < ak}-

Heo6xonxuMocTs TpUBHAJABHA, a MOCTATOUHOCTb BBLITEKAET H3
TOro, 4TO C-ajiredpa, mopoxaaemas coObiTusaMmu Buga (&, << a},
cosnapaer ¢ o-aare6poit {§, = B, B = 9!}, B! — g-aarebpa Gope-
JIEBCKMX MHOKECTB Ha NPAMOI.

Ilycrs &, =1, 2, ..., 1, — N0CIeN0BATCALHOCTL HE3aBHCH-
MBIX CayyalHbIX sjeMeHTOB (Ha {Xp, Bp} coorBercTBEHHO), §) —
pacnpenenenue {p Ha By, ¢ ™ — coBMecTHOe pacnpenesdeHue Ho-

caenosateabHoctd (Li, ..., Ln) B {H Xpy, 6{Bg, k=1, ..., n}}«
k=i
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W3 onpenenennss He3aBHCHMOCTH CJEAYET, 4TO
n
gho (B X By X .. X By =11 6B, Bes®e (1)

OvueBugHo u obpaTHoe: ecau BhimogHserca (1) nas Bcex By & 9By,
1o BestyuuHbl {{y, £ =1, ..., n} HE3ABUCUMBL.

Mycrs g(x, %2)—0{®B;, i = 1, 2}-usmepumas ¢yukuus, § u
{o — He3aBUCHMBE cayualiHble sieMenTnl U Mg (L), L) << oo, U3
npaBuia 3aMeHbl IepeMeHHOH u Teopemnl PyOuHU TOrHA Ciaedyer,
uto Mg (%1, §2) sBAsiercss B-usMepuMmoll (yHKUHEH, KOHEUHOH A
q1-IOYTH BCEX X|, H

Mg @, &) = { o (@x) § @, 2) g0 (@x). @)
X, X,

B kauecTBe c/IeACTBUS OTCIOAA BhITEKAET GOPMYJIa

Mg (1) g (&) = Mg (&) Mg (%), (3)

cnpabeanusas, ecau Mg (§n) KoHeuHbl.
Crenyoliee npelJoxeHne MOXKHO paccMarTpuBaTh KakK YCHJAECHHE

NpeabIAYLIETO.
Teopema 5. Ecau cayuatinas seauutna & ¢ KOHEUHbIMU M-
TEMATUHECKUMU ONCUOAHUAMI U O-ar2ebpa § He3asucumst, TO

M {g |3} = Mt.

Hokasaresscreo. HeszaBucuMocTh cayualiHOH BENHYMHEI £ OT
o-anre6pel § 03HaYaeT, UTO HE3aBHCHMBI 0-aiare6pel § u Fy = o{g}.
Hostomy nas awoboro F & § cayuaiinble BesuuuHbl § U y(F) ne-
3aBucuMbl. ClenoBarelibHO,

S £ dP = My (F) Mg _ S (Mg) dP.

F F
Tak kax ME — nocrosnnas, To oHa §-usmepuma. ITostomy
Me=M{£|5). M

3akon «0 mam 1». Ilycts Aq, n=1, 2, ...,— HeKoTOpas nocne-
JIOBATeJbHOCTh COOBITHH.

TeopeMma 6 (teopema Bopens — Kaurenan). Ecau ), P (A <
n=|

< oo, 710 c0buetue lim A, = {A, 6ecxoneyHo uacrTo} umeer se-
posarrocte 0. Ecau ace coboirus Ay, n=1, 2, ..., He3asucumbt, 10

8epoaTHOCTs c06biTus 1im A, pasta O usu 1 8 3a8uCUMOCT OT

(o]
1020, cX00UTCA AU PAO Y, P (A,) vwau pacxodurcs.
n=|
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oo

0
Hokasareavcrso. a) Tak Kak lim A, = ﬂ U Ag, TO
n=1 k=n

n->o0 k=n

P{4,6. 5} = lim P(kU Ak)< lim 3 P(4) =0,

UTO JAOKa3biBAeT MePBYIO YaCTb YTBEPXKACHUS.
6) Ilycte Tenepnp cobuiTus A, HesaBucuMbl. Hyxkno xokasathb
(o]

TOJBKO, UTO €CJH P(4,)=oc0, To P{limA4,}=1. Iycts A*==
1

n=

=lim A,, Toraa
QN A*= L_Jl k(_] (Q\ 4)
H

P(Q\ A" = lim P(ﬂ (Q\Ak))= im [T P@\4,) =
n-»o0 k=n n—>c0 k=n
=lim J[ (1 =P (4))=0
n>o k=n .

B CHJY PacXOZHMOCTH pfAza . P (A4,).
fyuy

PaccmoTpuM Temepb NMpoH3BOJIBHYIO NOC/]AEJ0BATENbHOCTb HE3a-
BUCHMBIX O-ajrebp §,, n =1, 2, ... B cuay teopems Bopens —
Kanreann cobmrtue A*=Ilim A,, rae A, — npousso/ibHas noc/en0-
BaTe]bHOCTb Takad, uto A, & §,, umeer BepoarHoctb 0 uau 1.
ITOT pe3ysabTaT MOXeT OblTb 0600IIEH Ha NPOM3BOJbHBIE COBLITHA,

NOPOXAaeMble COBOKYNHOCTbIO BCeX O-alrebp §,, n=1, 2, ..., u
He 3aBHCALIMX OT IPOH3BOJIBHOH KOHEYHOH NOCJEN0BATEIbHOCTH
c-anre6p §i, 2, .. ., Tn. YTOUHUM 3TO yTBEPKIACHHE.

Mycts By =0 (F;,j =4k k+ 1, ...}, B, 06pasylor MOHOTOHHO
yObIBaOULYI0 NOC/EN0BATENbHOCTD O-anre6p. Mx nepeceuenne B ==

<o
=[] B, ecrb cuoBa o-aare6pa. Ilosoxum no OTIPEENICHHIO
k=

oo

%:Hagn:kgl oS, i=k k+1,...}

Oueunno, uto O-aare6pa limy, He H3MEHUTCS NpH 3aMeHe JIO-

Goro KOHeyHOro yHcaa o-aarebp §i, §z, - . ., Fn APYTHMH.
Teopema 7 (o6muit 3akon «0 mam 1» Kosamoroposa). Ecau

Sn, =1, 2, ..., — 83auMHO He3asucumble G-arzelpol, 10 BCAKOC

coboitue us lim g, umeer sepoarnocte O uau 1.
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HeticrButensuc, nycrs A &1lim §,. Toraa A & 8By, npu 060w k,
cneposareabso, A u o{&, ..., Fr_1} HesaBucumsl. [losTOMYy Hesa-
BuCEMBl A H 0{F1, ..., Bn, ...}. Tak KAK A= 0{Fn, k=1, 2, .. .},
To A He 3aBHCHT oT A. 3TO BO3MOXHO TOJLKO TOTIa, Koru.a
PA)=0uwm PA)=1. 1

Teopema 8. lHycro {{n, n =1, 2, ...}— nocaedosaresvbrocts
He308UCUMbLY CAYUQUHbIX BAEMEHTO8 8 (DUKCUPOBAHHOM MeTpute-
ckoy npocrpaucree {X, B}, F, — 0-asze6pa, nopomdennas Ly,

n=0{8r, R=n,n+1,...}. Toeda

a) npedea 1H0C16006aTEAbHOCTU {Gn, n =1, 2, ...} cywecrsyer
¢ 8epoartocToro 1 uau ¢ sepoaruocrero 0;

6) ecau X cenapabenrvto u noavo, to npedes nocaedosarerv-
noctu {Ln, n =1, 2, ...}, ecau on cywecrsyer, ¢ sepoarnocroro |
nocTOAHEH;

B) ecau z==[(x1, Xo, ..., Xn, ...)— QPYHKYua OecKoHe1uH020
uucaq apeymentos x, =X, n=1, 2, ..., u [(&, ..., En, ...)
B,-usmepuma, KaKoso ObL HiL 6140 N, TO OHQ ¢ BePOATHOCTEO 1 no-
CTOAHHA.

Hoxasatessvcrso. a). Ecnu p(X, y)— paccrosune B X, 10 MHO-
JKECTBO TOUGK, B KOTOPHIX §, CXOMMTCH, MOXKHO 3anHcaTb B BHIE

ﬂ U ﬂ { o: "‘Cn”l<%}. Tak xax coGuitus A,=

k=1n=1n,n"2=2n

== ﬂ {[ an—g,,”l<f} MOHOTOHHO BO3pacCTawT, TO U A, =8,
n', n"z=n n=l

apu Jio6oM m, TaK 4to u D & By, npu Mo6oM m H MOKHO NMpHMe-
HHTb O6mUH 3akoH O uau 1.
6) Ilycte F — 3amKHyToe MHOXecTBo, FF < X; uepes Fy o0Go-

3HAYHM OTKPBITOE MHOXECTBO Fp= {x: plx, F) < —kl—} Torpa co-
6ertne D) {lim {, & F} MOXHO NpeACTaBHTb B BUAE

pngimt.er =001 [ 0 t.=ra]

k=1 n=1 kz=zn

YTO NPHHAANEXRKUT B, M = 1,2, ..., B CHIY Tex ke CO0GDarKeHui,
YTO ¥ IpH JOKasaTenbCTBe a). TakuMm ofpasoM, anas JMi60ro 3aMk-
HyToro F BeinoJaHsietcst coorsouienne P {lim{, = F} = 0 uau 1. Ho
KJ1aCC MHOXeCTB B, IJs KOTOPbIX aHAJOTHYHOE 3aKJI0UeHHe HMeeT
MecTo, aBidercs o-anarebpoi. Caenosateanno, P {limf, =B} =0
und 1 gas ao6oro Be Y. B caysae cemapaleqbHOro M MOJHOTO
TpOCTpaHCcTBa X OTCIONA HETPYJIHO MOJYYHTh, YTO Mepa ¢, HHAYLUH-
pyemas Ha B cayyadHbM saemeHToM lim{,, cocpenoroyeHa Ha
onHoM arome. [HelicTBUTenbHO, Tak Kak ¢(X) =1, To uHahgercs
cdepa Sy paauyca 1 takaf, uto ¢(S;)==1 (ecau 6ol Tako¥ cdepni
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He HalIOCh, To Bce chepnr B X paauyca 1 umenu 6w mepy O,
yTO HEBO3MOXKHO, TaK KaK X TOKPBIBAETCS CUCTHBIM UHCJAOM Ta-

kux coep). Amnamornuno, Hafinercs cdepa Sp panmyca -,_l,—,Szc:S,
n q(S2) = 1. Ilponoaxas 3To paccy:KAeHHe, MOJYYHM MOCAENOBA-
TeJABHOCTb BJIOXKEHHHIX JAPYr B Apyra ctep S, paauyca % Mepa
KOTOPHIX paBHA 1. ITu cdepbl UMEIOT TOMBKO OLHY OGILYI0 TOUKY X
1 ¢{x} =limg(S,)=1.

B) Cobbrtnt A = {o: (L1, L2 ..., Ln) < a} B, no ycaosuwo.
[Tostomy A 1im§, u A umeer BepoaTHocts 0 mam 1. Tarum
06pasoM, OyHKUHMsS paclnpefeneHHs CAyyaliHON BEJHUHHB { =

=f(&, ..s Cn» ...) TNPHHAMAET TOJBKO jABa 3HauemHs O wam 1 u
peHUHMHa { ¢ BeposiTHOCTLIO 1 mocTosiuna, M



I'JTABA III
CJHYYANHDIE NOCJHELOBATEJBHOCTH

§ 1. Maprunranst

Onpenenenne i npocreiiwne ceoiictea. MapTHHIAIOM HA3BIBAIOT
CeMeNCTBO cayyalinbix BeauunH E(1), t& T (T — MHOXKeCTBO jefi-
CTBHTE/BHBIX YHCea), o0JajaloiHX HEeKOTOpHIM «Ge3pasnnuneM
K NpOULIOMY». ITO «Ge3pas/HuHe» COCTOMT B TOM, 49TO YCJOBHbIE
MareMaTHuecKHe OXHUAaHuA npupamennit §(f) — E(4) (L < ta)
NpH 3aRAHHBIX 3HAUEHHAX §(S), S < [, HE3aBUCHMO OT 3THX 3Haye-
HUA paBHB nyJI0, Ecau npeanonoxnTh, 4To 3TH yCA0BHble MaTeMa-
THYECKHE OMHUIAHHSA HEOTPUUATE/bHBl (HENOMOXKHUTEAbHH), TO E(f)
Ha3bIBAIOT CyOMapTHHTAA0M (CynmepMapTHHIAA0M).

IlepeiiieM K TouHbIM ompenejeHHsM. B mactosuiem naparpade
B OCHOBHOM pacCMaTpPHBAKTCA I0CAEA0BATENbHOCTH CIYYalHbIX Be-
auunH. Ho chawana wMmul mpusefieM odmee ompemenenue. I1ycTb
{Q, 8, P} — duxcuposanHoe BepOATHOCTHOE HNPOCTPaHCTBO, 1 -—
MHOECTBO JIEHCTBHTEJIbHLIX yHcesd. Bynem unrtepuperuposarth alua-
ueHusi 1 & T Kak MOMEHTHl BPeMEHH NPOBEJeHHs HEKOTOpPLIX SKCIe-
puMenTOB. COBOKYNHOCTL COOBITHI, HAGMIONAEMBIX O MOMEHTA Bpe-
MeHH f, o603HauuM depe3 §,. Ecrectsenno, uto §; <= Fs,, ecau
1) <<t PaccMoTpuM ceMelicTBO ciaydaiihbix Beauynn E(t), t< T,
o6iaJaloHX TeM CBOHCTBOM, YTO 3HAYCHUS E{f) Touno onpeae-
JISIOTCS COBOKYMHOCTBLIO 3KCIePHMEHTOB, NPOU3BOAHMDIX B MOMEHTHI
EPeMeHH S, § < {. DTO 03HAUaeT, 4T0 BeJU4UHH &(f) HOJIKHBI ObITh
8r-u3MepuMbl npu Jo6oM e T. Uro6bl onncaTh 3Ty CHTYaUHIO
GopMasbHO, BBEJEeM CJAELYIOUIHE ONpefeteHHUs.

Onpeneaenne. MownoTonno reyboisaroujee cemeiicTéo o-aa-
eebp (Fnt=T} ([ =By, ccau by < ty, § < @) rasosem nNOTOKOM
o-anzebp. Cemedicteo cayuaiinowx sesuwun {E(t), t = T} nasvisaior
noduunennowm  notoky {§,teT), ecau (1) npu awbou t<=T
B-usmepunmo.,

Onpeneaenne. Cemedcreo {E(1), 5y t = T}, 6 woropom cay-
wainble seauuunst §(t) noduunenst noroxy o-ascebp {§te=T) u
MIE(?) | < oo, t =T, nagvlearor maprunearom, ecau npu s <<t, s,

te=eT
M{E® I8y =E(s), (1)
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CYOMAPTUHEANOM, eCAU

M{EQ@) T} =E(s), @)
4 CYnepMapTUHSAAOM, eCAl
M@ T3 <E()- 3)

V3 onpenenenus cienyer, uto o-aareépa o{(s), s < t, s=T}
corepxkuTca B §;. B page cayyaeB MOXKHO cuHTaTh, 4TO $t ==
=0{Ebs), s < t, s T}, Ho yacTo NOX §: Caenyer HOHUMATHL Gosiee
wHpoKywo c-aaredbpy. B Tex caywasx, xoria mOHATHO, 0 KAKOM [O-
TOKe C-a/ire6p HAeT peub, MapTHHTa/IOM (HJAH CyGMapTHHraJOM)
6yneM HasbiBaTbh ceMelicTBO {E(¢), =T}

Tak Kak mpu yMHOXeHMM Ha — 1 cymepMapTuHraj Hepexogut
B cyOMapTHHIaJ, TO CBOHCTBA, YCTAHOBJEHHBIE AJF CyGMapTHHranaa,
J1erKo nepedOpMyJUpOBATh I/ CynepMapTHHraJja.

M3 onpepesnenus ycJOBHBIX MaTeMaTHYECKHX OMXHUIAHHH BLITE-
Kaer, uto cemeicrBo {£(f),§, ¢t T} Oynmer Maprusrasom (cy6-
MapTHHIaJ0M) TOT[a H TOJbKO TOTJa, KOTJa OHO NOAYHHEHO HOTOKY
FnteT, MIE(f)] < oo u aas miobex s, 1, AcsF (s<t s teT)

fewar={zyap 4)
A A
(Jewar < Jawar). (5)
A A }

B uacrtwocty, B cayuae maprtunrana ME(f) = const, a mag cybmap-
tuarana ME(S) =< ME(?) npu s < t.

OueBunHo, uro ecau E(f), n(f) —asa cy6maprunrajna, a > 0,
b >0, To at(f) 4+ bn(f) Takxe siBasieTca cyOmaprunrasom. C apy-
FO# CTOPOHDI, JHHeHHass KOMOMHALHS JBYX MapTHHTAJNOB BCerpa sib-
JSeTCH MApTHHTAJIOM.

Teopema 1. a) Ecau {E(f), & t =T} — mapruneanr, f(x)—
Henpepoisnasn eoinykaas pyniyus u MJ(E(t)) | << oo, To {f(E(f)),
S, t =T} —cybmaprunear. 6) Ecau ome {E(t), §i, t = T}— cyo-
maprurean, a f(x)— HenpepoiHAL MOHOTOHHO HeyGbLIBAIOWas Bbi-
nykaas gynkyus, MIF(E(E)) | << oo, 10 {F(E(F)), &1, t = T} — Tarxe
cybmaprunear. 8) Ecau E(t), n(t), t [0, T], — cybmapruneaaot, o
E(t) V n(t)— rakxe cybmaprurean.

3TH yYTBEPXKIEHUS Jerko BHITeKaloT H3 HepaseHcTBa MeHceHa.
HefictBurenvHo, ecau Qyukuus f BeImyksaa, a §(f) — mapTuHradg,

s <Zt, TO
M{TEDNIBI=T(ME®D B =TE(s)),

T. e. f(E(f))—cy6maprunran. Ecan E(¢)— cyGmaprunran, a QyHK-
uug f(x) BBIIYKJIA ¥ MOHOTOHHO He YGBIBAeT, TO

M{FEW) IS3=FM{E@ =T E(s)
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IMycts £(¢) == &(¢) V n(¢). Ipouecc {({) nomyuHeH NOTOKy §: #
uurerpupyem. Jas moboro A =g, rne s T, s < f, yuHThiBas, 4To
cobtua Ai=A N{E(s) <n(s)} u Ae=A N {E(s)=n(s)} Fe
H3MepUMBbI, HMeeM

{e@dP={nwapP + (eaP <

A A Az

<{nwar+ fewar< {zear.

Ay A, A

CanepoBatensHo, {(f)— cy6maprtunran. W

Cunencrsue. 1) Ecau E(t), teT,—cybmapruneas, 10 4
aVE(), te T, — rakme cybmapruneas, ede a — NOCTOAHHAA.

2) Ecau E(t), t=T,— mapruneaa, 10 |E(1)|— cybmaprunean
u M|E(t)|— monoronno mneybuearowas ¢pynxyua. Ecau p>1 u
MIE(f) |» << oo, TO |E(F) |? — cybmapTunear. Ecau e E({)— cy6-
mapruneanr, 10 &t (f)— Takmce cybmapruneasr. Ipu sTOM, ecau
p>1uMENP <<oo, 7o (§F)P — rakme cybmapTunzaa.

Mpumepwn. a) Iyems &n, =0, 1, ..., n, ..., — He3aBHCH-
Mble C/IyyafiHble BEJHUYHHBl ¢ KOHEUHbIMH MATeMaTHUECKUMH OXKH-
nasuaMl, Fo=0{l, ..., Ln}, En=U+C+ ... + §: Ecan

MLn =0 (Min 2= 0) Vn, 0 {E&n, Fn, n =1, 2, ...} ABasteTca Map-
THHTaJ0M (CyOMapTHHrajaoMm).
HelicTeuteasso, npu m << n
n

M{gn,%m}—_—M{gn"‘Eml%m}+gm=§m+ Z Mgk'
k 1

=m+

Ananornuo, ecau MZ, =1 (Ml, = 1) Vn, T0o nociaeroBaTeqbHOCTD
n

{tn, G, n=1, 2, ..), tme E,=]12, sBIsTETCS MAapTHHra/J0M
Py

(cyémapTHHrabena). JleHCTBHTENBHO —(nz < n),
M {gnl%m}-—_émm {Hgk l%m}=§m HMCk'
m+1 m+1

6) Ilycte {§n, n=1, 2, ...} —HeroTopHil NOTOK 0-ajredp,
Fn = &, &-—o-anarebpa noaMHO¥KeCTB MHOXKecTBa Q, P 1 Q — nBe
BeposiTHOCTHBIE Mepbl HA &, Pn H Q, —cyxenus mep P u Q Ha
&n. TIpennosnoxum, uto Q, a6COMIOTHO HeNpephIBHA OTHOCHTEJBHO
Pn Vn. Ha eposTtHOcTHOM mnpoctpanctse {%, , P} paccMoTpum
[10C/1€ A0BATEJIbHOCTh CAYyYaHHBIX BEJHUHH Ej:

aQ
§n= dPZ’ nzl’ 2’"':
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rae Zg" — npoussognHas Pamona — Huxomuma Mepu Q, no P,.
n

Torpa npd AE Ty, m<n
SéndF’=On(A)=Om(A) = ngdp,

A A
1. e. {&,, Bn P} — Maprunrasm.

B uacTHOCTH, NYCTh M1, ..., Ma, ... — IOCJEI0OBATENLHOCTD CJY-
yaHHBIX BEKTOPOB CO 3HAYeHUSIMH B HY, fn (X1, Xo ..., Xn), XnE
=R, k=1, ..., n,-—CcoBMeCTHA MJOTHOCTL pacnpelfeteHHs
BEKTOPOB (N1, ..., Mn) OTHOCHTE/JBHO HEKOTOPOH O-KOHEYHOH Mepbl
gn, onpeleseHHON Ha O6opeseBCKHX MHoOxecTBax %#¢n, [Ipenpmodo-
KHM, 4TO g (X, ..., Xp) —HekoTopas apyras NJIOTHOCTb OTHOCH-

TeJIbHO g, TaKad, 4YTO

us Sf,,dqn=0 cJenyer Sg,,dq,,=0.
A A

Toraa nocsie10BaTeIbHOCTD

gn (N1s -y Mp)
fa(i oees Ma)

SBJASIETCS MapTHHTaJOM OTHOCHTENBHO I[OTOKA Fn, THe Fn =
=o{n, ..., Ma}. ‘

Mapkosckue momenthl Bpemenn. I1ycts {§y, = T} — HekoTOpHIR
fIOTOK O-anrebp.

OnpeneneHnne. Mapkosckum MOMEHTOM @pemeHu Tt Ha nO-
T0Ke o-ar2ebp (G, t = T} Ha36I8A0T CAYHALHYIO BeAUYURY, npUHU-
marowyro anauenus u3 T uasu 3navenue - co u TeKYyto, 4TO npu
kamoom t=T {1 < T} =5

Ecniu v-— mapKoBckuil MOMeHT BpeMenH, T0 Vie T cobbiTus
{t>T}, x+<T), {t1=T} &-u3MepumsL

Kax1oMy MapKOBCKOMY MOMEHTY BPeMEHH T CONOCTaBHM O-aJ-
refpy coObITHI §:, O KOTODHIX MOXKHO CKa3aTbh, MPOH3OLIIH JH OHH
A0 MOMeHTa BpeMeHHM T WJH HeT. Bynem HasbiBaTh ee 0-anreGpoi,
NIOpOXK IGHHOH MapKOBCKHM MOMEHTOM BpeMeHH T. QopMaspHOe on-
pellesienne caenylomlee.

Onpenenenne. o-aree6poti Fr, nOpomdennol mapKoscKum
MOMEHTOM B8peMenl T, HA36IB8ArOT o-0a2e0py 6cex S-usmepumolx
cobuiTuli B, ydosaereopsoujux ycaosuro: 0Oin xamdozo teT

Bﬂ{rgt}e%t

Ilpumep. Bennunna t =1, rie f, He 3aBHCAT OT Ciydyasd,
fo T, #BAsIeTCS MapKOBCKHM MOMEHTOM BpeMeHH, a NMOPOXKAEHHas
BM o-aare6pa Fr = F,- v

n=1, 2, ...,
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HefictBuTensHo, B paccMarpuBaeMom cayuae st} =0 =g,
ecnn t <<ty n {T1<t}=0Q&%§,, eciu fo < f, Tak uyTO T = by —
MapkOBCKHil MOMeHT Bpemend. Hatee, BN i<t} e§ VYieT
TOTla H TOJIbKO Torna, Korpa B & §;,.

OTMeTHM 1Ba mNpOCTHIX CBOMCTBA MapKOBCKHX MOMEHTOB Bpe-
MEHH (Ha OZHOM H TOM e MOTOKe o-anarebp {§:;, t<T}).

Teopema 2. a) Ecau ©, << 1o, TO B, < Fr,e

6) Ecau v u 1o — 06a MAPKOBCKUX MOMEHTA BpeMeEHH, TO TV 12
U T N\ T — TaKkme MAPKOBCKUE MOMENTbL 8peMeny.

HedictBurenbHo, nycts B & §,,. Torma BN {u <t} =, To-
3TOMY

B <#=Bnn<thHnim<ges.

CaenoBarensto, B & §r,. ITo n0Ka3biBaeT yTBepkKaeHHe a). Ha-
Jaee, nyeTs 18 =1,V 1. Torma {" < fl={u <} N {2 < e Bt
Ecin 1, = 1, A\ 19, TO

L<tl={n<HU{u<}sy Vier A

MapKoBCKHE MOMEHTHl BPeMEeHH BBOASTCS O/  TOTO, YTOBEN
HMETb BOSMOXHOCTb pacCMaTpUBaTh 3HAUEHHS CJIYYafHOTO Mpoiec-
€a B 3TH MoMeHTH BpeMeHH. [Ipennosoxum, uro T — cyetTHOe MHO-
xectso, {&(#), f & T}— npouecc, nonuunennst {§, t = T}, u t-map-
KOBCKHHl MOMEHT BpPeMeHH CO 3HaueHHAMH B 7.

Teopewma 3. Cayuaiinan seaununa &, F-usmepuma,

HeficTBuTeNBHO, A9 JA1060r0 @

E<anir<a= U ) <aniz=s).
seT
Tak kak npu s<t {{(s)<a}sF.<F, {t= stegs <, 1O
G<gn{t<fies. @
PacemoTpum Koreunyo nocienoBatenbHocts {&;, f = 1,2 ,.. ., N}
H NpeANoNOXKHM, YTO OHa ABJAeTC F-cyOMapTHHTaJoM. Bpegem
MOHOTOHHO HeyGbIBAIOLLYI0 MOC/eNOBATENLHOCTb Ft-MaPKOBCKHX

MOMEHTOB BPEMEHH TI<<Te< ... << Tp H NOJOXKHM 1,=E_,

. k
%k z%-{k‘

Teopewma 4. [locaedosarervnocro {n,, §;, k=1, ..., p} n8-

ARETCA CYOMAPTUHZAAOM,
Hlokasareabcreo. Mbl yXke 3HaeM, 4YTO BEJHYHHBI M -usme-

pumrl. Kpome toro, M|ns| << oo. B camom geae,
N
Min. <M X [E(1) | < oo.

Ocraerca nokasats, uto M{n,, |8} >n,. Moxuo orpannuntscsa
TeM cCayyaeM, KOTZa Tpy)— Tp NPHHHMAeT fBa 3HaueHusi: O u 1.
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§ 1]

JlefiCTBUTENILHO, €CJH ITO HE TaK, TO BBeleM HOBYIO IOCJae0Ba-

TeJbHOCTh MAPKOBCKHX BPEMEH O == Ty, Og == Tat1 A\ (0 + 1), ...
.., On = Trt = T N\ (08— + 1). Toraa {op,k=1, ..., N} 06-

I.)asy}OT MOHOTOHHO HeyOBIBAIOILYIO I[10C/1e40BaTeNbHOCTh MapKOB-
CKHX BpeMeH, I/l KOTOPBIX PA3HOCTH Oyi — Op NPHHHMAIOT TOJBKO
sgayenda 0 unu 1. Ecad nokasaTh, YTO MOC/JA€ZOBATENBHOCTD {Eo,s
k=1, ..., N} ABjsercd cyGMapTHHrajioM, To oTcioaa Gyner cie-
noBath, 9t0 M{n, . |} =M {Eoy I'{S;} =55, =Ny U TEM CaMbIM
Teopema OyJeT AOKasana.

Hrak, myctb T4y — T, ==0 uau 1. Torpa maa moboro B & F:

S (Me+1— M) dP = S (Me+1 — M) dP =
B B Ty =1}
N
=Z S 1 — &) dP.

r=1 Bﬂ{tk=r}n{tk+x=r+l}
Ho cobuitue B{tr,=r}&F,, {vepi=r+1}={1s1>r}=5,.
Tlosromy BN {wz=r}N{tes1=r+ 1} =g, n
Ere1 —E)dP =0.
Bif{rg=r}0{vpq =r+1}
‘CJ1e10BaTeJbHO,
{ (e —n)aP=0 vBeg;,

B
YTO KBUBAJIEHTHO HEPAaBeHCTBY M{nk+l|{“5;}>nk. ]
CaenmcrBue. Ecau {&, $i t=1, ..., N} — mapruneaa,
T ... KT, — 10ce008aTEABHOCTE Ty-MAPKOBCKUX MOMEHTO8 8pe-
Menu, To {grk, ey k=1, 2, ..., p} — maprunean.
HekoTopble HepaseHcTBa.
Teopewma 5. Tycro {En, §n, n =1, ..., N}— cybuaprunzan.
Tozda
Med
P{ sup g, =>C}< o C>0. (6)
I<Kn(N
Ecau me {En,Bn, n =1, ..., N}—cynepmapruneaa, 1o
2 S, Mgl
P{ sup &=C<—"55 - 7
IS<sn<WN
HokasatenbctBo. a) Ilyetb t=4%, ecan &< C, j=
=1, ..., k— 1, a8 >C Euiu xe Eh<<C n1s k=1, ..., N,

TO nosiaraem T = N. BeiuuuHa t gBastercs MapKOBCKHM MOMEHTOM
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BpeMeHH ¥ T << N. CaenoBaresbho, napa (B, Ey) o6pasyer cy6-
Maprusraji. I[losromy
cP{smp 5>0< | eap< | gaPp<mer. @

et =) te>0)
6) Ecau nocnemoBarteabHocTs E, -— CynepMapTHHI M, TO
Mg, =Mz, = CP {supg, > C} +
+ { &wdP>CP{supE,>0) — Mgy,
{supt, < C}
OTKyZa CJeayer
CP{sup¢,=C}<<2 sup Mg, W
1 N

sn<
Caencrsue l. Ecau & — maprunear u p =1, 1o

M P
P{ sup |&I>C)< il

Sr<

Caepcrsue 2 (nepaBenctso Koamoroposa). Ecau &, Loy o.e
-«.» Ly — He3asucumovle cayuainvie eesuturvl, Mly =0, k=1, ...
N, 10
vy ’

N
P{sup [Li+b4 ... +LI>C<3 Y Do (9)
kN =

ISk

Hepagenctso (6) uacTo naswiaior nepasencreom Koamozoposa
0as cybumapruneanros.
Hanee, eciu &, — NpOU3BOJIbHBI CynepMapTHHTAd, TO B CHJIY
nepasenctsa (6) CP {inf¢, << — C}<<M|&y ], uTo BMecTe ¢ Hepa-
n

BeHCTBOM (6) naer
, 3liup<NMl§nl
P{ sup &[> CI<——F——. (10)
I<ngN
B npocrpancTse ciyuaiinbix BeqHunH, 3aganHHBIX Ha {Q, &, P}, spe-
A€M HODMBI, COOTBETCTBYIOUHE NMPOCTPAHCTBAM Zp = £, {Q, &, P}.
Ionoxum
1
il )
ll’éllp={Ml§l”}”={Sl§(w)l"dP} .
Q

Teopema 6. Ecau &, — cybmaprunzana, to npu p > 1

—_P
p ? q_p—-l (11)

| sup &r] <qfer]

I<KngN
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+ +*
| sup &) <2(1+ Mg (ing)"): (12)
Joxasareascrso. Iycrs G (x), ¥ = 0, — npousBosbHass MoOHO-
ToHHO HeyObiBaooWlas HempephiBHAaA ¢yHkuust u G(0) =0, n— He-
kOTOpasi HeOTpHIATeNbHasA CJAyyaliHasd BeJHYHHA C Q)yﬂxunen pac-
npefetenus F(x). B cuny GopMmysbl HHTErDUPOBAHHA MO YacTAM

MG = Gwarw="_ (1 —Fw)dGw. (13)
0 0
Ilycts = l<rr}lai<N§+ B cuay (8)
P> g EydP Vx>0,

{n=x}

IToatoMy 1—F(x)=P{n>x}<—}c— S EvdP u
{

+ dG (x)

x}
[+5) ] [s+]
MG ) < | = | taP)dom< <| Mmm—ng
0 {n = x} Y]
rae x(x)==1nmpu x >0 u x(x)=0 npu x << 0. Takum o6pasom,
1
MG () < Mg} | 452

X

Honaras 3necb G(x)=|x|? u BOCHOJbL30BaBIIMCL HEPABEHCTBOM
Iénppepa, monyunm

I Ip <5 Z Mg qufé;[]pllnllz;l,

OTKyla Hu BHITeKaeT HepaBeHCTBO (11).
[epeiinem k caywaiwo p = 1. CHOBa BOCHO/NB3yeMcsi HepaBeH-
ctBoM (8). Hmeem
20Pim>203< | waP< | evaP+
M 20) x>0

+ | wer< | waP+cPi>a0,

{tv < n>20) En =)

TaK 4ToO
cPii=20)< | geaP.
{n =€)
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Bocnoarsyemcs pasencTsoM (13) nas  BedHuMHBI —2— Tak kak
B 3TOM Cayyae
1
1-F=P{2=<t | gap,
{ty =%}
TO

dG
o ()< miates —9 4282,
0
TTonoxuM G (x) = (x — 1)*. Toayuaem
Vi
+
n +\ dx +
¢
+ +
Tak xax M(2—1) >M2 —1, o Mn<2(1+ Mz (ng}))" =
Onpenenenue. Yuciom nepecevenuti v(a, b) noasyunrepsara
[a,b) (a << b) ceepxy snus cemedcrsom cayuatnoix seaudun {E(t),
t & T} HasviBaeTcs TOUHAS BEPXHAS 2POHUUA HUCEA § TaKux, 4TO

cyuecreyer nocaedosaresvrocts {li, i==1, ..., 25}, t; <t
t;e=T, daa kotopol -

Et) >0, Bt <a, E@) >0, ..., E(h)<a.

Teopema 7 (uepaBenctso Iy6a). Ecau &, n=1, ..., N,—
cybmaprunean, 10
M{E (N — )t I,
M la, 5) 15} < MHEWD =015 (14)

Hokasaresvcrso. Bes ymanenus OGUIHOCTH MOMHO NpPeANOJoO-
JKHUTh, 4T0 @ =0 u &y = 0. [elicTBUTeNBHO, o0Wwnlt cayyafi cBO-
JWTCA K 3TOMY, €C/IM 3aMeHuTb &, Ha (&, —a)*. Onpemenum no-
CJIe0BAaTENBbHOCTD MAapKOBCKUX MOMEHTOB BpeMeHW Ty, To, ...
(<< te<< ... < ty) cienyomuM o6pa3oM: T — 3TO HAHMEHbIIee
j Taxoe, uro E{j)> b, ecnu Takoe j CyllecTByeT, H T = N, ecaH
Taxkoro j HeT. [Janee, T — HauMeHbllee Takoe j, 4To j > 1; U §; = 0,
€CJIH TaxKoe j CYLUeCTBYET, H Tg = N, €CJH TaKOro HeT; T3 PaBHO
HaHUMeHbIUEMY j, LIS Kotoporo E; >0, j > 15, uan 13= N, ecau
TaKoro j Het, H T. A. B cuyy TeopeMmsnl 1

M{E@)—E@) +E@) —E(w)+ ... 18} =0.

C npyro# CTOpPOHBI, CYyMMa, CTOSLAs TIOJl 3HAKOM MaTeMaTHUECKOTO
OXHJaHHS, COLEPXKHUT v{a, b) cnaraeMbiX, MeHbIIHX YeM —b, H, OHTL
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MOJKET, TOJbKO OJHO, He npeBocxojsllee BejuuyuHn (E(N)— b)+.
TakuM o6Gpasom,

—bM {v(0, b]1G} +M{E (V) —5)" |5} =0. m

[TonyueHHble HepaBeHCTBA Jerko 06061aloTcs Ha GeCKOHeyHLIE
nocnenoBaTeqbHocTH, Tak, ecan n=1,2, ..., HepaBeHcTBO (6)
npHHHMaeT BHJ,

sup  ME™ (n)
P{ sup E()=>CI<—==% : (15)

I<Kn< o

,ZloxasaTenbcmo BRITEKACT H3 TOro, uTo

sup g,= lim sup E,

I<n<oo N> lin< N
H [CATOMY
P{ sup ¢,=2C}= lim P{ sup g,>C}.
I<n<eo N—>oo 1<n<N

Anasornuso, ecam vy{a,b] oGo3Hauaer uHMCJIO nepeceueHHH
CBEpXY BHH3 TnocJaynHTepBasa (a, b] ypesaHHol mnoc/JefOBaTe/b-
gocteio E(1), ..., E(NV), a veo(a, b]— Bcell moc/en0BaTENBHOCTLIO,
TO M3 Toro, uto vn(a, b] npu Bospactannu N MOHOTOHHO He YObI-
BalOT H v (a, b] =Al,im v, (a, b], caenyer

-» 00

(b —a)Mvg,(a, BI << sup M (&, —b)".

1<n<oo

Heckonbko nuaue oGerout A€J10, €CJH NOoCJAeN0BaTe/NbHOCTL 3HAUYEC-
HUA 1 He HMeeT HAaUMEHbIIero, HO HUMeeT HauboJiblllee 3HAaueHHUe.

INyetb A= ... —k, —k 41, ..., —1 (k> 0). [IpaBbie yacru pac-
CMaTpPHBAaEeMbIX HEPABEHCTB NOCTHralOT MakcUMyMa npu n = —I.
Takum o6pasom,
Met
P{ sup E=C0<—, (16)
—oo N ~1
M — mt
M., (a, 6] <~ =27 (17)

CyutecTBoBanne mpenena. Baxuywo poab B fajbHERIIEM HIpPAIOT
TEOpeMbl O CYIeCTBOBAaHHH Npenesna cy6MapTHHraza.

Ham nonanoburcs caenywoman aemMma.

Jlemma 1. [an roeo 4robor O2panuteHHas 4uciosas nociedo-
sareavnocte {cn, 1 =1,2, ...} cxodusace Kk HexOoTOpOMY npe-
Oeay, neobxodumo u docTarouno, 4Tobor s 410600 napst payuo-
Haavuolx yucea a u b (a << b) uucao nepecewenui ceepxy 6HU3 OT-
pesxa (a, b] aroii nocsedosaTesbHOCTbIO ObLAO KOHEHHbLIM,
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OG603HauHM COOTBETCTBYIOIlEE YMC/IG Mepecederuit uepes v(a, bl.
Ecou ana kakoi-1u6o unapsl {(a, b) v(a, bl = o0, TO mnocaeno-
BaTeNbLHOCTL €, HE MOXeT VYAOBJETBOPATh KPHTEPHUID CXOLHMO-
cru. C ApYyroi CTOpOHbI, e€caH (n HE HMeeT rpefesa, TO

é=:lime, >lime¢,=c. Ecan a u b panuonansusl, ¢ <a<b<gc,
TO uaiigercs GEeCKOHEUHO MHOrO #;, W f;, AAS KOTOpeX ¢, <a,
il
€n,>b, T. e. vig, bj=c0. B
Teopema 8. ycre {gn, n =1, 2, ...} —cybmaprunear. Toeda:
a) ecau sup MF;;r < oo, 10 & =lim§, cyuwecrsyer ¢ 8epoAar-

HocTo0 1 U M|Ew| << o0;
6) ecau nocaedosareavrocts {En, B =1, 2, ...} pasromepro
unTe2pupyema, To E. == lim§g, cyuwecreyer ¢ 6epoATHOCTHIO 1 u

8% u
EnQM{Eooi:fSn}, U=1, 2,

Hokasareabcrso. [lokaxkem cHavana, 4TO NOCJAEAOBATENbHOCTD
{¢&.} orpannuena cuusy. C 3Tofi wUesibio 3ametnm, yto {& > b,
(o]

inf§, =-—oo}= ﬂ {v(—N, 0] >0}. C npyroi CTOpOHH,
N=1

M, — )T Mgt + b

e~ v 0

Mv (— N, b] <

npu N —oco. CienoBatensHo, ¢ BeposTHOCThIO 1limv(—AN, b] =0,
a Tak Kak v(a, b]— uejouync/eHHas BeJHyHHa, T0 v(—N, b] =0
¢ BeposTHOCTBIO 1 nmpu jocratoyHo Gosbwom N. TakuM o6pasom,
npu awbom b P{§ > b, inf§, = —oo} = 0. ITosromy P {inf&, =

= — oo} gk; P{, > —&, inf§,=—o00}=0. OrpaHuyesHOCTb

CHHM3Y 110C/1e10BaTeJbHOCTH En JOKa3aHa. AHAJOTHYHO YCTaHaBAH-
BaeTcsl, 4TO OHa orpaHuyeHa csepxy. Ilociennee BhiTeKaeT Takxke
u3 HepaBeucTBa Kosamoroposa

Mgt
Plsuptl > C} <2,

B cuny koroporo P {supg, =+ oo} =gim P {sup &7 > C} =0. Ta-
—> 00

KUM 06pasoM, NOCHEeNOBATENbHOCTD {En, N == 1, 2, ...} orpaHnueHa
‘C BEpOATHOCTRIO 1.

W3 nepapenctBa [y6a Britekaer, uto Mv(a, b] << oo aas maio-
Onix a u b, Tak 410 P (Agz) = 0, riie Agp = {0:v(a, b] = =}. Cieno-
BaTeJbHO, ecay A = U Agp, TAE CYMMHDOBAHHE PaclpocTpaHsAeTcs

3

a, v
Ha BCe paluoHadbHBle @ U b, b > a, 10 P(A)=0. B cuay qeMmmnl 1
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npu © EA limg, = Ex cywectsyer. [lpn stom [E,|= 2t — g,
Ml§n|=2M§: — Mg, <2sup Mﬁ:— Mg, < oo, Tak uToO

Migt, |=Mlim|g,|<limM|g,| < oo,

# yTBEpKAEHHE a) TeopeMbl J10KAa3aHo.

[Tpennonoxum Tenepb, 470 NocaeA0BaTeNbHOCTh {En,n=1,2,...}
paBHOMepHO unTerpupyema. Torna M|E,|<< C, ¢ BeposarrocTbIO 1
cymectByeT mpeles Eo=1lim&, 1 M|Eo—E,|—0. Orciona cae-
LyET, 4TO B HEPABEHCTBE

ngdP<SgndP, m<n, Be§,,
B B

MOXKHO nepeﬁm K npejenay npu n—> o0 nol 3HaKOM HHTErpaJa, Tak
4yTo

ngdPgl_ir_nSgndP = ngdP. .

B B B

CnepnctBue. Ecau tn,n=1,2, ..., — HeoTpuyaresvuslii cy-
nepmapruneas, 1o npeder Eo. =lim g, cywecreyer ¢ 8epoAr-
HoCcTb10 1.

Teopema 9. Hycre {En, Fn, n==1, 2, ...}— mapruncar u
¥« — MHHMMaAJbHAS 0-a4eebpa, codeprcawias sce 6-arzebpol Fn.

l. Ecau supM|E, | << o0, 10 lim§, = Ew cyujecTeyer ¢ 6epoar-
noctoio 1.

2. Jlasn 1020 4T066L NOCAEO0BATEALHOCTS Eny N = 1,2, ..., Oblaa
pasHomepHo unTezpupyemoll, Heobxo0umo u A0cTATOUHO, 4TOObL HA-
WAQCH TQKQAA UHTe2pUPYEeMAR CAYHQUHASA 8eAUYUHA 1), HTO

£, =M{n g} (18)

Ecau 310 ycaosue 86in0AHEHO, TO MONCHO NOAOKUTE M=Ew U 8
KAQCCe Foo-UBMEPUMBIX CAYHAUHOIX BeAUHUH W OnpedesneTcs O00HO-
sHauno (mod P).

Hoxkasareascrso. YrBepxaeHne 1 BhiTeKaeT u3 TeopeMsl 8. Ecan
NOCAeJOBATENBHOCTD &n, # = 1,2, ..., paBHOMEpPHO HHTErpHpyeMa,
TO B CHJYy TeopeMbl 8 o == lim &, cylllecTByeT ¢ BepPOATHOCTBIO 1 K
B %1 n En << M{Ex|Bn}. [IpuMensass sTo0 HepaBeHCTBO K MOCJEI0-
BATEJbHOCTH —En, TOJYYHM n=M{Ex|Fn}, n=1, 2, ...
ey M|Eo] < 0o,

ITyctb m— npousBo/bHas HHTETpHpYyeMas cayvaiiHas BeJHYMHA.
[TokaxkeM, uToO noc/iefoBaTeNbHOCT £ = M{n|F.} sBaseTcs pas-
HOMEpHO HHTEerpupyeMbM MapTHHTaJoM. Bo-mepBhix,

M|E, M
Plit.l> )< Ml < 2l g
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npu C—> oo paBHOMepHO mo n. [anee,

| teep= [ gap— ( gap=

(131> ) fa>0) fa<-C)
= [ ner— { nar< { 1midP—>0 mpu C>oo
> 0) fn>"0) {&l>c)

pasnomepHo no n, tak kKak P{|&|> C}—>0 npu C—> oo pasHO-
MepHO 1o f. TakuM 06pasoM, NOCAE0BATENBHOCT &, == 1,2, ...,
paBnoMepHO HHTerpHpyema. 3 paBencTs

M{§n+1 l%n}= M {M {T] '%n-}-l} ]gn}=M {Tl I%n} =E,

caenyet, uto &n, — Fn-MapTunran. Ocraercs nokasarth, 4TO 1) B KJac-
ce Foo-M3MEPUMBIX CJYUYAHHBIX BeJHYHH onpeuem{eTc;{ e/[MHCTBEH-
HbIM 06pasoM.

Tak kak M{n|Fn} = M{Ex|Fr} mas awGoro n, TO

SndP=S§mdP (19)
A A

s J6oro MHoxecTBa A, NpHHaAJeXKalero KakKoi-mubo o-aij-
rebpe Fn. Ho Kmacc MHOXKecTB A, ANA KOTOPHIX HMeeT MecTo pa-
BEHCTBO (19) ABJASETCA MOHOTOHHLIM H COLEPXKHT ameépy MHO-

JKECTB U 8. [loatomy oH colepXKHT H o-aare6py o{ U Ba

Taxkum 06pa30M (19) BrimoJiHEeHO A1 JM1060T0 A & Fow. TeM CaMbIM
eCIU 1) — Fo-H3MEPHMAasl BeJHUHHA, TO 1 = e (mod P).

Cunencrsue. [lycre §,— norok c-aseebp, Foo = o{%}n, n =
= 1,2, ...}, N"—Fw-usmepuman cayuadnas sesudtina, A E Fw.
Toeda ¢ sepoarrnoctsro 1 u 8 &,

limM{n (3.} =n, limP{A|§,}=x4(0). B
PaccMoTpuM cyGMapTHHranl

e by By (B S S B @0)

OGosnaunm §_ = ﬂ S_,- Pesyabrathl, nonyuaemele B 3TOM Cay-
n=|

yae, HECKOJbKO CHJbHEe MpeablayIIHX.
Teopema 10. Ecau infME, > —oo u nocaedosaresvrocrs

(20) seaterca cybmapTunzarom, TO OHA PABHOMEPHO UKTe2pUpYyeMma,

npeden limE_, = & o cyuwjecrsyer ¢ 8epoarnocteio 1 ua &, u

M, |S_.) =5 .. (@1)

Hoxaszaresvctso, JloxaxeM cHayaja, yto MOCAeNOBATEeJNbHOCTD
Ea n=1,2, ..., paBHOMepHO mHTerpHpyema. Tak Kak mocjeno-
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BaTeJbHOCTh ME_, MOHOTOHHO HE BO3pPACTaeT, TO CYIUECTBYeT

lim Mg_, == [ > — oco. las 06oro ¢ > 0 Hafizercsl Takoe ng, 4TO

O<ME_, —Me_ <e, n=n, 3amerum, uto

My ([8-.] > C)[E-n]=

=M, +Mx(E_,=—O)_, +Mx(E_,>C)E_,,

rae x(A) —ungukatop cobuitua A. M3 onpepenenuss cy6MapTHH-

raJja cJjenyerT, 4To IpU 1 > Ny

My (E_,=>—C)E_, <My(5_,=>—0C)_,,
My(e_,>C)E_, < Mx(E.,> ()5,
Takum ofpasom, -
Mz ([&-] > €)[2,] <
<e—Me_, +My(c_,=>—C)E_, +Mx(t_,>C)E, <

<e+My([5_,|>C)]E,].

C pyrofl CTOPOHHI, |§_n| = 2§fn —t_ . M [ £l <2M§f_l — =k,
TaK 4YTO B CHJYy HepaBeHcTBa YeOnllieBa

Mig_, k
Pt > )<=t <

T. e. BennyuHa P{|E-n]|> C}—>0 npu C— oo paBHOMEpPHO Mo A.
ITostomy mailigerca rtakoe C = C(e), He 3aBUcAllee OT #, YTO
Mx(lg_n| > C)|§_n°| < e. Takum o6pasom,

Mi(|3.|>C)[5_,| <28 Vn>n,

PaBHoMepHas HHTErpHpPYeMOCTb MOCJEL0BATENBHOCTH & ,, 7 = I,
2, ..., noxasana. B wactoctn, M|&_.| << k. CymectsoBaHnue ¢ Be-
posTHOCTBIO | npenmena E_o MOC/AEL0BATENLHOCTH -, BBITEKAET U3
HepaBeHcTBa [y6a W [oKa3wbiBaeTcsi TOYHO TaK Ke, KaK J0Kasa-
TeJbCTBO CYIIECTBOBAHMS MNpefdena B TeopeMe 7. M3 paBHOMepHOH!
HHTErpHUpyeMOCTH M0CAe0BaTeNbHOCTH §_, TOTAA BBITEKAET CXOIH-
MocTh B &;. Kpome Toro, B HepaBeHCTBe

(e ap<{z,aP, >t Bed
B B

I

—_—00?

MOXKHO TepedTH K npejeny mnpH n-» oco. Ilomyuyum
fe.ap<(e_,aP,
B B

OTKyJa BbITeKaeT HepaBeHcTsBO (21). JR
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Caencreue Ecau {.., & n, E_ppr, ..., E1} — mapTunean,
T0 § o == lim E_y cyuwjecTsyer ¢ sepoarnocrero 1 u 6 &, nocaedo-
6ATeALHOCTb §—n PABHOMEPHO UKTe2pUpYema U & = M{E_n|F-o}.

HeficTBUTENbHO, €CAH E_, — MapTHHTAN, TO U E_, 4 —E& . B-
aq101cs cy6maprunranamu. Kpome rtoro, Mi—, = const. INpumenssa
reopeMy 10 K noc/ienoBaTeabHOCTAM E—p H —E-_p, MOJAYUHM Tpebye-
Moe.

§ 2. Panbl He3aBHCHMBIX CayYaiiHBIX BEJNHYHH

B nactosmem naparpage paccMaTpHBAalOTCA YCJOBHS CXOXHMO-
CTH C BEPOATHOCTbIO 1 pANOB ¢ HE3aBHCHMBIMH CJAYYaliHBIMH uJe-
HaMHu.

Hycry paun pan

E+&+ ... +E+ ... (1)
Teopema 1. Ecau cywecrsyer nocaedosaressrocte uwucenr
en >0, n=1,2, ..., rakasa, uro
Len<oo, XP{It.I>e) <o, @
n= n=

70 pad (1) c¢ sepoarnoctero 1 cxodurca abcoawrHo.

Hoxrazareavcreo. Iycte An = {|&n| > &x}. U3 cxomumocTu BTO-
poro psna B (2) u teopembl 8 § 1 ru. I1 caenyer, uto P (lim A4,)=
=40, T. e C BEPOATHOCTHIO | HacTynaeT TONLKO KOHEUHOe YHCJIO
cobbithit A,. Takum' o6pasom, cymectsyer takoe N = N (0), uTo
npu n > N(o) |[Ex]|<<e, n pan (1) cxogurcs. B ]

Bosiee cuabuble pesyJbTaTel HMEIOT MeCTO AAsi MOJYMapTHHTa-
Ja0B. ITonoxum

gn:§l+§2+ s +§m €O=0a %nzo’{gl-'-:gn}'
Teopema 2. [Tycre &, unreepupyemor, n =0, 1, ... Toz0a:
a) ecau M{gn]&z‘,}>0 u sup M§;’< 0o, 70 pad (1) cxodurcs

¢ 8epPOATHOCTOIO 1}
6) ecau M{E, 18,1} =0 u npu nexoropom p>1 supM|z, |P < oo,

75 pad (1) cxodurca ¢ seposrnocreio 1 u 6 L,

YcaoBhe a) pPaBHOCHJBHO NPEANOJIOKEHHIO, uTO {Cn, n}— cy6-
MapTtinrans. COOTBETCTBYIOIlee yTBEpXKAEHHe SBAAETCS HOITOMY
CNEACTBHEM TEOPEMBl O CXOAHMOCTH Cy6MapTHHTaaa. YC/I0BHe §) 03-
Hayaer, ut0 {Cn, §n}— Maptunran. [lostomy |Cn|P — cy6mapThH-
rar n Msup|g, P <{g”supMIg,[P. Taxum o6pasoM, BeianuuHa

n n

[Cn|P paBHOMepHO HHTerpHpYeMa H {n CXOAATCA K HEKOTOPOMY mpe-
geny c.BepomHOCTb}o 1 uB Zp (reopema 16 § 1 ra. 11, Teopema 9
1).
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Caenctsue 1. Ecau M{En|Sn-1}=0 u Y MEB< o, 710
n=l

pad (1) cxodurcsa ¢ sepoarnoctero 1 u 6 L.
JloKa3aTeqbCTBO BHITEKAET U3 TOrO, YTO NpU B 5= n

M%kgn =M {ng {gn I({Sn—'l}} =0,

n 2 n n o on n
Mz=M(En) =S Mg 25 5 Mg = u
k=1 k=1 =2 R<j k=1

a-(\D

¥ U3 yTBepxKAeHHA 6) Teopembl. B

Jag psinoB ¢ HE3ABUCHMBIMH YjeHAMH MOCJEIHU pe3ynbTaT U3-
BecTeH Kak teopema Kosamoroposa.

Caencraue 2 (reopema Kouamoroposa). Ecau {E,, n=
=1, 2, ...} —ne3asucumsie cayuaiinvie geautunot, Mg, =0 u pad

> Dg, < o0, T0 pad (1) cxodurca ¢ sepoarnoctsro 1.
E=1

dTo yTBep:kK/JeHHe BbITEKaeT M3 cjeicTsust 1, ecaum nog . no-
HHMaTb o-ajaredpy, NOPOXKIAEHHYIO CJAYYalUHbIMH BeJWYAHAMH §i,
g, ..., &n, U OPUHATH BO BHUMAaHHe, YTO B CHJIY HE3aBHCHUMOCTH

CJAyyafiHBIX BEJAHYHH Ep
M {gn I %n"l} = Mgn =0.

OcraHoBuMCS noApoGHee Ha CXOLMMOCTH DHALOB C HE3aBHCH-
MbiME caaraembiMu. Kak ciaenyer us sakona «0 unu 1», Takue psabl
CXOJATCA HJU C BepOATHOCThIO 0, HJIH C BEPOATHOCTBIO 1.

B npagbHeiiuieM NOHaAOGMTCA OAHA OllEHKA AJs pacnpeaeeHHd
MAaKCHMYyMa CYMM He3aBHCHMBIX CJaraeMbix.
~ Teopewma 3. Ecau {&, k= 1,2, ..., n} nesasucumot, Mg, = 0
u |Er] << ¢ ¢ sepoarnocrero 1, 2de € — HEKOTOpas ROCTOAHHAA, TO

_ (c+t)
P{l;nkaénl;kl << (3)

Z(’k

k=l
20e o} = MEZ.
"~ OGosnauuM uepes E, cobuitusa { max [, |t} n=1, 2, ...

oLk

OHu 06pasyioT MOHOTOHHO YGRIBAIOIIYIO 10C/Ie0BaTeNbHOCTb. MMeeM
My (En) & =k§1 M-{x (Ek) G—x (Ek—l) Lo} =

=2 Me(Een) G~ L) — ZMa(E NEY G @)
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Hauiee,
MY (Bt NED B =My (B, N\ E) Gy 5P
<@+ P My (B~ \Ep),

X M (B, NEYGE <+ of L M (B, \E;)=
=(t+ Pl —P(E). (5)

Kpeme Toro,
M () (G2 — 8 ) = M (E,) (28, & + ) =
=2My, (Ep-y) Lo ME, 4 My (Ek_l) Mg2 = o} My, (Ek_l). (6)

Coorromweunns (5) u (6) pawor
#P(E,) = My (E,) gg>k§ My (E, ) — (t+ (1 —P(E)) >

>P(En){k§ o§+(t+c)2}—(t+ c)?,

HJIHN

n
2
(t+c) >P(En){k§ oi+c2+20t}, (7)
OTKyJa caeayer (3). B

B ofumem ciyuae psAnoB ¢ He3aBHCHMBIMM CJaraeMbIMH BONMPOC
0 cxomumocTh paga (1) noJHOCTbIO pemaercst cieiylomeil Teope-
MOH.

Teopema 4 (reopema Kosmoroposa o tpex panax). [Jas roeo
uTo6vl pad (1) Heszasucumblx cayuaiinbix 8eaudun cx0OUACH ¢ Ge-
poATHOCT610 1, 1eobx00umo, urobor dan ramdoeo ¢ >0, u docra-
TO4HO, 4T00bL 048 HekoTOpo2o ¢ >0 cxoduauce padst

HSIP{I§n|>c}, ®)
n; Mg, 9)
ngl D/, (10)

ede & =t, npu |E,|<c ut, =0 npu [E,|>e.
Hoxasareasvcreo. loctatounocts. B cuay caencrsus 2 Teope-

Mbl 2 C BEPOSITHOCTBbIO | cXoauTes psm ), & — Mg,), otkyna, npu-
n=|
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guMasl BO BRHMaHHe CXOQMMOCTh paja (9), BHITEKaeT, 4TO CXOLMTCSH

pAL > & . Us ycaosua (8) u TeopeMm Bopeasi — Kanreanu cie-
n=1

00
nyerT, YTO TOJBKO KOHE€YHOE YHCJAO0 UJECHOB pila Z (§n—§;) oT-
’ n=]

auuro ot Hyas. ITostomy pan (1) cxomures ¢ BepoaTHOCThbIO 1.
Heo6xoaumocts, Ilycts psaa (1) cxomutcs ¢ BepositHocTbio 1.
Torna ero oOLIKi uleH C BepPOSITHOCTBIO | CTpeMHTCH K HYJIO, Tak
yTO JIMIIBb KOHEYHOE UHC/IO YIEHOB psAlla NMPEeBOCXOAHUT No abcoIoT-
woi Beamuube ¢ (¢ > 0). IlostoMy c BepodATHOCTBIO | cxoauTcs

(o]
a0 & . O6osnauum uepes {M.}, n =12, ..., nocrenoBarenp-
P n=1 n p

HOCTb HE3aBHCHMBIX CJYYaiHBIX BEJHUYHH, He 3aBHCAILIHX OT InocJje-
nosatenpnocty {&}, n=1,2, ..., 1 UMEIOINX TaKue MKe pacnpe-

n
nenenns, Kak n & . Tlonoxum §, =¢ —m,. Torna pan > E, cx0-
n=|

auTes ¢ BepoaTHocTbio 1, ME, =0, ]En | <2, DE, = 2DE/,. Us cxo-

00
JUMOCTH paja Z E, caenyer, 4uTo
n=|]

n
P{ sup | 2. E <°°}=1-
1<n<oo | k=]
[lostoMy npu HekoropoM i
n
P{ sup nggt}=a>o.
I<n<oo| k=]

W3 nepasenctsa (3) caepyer npu Jio6oMm 7

n n _ 2
2 ' Dy, =) DE, < ZE,
k=1

kex]
YTO J0Ka3biBaeT cxoauMocTy psanga (10). M3 caenctsus 2 teopemul 2
00

BEITEKaeT TOF/[a, 4T0 ¢ BEPOSATHOCTbIO 1 CXOAHTCH PAA . (&, — Mg)).
n=l

n,

Orciona B ¢BOIO Ouepeib  CJedyeT CXOAHMOCTb paAfa (9).
Cxoaumocts psiga (8) BhiTekaer H3 TeopeMbl Bopens — Kanrtenann,
Tak Kak ecau pan (1) cxoaurcs, To ¢ BeposATHOCThIO 1 Haijercs
TOJBLKO KOHEeWHOe 4hcjo uiaeHoB psiaa (1) rakux, uto |E,|>c B

Cnencreue. Jaa cxodumocru pada (1) wnesasucumvix HeOT-
buyaresvHolx caydaiinoly 8eautun Heobxo0umo, 4Tobur 0in a0602o
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€ >0, u docrarouro, uroboL 041 Hexoropoeo ¢ >> 0 cxoduruce padv
M.
ngl P {gn > C}’ nZ:l gn

IlefiCTBHTENIbHO, A/  HEOTPHUATEJBHBIX BEJIMYHH &, HMeeM
M2 < eME), Tak, wto u3 cxommMmoctH psma (9) BhITEKaeT CXOH-
MocTh pana (10).

W3 Teopembl 0 CXONUMOCTH DSJOB C BEPOSTHOCTbIO 1 mpu mo-
‘MOLUM APOCTOro NpeoGpa3oBaHHss MOMXKHO NOJYUHTH TEOPEMbl THNA
YCHJIEHHOrO 3aKOHA GOJIBIIHX 9HCEJ, T. €, TEOPEMBl O CXOAHMOCTH
C BEpOATHOCTBIO 1 HEKOTOPBIX CPEIHHX OT CJAYYaHHHIX BEJHUHH.
Tlpusepem mpumep Takoro posa.

Jlemwma 1. Ecau psad Z 2, €x00UTCA U Qp — MOHOTOHHO 803-
nes|

_pacTaowas nocaedos8aTeAbHOCTb, an >0, @n-> 00, TO
l n
— E a2, —>0.
Qan
k=1

n .
Hokasareascreo. Ilyerp Sy=0, S,= Z 2, u (S, 1<e, n=

=1, 2,..., Ile c— HeKOTOpas NOCTOsHHAL, I'Ionome Ap—Ap— ==
.-—Ak, =1,2,..., ao=0. Torza

kgl agzy =k§l A+ A4 . A2 =k§ Ap(Sp— Se—1).

Tlosromy
-+ Y az !~2Ak(s = Se-p)| 4 sup 18, — Sk~ 1<
k=1 k=1

~

2C———+ sup | S, — Sp—y1<e

ny k<

ana Joboro >0, ecan n H ng BBIGpAaHBl JOCTATOYHO 6OJb-

10:070. 0 : |

M3 nokasanHoil JeMMbl H TeopeMbl Kosimoroposa (cieacTsue 2
“TEOPEMbl -2) BBITEKAIOT CJeLyMOlide YTBepPKIACHHS.

Teopema b Ecau {&x, n=1,2, ...} nezasucumsl u -

oo

N = D < oo,

n=|
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70 ¢ B8EPOATHOCTHIO 1

n
. 1
llm-n— Z (Ek -— Mgk) =0.
ket
IIJIR OJHHAKOBO paciipeleJ€eHHbIX cnyqai’mmx BeJHUNH gn 6o--
Jee CHJAbHBIC pPe3yJabTaThl GYILYT MNOJIy4Ye€Hbl B JaJbHeHIeM Kak:
cJaencTBus [8]6311§75:¢ 3ProJHYECKHX TEOpEM.

§ 3. dproauyeckne Teopemsl

PaccMOTpUM CTAaUHOHAPHYIO CJYYaHHYIO 10C/1e10BaTeJbHOCTh-
{et), teT), T={t: t =0, £I, ..., &n, ...}, co 3HayeHHAMH
B HeKOTOpPOM H3MepumoM mnpoctpaHcTBe {X, B}. CTallHOHAaPHOCTD-
nocaefoBaTeJbHOCTH o3nauvaer (cM. ra. I, § 5), uro coBmecTHOe
pacnpeleienne  nocaenosateapHoctH  {E (4 1), E(2+1), ...
..., E(tn 4 1)} He saBucuT OT f, KaKoBH Obl HH Oblin n, I, 1, ...
.o, tn (t=T,n>0). 310 onpejesenue paBHO3HAUHO TOMY, 4TO-
s M060H OrpaHHYeHHO# B"-u3MepuMOi QYHKUHH [(X), ..., Xa),
x, < X, Bennyuna Mf(E(4 1), ..., E(tn -+ 1)) He 3aBucur OT I
ana Jabux n, ty, ..., ta

IMycre XT o6Go3HauaeT MPOCTPAHCTBO BCEX MOCJeNOBaTENbHOCTEN
u={ .., X—n, Xently --+s X0, Xi, «-.s Xn, ...}, & — MHHHManbHAT:
o-anre6pa, cojepailas Bce IHIHHAPHYECKHe MHOXecTBa X7, Py —-
Mepa, uWHAynupyeMmas Ha € nocaenoBatenbHOCThIO {E(f), t&T}.
Takum o6pas3oMm, BepoATHOCTHOe npoctpanctBo {X7, €, Pi} sB-
JAeTCs €CTECTBEHHBIM Tpe/CTaB/eHHEM Mpolecca {E(t), t=T}.
UYepea {XT, 8, Pz} 0603HaunM NpOCTPAHCTBO C INOMNOJHEHHOH Me-
poii. B X7 BBemeM onepaumnio ciBura BpeMenu S: u’ = Su, ecan
X,=x,., neTl, tae u={xp,neT}, «'={x, n=T} Onepa-
uus S umeer o6bparuyio S—!, mpuuem ecan u’ = S-lu, v’ =
={x" nET}, TO X, ==X, _,. YCJOBUE CTalHOHAaPHOCTH MOCJIENOBA--

n?
TeJIbHOCTH £ (f) 03HAuaeT, 4TO JJIsi IPOH3BOJILHOTO NHJINHAPHUIECKOro-

MHOXKecTBa C
P (C) =P (SC). 1y
[TockosbKy Mepa Ha UHJIHHIPHYECKHX MHOXKECTBAX OJLHO3HAYHO ON-
penensier Mepy Ha € U Ha ee IIOINOJHEHUH @g, TO paseHcTBO (1) co-
Xpansiercst aas npoussosishoro A & Gy
P:(A)=P:(S4), A<G;. @)
Onpeneanenune. Iycre {U,§, u}— nexoropoe npocrpancreo

¢ mepotl, S — usmepumoe orobpascerue {U, §} 8 {U,§}. [Ipeobpaso-
8anue S HA3bLBAECTCA COXPAHAIOWUM MePY, ecau 0i awboco A = §:

o p(S7'A) =p(4),
2de S—'A — noanviii npoobpas mroxecrea A.
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ITpeo6pasosanne S wasviBaercs ofparumbim, €CNH CYyUleCTByeT
TaKkoe HaMepuMoe npeo6pasoBauue S, yro SS~! = S-S = [, [ —
TOXKJecTBeHHOe NpeoGpasoranue. B 3ToM ciaygae npeoGpasoBanue
S-! naspiBaercst o6parwoin k S. OnpenenieHne CTaHOHAPHON MOCJe-
NOBaTeNbHOCTH 3KBHBAJIEHTHO CJAEILYIOIEMY: n0cAe008ATEALHOCTS
{£(1), t =T} crayuonapna, ecau oneparop cdsuza spemeru S 8 XT
coxpanser mepy Pre.

3apaya H3yYeHHsI CTALMOHAPHHIX MOCJAENOBATENBHOCTEH SABJSTET-
CH YaCTHBIM CJAYyYaeM 3a]ayM M3yyeHHs COXpaHAIIIHX Mepy obpa-
THMBIX npeoGpasoBaHuii (aBTOMODP(H3MOB) HEKOTODPOrO MpOCTpPaH-
cTBa ¢ MepoH.

Paccmotpum  BOnmpoc 06 acHMNOTOTHYECKOM TMOBeJeHHH [pH

n—>- 00 CpeaHero
n—1

- ¥ 1Sk, 3)

k=0

rae St—k-a cTenenp mnpeoGpasosanus S, [(u)— npousBosbHan
§F-uamepumas dynkuus, {U, §, p}— HekOTOpOE NPOCTPAHCTBO C Me-
pofi p ¥ u(U) << co. YTOGH NOHSITH CMBICA 3TOMH 3ajayH, paccMoT-
pum ToT cayua#t, korga {U, §, u} cosnanaer ¢ {XT, €, Pg}, a S —
oneparop casura-speMenH. Ilycte & == E(R, u) = xp, [(4) = yu(x0),
rne yp{x)—unamxatop MHOXectBa B 9. Toraa [(S*u)=
= Y (S*u) = xp(E(k)) u

n—1

= 2 it =280 4

k=0

Tre vn (B, u)—uncno uynenos mnociegosartenbroctH E(0), E(1), ...

., E(n—1), 3sHaYeHUsT KOTOPHIX MONANAOT B MHOXKECTBO B, T. e.
va (B, u) fABAsieTCs 4aCTOTO# MONMafaHus B MHOXECTBO B NepBuIX A
WIEHOB MocjaenoBaTespHocTH E(f) ({ =0,1, ...,n—1). Takum 06-
pasoM, NOCTaB/JIEHHBIA BOMPOC, B YACTHOCTH, FBJSETCS BOMNPOCOM
O MOBEJeHHH YacTOThl NOMAaAaHUST 3HAYEHHS CJAYYaHHOH BeJHYHHBE
E(?) B npousBosbHOe MHOXeCTBO B. JlokaxeM mpexje BCEro, 4rto
npexes Npy 1 -» oo BEJHUYHHB (3) CYLIECTBYeT ¢ BEPOSATHOCTBIO .
ITO NpeAJOKEeHHEe COCTaBJAET CONep)KaHHe H3BECTHOH TeopeMbl
Bupkxotba — Xunuuna,

Jlemma 1. Ecau S coxpanser mepy pn, D =§ u f(u)— F-usme-
PUMASL HEOTPUYATEADHAS W-UHTE2PUPYeMAR PYHKYUA, TO

| 1swu@n={fwuaw. (5)
s~'p b

Ecu nonoxurs f(4) = x, («), To dpopmyna (5) nepeiner B pa-
BeHcTBO u(S™'(AND))==p(AND), uro BepHo ans mobsix A ®
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D = %. Orciona caenyer, uto ¢opmysa (5) BepHa AJa9 NPOH3BOJIb-
HbIX $-H3MEpPHMBIX HEOTPHLATEJbHBIX M W-HHTErpHpPYyeMbix (yHK-

uui. B
IoxaxkeM cefiyuac OIHy JieMMy apH(pMeTHueCKOro XapaxTepa.
Iycts a;, Qs, ..., Qp — TNOCJAENOBATENbHOCTh JEHCTBHTEIbHBIX HH-

ceJj, p— OeJoe 4HcJo. HasoBeMm uJjieH nocJie0BaTeJbHOCTH ay p-oT-
MeUyeHHbiM, €CJAN B II0CAeA0BaTENbHOCTH CYyMM

Apy Qi Qpgyy -vvs Qe+ Qe+ o oo+ Gryp—y

no KpaiiHell Mepe ojiHa HeoTpHLUaTeabHa (@p l-oTMeuen Torga
TOJLKO TOTJa, KOrjia OH HeOTPHLATeNeH),

Jemma 2. Cymma scex p-OTMEHUEHHbLY IAEMEHTO8 HEOTP UL~
TeAbHA.

Ilycte @z — p-OTMEUeHHBIH 3JEeMEHT NOCJAEIOBATENLHOCTH C
HAaUMEHbIIMM HOMEPOM H ap +ap+1+ ... Fap4rir<<p—1)—
HEOTpHLATEJbHAA CyMMa C HauMeHbIIHM  UHCJOM  cJarae-
muoix. Tlpn A <<r aw -+ a1+ ... F aran < 0, cienoBaTenbHO,
ap+h+1 -+ .. Far4r=>=0, T. e. BCE uUNEHH IIOCJENOBATEJbHOCTH
Ak, Qh41y -+ -» Qk4r P-OTMEUEHH M HX CYMMa HeOTpHIATeJbHA.
MOXEO NpPOJOJIKHTb 3TO PACcCyKJAEHHEe, paccMaTpuUBas NOCJIELOBA-
TeJAbHOCTh, HAUMHASA C UIeHA Qk,4r+1 1aKUM 06pasoM, BCA MOCJAEAO0-
BaTEJbHOCTL pa3buBaeTCcs Ha YacTH, KaxKAas H3 KOTOPHIX KOH-
yaeTcss TPYNIIOH p-OTMEUEHHBIX UYJEHOB, H CYMMa p-OTMEUEeHHBIX
JEeMEeHTOB KaxKIOH 4YacTH HeoTpHUaTeabHa. MHOXKECTBO p-OTMeyeH-
HBIX 3/1€MeHTOB BCel NOCJeA0BaTeNbHOCTH COBIANaeT ¢ CYMMON MHO-
JKECTB p-OTMEYEHHBIX 5JeMeHTOB TAKHX €€ YacTel, yTo H AOKa3bl-
BaeT JemMmy. B

Cnenymomas jeMma sBJASETCS OCHOBHBLIM 3TanoM B JA0KasaTe/b-
cTBe TeopeMbl Bupkxopa — XuHuuHa.

Jlemma 3. ITycre [(u)— p-unreepupyemas ¢pynxyus, S — u3-
mepumoe, coxpansiowee mepy n orobpasxenue {U,§} ¢ {U,§} u

E= ] {u: kz F(S5 ) > 0}.
n=| =]
Toeda

{ @ n@m>o0. (6)
E

Hoxasareavcrso.  PaccMoTpuM  nocaejoBaTesnbHoCTs (1),
f(Su), ....f(SN+P-14) u o6o3nauuM uepes s(u) CyMMy Bcex p-OT-
MeyeHHBIX 3J1€eMEHTOB 3TOH NOCJeJ0BaTeIbHOCTH. B cuiy neMmbl 2
s(u)= 0. Ilyerb Dy = {u:[(SPu) ecTp p-oTMeueHHBIt 3jeMeHT},
%k (u)— MHONKATOp MHOXecTBa Djy. 3aMeTuM, uyTo

Dy={u: sup f(S*'@)>0} u Dy=S"'D,., mpn ®<N,
1<R<p
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otkyna D, =S7*Dy (#<<N). Orciona
N+p—1

*O<SS(u)u(du)=S D F(S*u) % ) e () =
12 U k=0
N+p—1
= ). (it
k=0 D

B cuay semmn |

i wn@)= | [Swwr@)={f@aas &<y,

Dg s~kp, Dy

“CJie10BaTe/bHO,
N4p~-1
N iwray+ Y (1Swu@n>o. ™)
D, k=N+1 D,
“Tak Kak

[ f(stw)p (@u)

Dy

<{11S* 1p@n={17@1n @ <,
u U

“To, pasfe/uB HepaBeHCTBO (7) Ha N u yctpemus N K oo, moayuum
{ 1@ w@n >o. ®)
D,

MruoxectBa Do = Dy(p) (p =1, 2, ...) 06pa3yioT MOHOTOHHO BO3-
pacrapiyo nocjaeJoBaTeNbpHOCTb, H .

lim Dy (p) = | Dy (p) =E.
p>oo p=1
Ilepexons B (8) K mpexeay npu p->oo, noayuum (6). |

JleMmma 4 (makcumaJsbHas 3projnHueckas TteopeMma). ITycre
J(v) p-unreepupyema, A — delicrsurenbroe wucA0 u

E, = D {u: %Zn:f(sk"'u)> x}.-

Toz0a " -
{7 @w ) >0 @, O
B

Jloka3aTenbCTBO MOJNYYHM, €CJaH K pyHKUMH [(u)— A NpHMeHHM

Jiemmy 3.
Teopema | (teopema bupkxoda — Xunuuna). [Tycre {U, §, p}—
RPOCTPAHCTBO ¢ Mmepol, S — u3mepumoe, coxpaunsoujee Mepy
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p orobpaxcenue {U, ¥} e {U, &} u [(u)—npoussossnan p-unrezpu-
pyeman @ynxyus. Toeda p-nouru scrody e U cywjecreyer npeden

lim —,‘,—2f(s’=u>=f*<u) (mod p), (10}
fn—>oo k=0
¢ynkyua f*(u) S-unsapuantna, 1. e.
[ (Sw)={"(w) (mod ), 11y
u unrezpupyema. Ecau p(U) << o0, 10
V'@ wld) = {F@n @), (12
U U

Hokazaresvcreo. He ymenbiuasi 06MHOCTH, MOMXKHO CYHTATh, 4TC
¢yukuns f(u) KoHeuHa W nHeoTpuuaTesbHa. ITooKHM

n—1 n—1 !
* = 1 .1
g W=Tm_-3"[(S%), g @=lim— 3 f(Sk).
k=0 ) k=0
HyxHo ycranosutp, 4o g*(u) = g.(u) (mod p). Iycts
Kg={uw: &) >, g, <a}, 0<a<Bp.

Hocrarouno noxasats, uto p(K.p) = 0. (JelicTBHTesnbHO,
{u: g'(w) > g, W)}= I'<Jﬁ Koy, Te R — MHOXeCTBO HEOTpHIIATENE-
a
a. BER

HHIX pallHOHAJbBHLIX YHCe1.) 3aMeTHM, 4TO

g*(Su)=Ti—rH{ ”j’ Hl_l Zf(S"u)—L,f)}=g*(u)
. k=0

H, aHAJIOTHYHO, g.(Su)=g.(u). D10 03HauaeT, B YACTHOCTH, UTO
S-1K 8 = K,p. T109TOMY MOMHO NpHMEHHTH JeMMy 4 K npocTpaH-
crBy ¢ mepoit {Kyg, §NK,p, u}. Orcona caenyer, yro
{ 76 1wy >pu (K, (13)
Kag

Ilpumenss nemmy 4 K dynkunu —f (1), nonyunm
[ 7@ 0 ) <on (k). (14)
Kag

Tak kak B> 0, To us (13) caeayer, uto n(Kyp) << o0, HO TOrma
(14) Bosmoxno Jsmmb, Koria p(Kgg)==0. Hrak, cymecTsoBanue
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(mod p) npenena (10) mokasawno. [Mosoxum f*(u) =g*(u). Torna
semodansiercs (10) u f*(u) S-unBapuantaa nourtn Bcioay B U.

Hana noxasatenbctsa popmy.isl (12) mosoxum Ay, = {u: -;,,-g

k=—o00

k41
< (W) < =5 + } Hmeem U= U Ay S7'A,, = {u: _9’;l_<
< (Sw) <‘T}=A’m' [TpumenumM K MHOXKeCTBY A, JemMmy 4.

k
Jaa mo6oro & > 0 Moay4uM, 4To S Fuyp(du) > (7”— — 8) B (Aes),
Apy
OTKYAA npu &~ 0 nosyyaeM HepaBeHCTBO S f(w u(du)}é,,— p{Ag,).
Akn

AmnaJnoruyso, Sf(u)u(du) w (Agy,), oTkyza caepyer
Agn

) 70w () — S F* ) (d)

Apn Akn

1
< 57 U (Agn).

CyMMHupYSI 3TH HepaBEHCTBA IO BCeM Kk, MOJYUHM

@@~ {Fwa@| < gu @),
U U

Ilpunumast BO BHHMaHHe [IPOH3BOJNBHOCTE M B CJyyae, KOLIa
w(U) << oo, nonyunm dopmyay (12). @ :

Hexkotopele ciaencTsusi TeopeMbl Bupkxopa — XuHuuna,
Caencraue 1. Iycre p(U) << oo, f(u) = Zp{U, §, u}. Tozda

!

[nsg  foKasaTesqbCTBA BO3BMEM  KakKylo-1H60 OrpaHHYEHHYIO
dyuxuuo fo(u), n HyCTb If(u)—TFo(u)llp =20, rae | fllp— nopma
aqemenrta [ B &, {U, &, n}. Torna

l<_"
A
H Zf(S"u)——f

k=0

D
pldy)—>0 npu n— oo, (15)

LZZ [ (S*u) — F* (u)

(S*u) — fo (S*u)]

i -
N,‘— Z F(S¥0) — ()

o

RaCEa
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B cuay nepaBeHctBa HMencena u Jjemmbl 1

11

n

S |

Y1 (S w) — fy(SPw)

ti,,
n—1 19 1p
={S%ZG@%~hSW)MW% <
Ul k=0
1 st )l/p
<{ S_n— [F(S*) — Fo (S*u) 17 w (du) s o=
U k=0 j
" Up
={%ZSW@“%MVMW@ —3s.
k0 U
Hcnonbsys qemmy Paty, moayunm
o) — @], =
1 " , {7 \ e
={ Slim o Z [F (SPu) — [o (S*w)]| w (du)j <
U k=0

= SIS ) — fo(S'w)]

.

<lim <s.

o

Hanee, Tax Kax QYHKUMA fo(u) OrpaHHueHa, TO M b2 ee CpelHHe
OTPaHHYEHBl OJHOH ¥ TOH >Ke KOHCTaHTON. [103TOMY B BhHIpaxKeHHd

at

TpH A ~> 00 MOXKHO NepeiTh K NpeAeay noj 3HaKOM HHTerpaja B CH-
a1y Teopemnl JleGera. CuenoBaTelbHO, OHO CTPEMHUTCA K RyJII0 H
NIpH OCTAaTOYHO GOJLINKX f cTaHOBUTCS Menbiue §. Taxum oGpasom,

+ Y F(St ) — [* ()
k=0

n-—1 14 t/p
o S (St — [ ) Mm}.
k=90

= Sy (S') — F @)
k=0

< 39, 1= ny = 1y (9),
o

TpuyeM 4YHCIO O MOxeT ObiTb BBIGPAHO CKOJb YLOAHO MaJbIM
(6 > 0). Takum o6pasom, (15) gokasamo. k&

Onpenenenune 2. Muowecrso A= § Hasvsaercs S-unsa-
puantnoim, ecau p((S—1A)AA)=0.

3nech A — CHMBOJ CHMMETPHUECKOH Pa3HOCTH MHOKECTB.

Jlerko mpoBepuTh, YTO K/14aCC BCEX S-MHBADHAHTHBIX MHOXKECTB
obpasyer o¢-anre6py $-u3MepHUMBIX MHOXKecTB. Jlajee, eciad
& (1) — S-unBapuaHTHAA (QYHKLHSI, TO MHOXKeCTBA {U: g(u)=rc},
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{u: g(u) = ¢} S-nnBapunantani. C apyrof croponsl, ecnu A S-uaBa-
pHAHTHO, TO Ya(#)— S-unBapnanTtHas ¢yukuus. O603naunM o-aJ-
re6py S-uHBapHaHTHBIX MHOXecTB uepe3 JI. [lyers p(U)= 1.
Byznem cuntate {U, §, u} BEpPOATHOCTHBHIM NPOCTPAHCTBOM H CHMBO-
JoM M oGo3HauaTh HHTErpUpOBaHME MO Mepe u (MaTeMaTuyecKoe
oXHaanue).

Cnencrsue 2. f*(u) = M{f(4)]3} (mod p).

OueBunano, uro M{f(u) |3} sBngerca S-unBapuanTHO# (QyHK-
nueil. TlosToMy nast noxazarenbCTBa CHEACTBHS 2 JOCTaTOUHO MPO-
BEPHTb, YTO I NPOU3BOJbLHON OrpaHHuYeHHOH S-HHBapHAHTHOR
(QYHKLIUH

Mg @) (i (@) —M{f ) 13}) =0

uan uto M{g(u)[*(u)— g(u)f(u)) = 0; HO mocnenHee BHITEKAeT H3
2), Tak uro

(@) f @) =lim— > g(S*) [ (S*0) =g @) [' (@) (mod p). M

k=0

3proanueckue CTaunoOHapHBIE NOCaEAOBaTeabHOCTH. Bo3Bpatnmes
K CTalHOHAPHEIM TOCJEN0BATEIbHOCTSM,

IMycts {E(f), ¢t = T}— craunonapHas nocJelOBaTeNbHOCTh H
{XT, €, P}—ee ecTecTBeHHOe NpeACTaBJEHHE.

Canencrteue 3. Ecau f— usmepuman ¢pynxyus ¢ {X™ 9™} u
Mf(E(0),E(1), ..., E(m— 1)) =~ oo, TO ¢ BepoaTHOCTbIO 1

-%Z(JM§k+D oo B+ m—1) >

—*M{f(E(O), g(l)’ veey §(m"1))f3} npu n-—»oo,

ebe 3 —o-areebpa coboituil us §, UHBAPUAHTHOLLX OTHOCUTEALHO
codsuea spemenu.
PaccmoTpiM npousBoJibHOe cobuitie A € % u mocheaoBaTelbe

HOCTb COGHITHIL, NOJyyaeMBIX u3 A «cABHTOM BpeMeHu» — A, ST'A4,
+2
S*°A,... Ecan g, —unnukatop coObitHa S"A, 10 yn (n =0, =1,...)
06pasyloT CTAalHOHAPHYIO NOCJAENOBATENLHOCTh CJAYYAHHBIX BEJHUHH
n—1

] .
" ) ZX@ €CTb 4aCTOTa HACTYyIJEHUsd coObITUSA A, BBIYHCJEHHAaA no

k=0
ofHO# peanusaunmu mnocaeposarenabHoctH {E(f), t=0, 1, 2, ...}

1 A
w2 ="0
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B cuay teopembl Bupkxoga-— XununHa ¢ BepOATHOCTbIO 1 Cylle-
cTByeT mpened :

tim Y2 () =M{.lS) 1 Ma(d)=P(A)
n-—»oo n
Benuuuny m(A) MOXKHO Ha3BaTb IMAUPUHECKOU BepPOATHOCTHIO CO-
6pituag A. Ona aBasietcs cayuaifinoil Benuunnoil. EctecTBenHo, BO3-
HUKaeT BOMPOC: KOTJa 3MIHUpHYecKasl BepOATHOCTb 1t(A) He 3aBHCHT
OT cJayuas M COBMajaeT ¢ BepoATHOCTbio P(A4)?
CranuoHapubie NOCJAEA0BATENbHOCTH, o0/aajalolive 3THM CBOIl-
CTBOM, HAa3bIBAIOTCA 3p200utecKumu.
BoJsee o6mUM ABJsETCS ClAeAylollee ONpefeneHHe.
Onpeneneunue. [ycro {U,$§, u}— eepoarnocrroe npocrpan-
creo, S — coxpanaouwee mepy npeodbpasosanue U 6 ceba, vy, (A) =
= vn (A, u)—uaucro unsenos  nocaedosaresvroctu  {u, Su, ...
..., S}, nonadarowux 80 muosecrso A. I[1peobpasoganue S Ha-
su8aroT apeoduseckum, ecau 041 06020 A = §
Ynld W) p (4) (mod p).

lim
n

n—-»oo

ITpeobpasosarnue S HA3LIBAOT METPUYECKUM TPAHIUTUBHLLM, eCcAu
Atoboe S-unsapuantroe mHoxcectso umeer mepy 1 uau 0.

TeopeMma 2. Yrobow npeobpasosanue S 8 86POATHOCTHOM NPO-
crpancrge {U,§, u} 6oiao speoduueckum, neobxodumo u docra-
TOUHO, UTOObL BHINOAHANOCH O0OHO U3 08YX YCAO8UL:

a) S merpuuecku TPAH3UTUBHO;

6) O0aa arboi F-usmepumot p-uurespupyemoti gyaxyuu f(u)

Synxyus 1
* . 1 P
Frla)=lim - kzof(s )

€ 8epPOATHOCTbI0 1 NOCTOAHAA.

Hoxkasareavcrso. Ilycts A — S-uHBapHaHTHOE MHOKECTBO H
0 <p(A)<< 1. Maoxecrsa A, SA, S?A, ... oramyaTcst Apyr oT
Apyra Ha MuHoxkecTBa Mepbl 0 B v, (A) = ny4 () (mod ). Ciueno-

. va (A) o
BaTeJbHO, lim nld) e MOXeT ObIThb NOCTOSAHHOA (mod u) Bennuu-

n-»o
Ho#i. Takum o6pas3oM, U3 3PrOJUYHOCTH CJelyeT MeTpuHYecKas TpaH-
sutuBHOCTb. [lycTh Temepp S MeTpuuecku TpaH3uTHBHO. Tak Kak
$yuxnns f*(u) S-uaBapuaHTHA, TO CHMMETPUYECKAs PA3HOCTb MHO-
¥KecTB

SHu: Py <xy={w "Su)<x} n {u f*u)<x}

uMeer u-mepy 0. Orciona Bbitekaet, uto p{u: f*(u) << x}=0 usn
4719 06oro NeMCTBUTENBHOrO X, T.e. [*(u)== const (mod pn). Ta-
KuM o6Gpasom, u3 a) BuiTekaer 6). Hakouew, yciosue sprogudanocts
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SIBJsIETCS YacTHbIM CJyuyaeM Yycjiosus 6), a HMEHHO Koraa f(u)
€CTb HHIHKATOP HeKOTOporo coOuitus. M

ITpuBeseM HECKOJBKO CJAEACTBUH H3 SPTOJAHYHOCTH.

ITycrs {X, €, P}— ecrecTBeHHoe NpeacTaBjeHHe CTalHOHAPHOH
nocsenoBaTeJbHocTd E(n), S — npeofpasoBaHue CABATA BpeMeHH
B XT, 22=QQ{XT,@, P}

W3 cnencrBust 1 Teopemnl 1 BLITeKaeT, YTO JJsd IIPOM3BOJIbLHBIX
Gynkunit f(u) 1 g(u) 13 L

n—1
tim { LS 10 gwP @)= {FwewP@).  (16)
n—>c><>XT Pyar e

Bynem roeopurb, uTO IHocjexoBarteasHocte {E(n), n =20,
=1, ...} sproauuHa, eciu 3ProAMYECKHM SsBJsieTcs npeobpasosa-
uue S. Tlomoxum g(u) =1, [(Shu)= {x 4 TPELITOJIOKHUM, UTO HC-
' XOjHas cTalMOHapHasi mocjenosatessHocTd {E(n), n =0, *=1,...}
sproaunyna. CooTHousenue (16) mpuHuMaeT BHA

n—1{
lim 3" gy = MEMn. (17)
k=0 .

n->»o0

Tlyers g(u)= yp(u), f(u) = xa(u), A u B . Uz (17) caeayer,
4TO

lim = 3" P (S™*4NB) =P (4) P (B) (18)
n-»o0 et R
unu (ecau P(B) 5= Q)
n—1
tim — 3" P(S7*4|B) =P (4), - (19)

k=0

rie P(S—*A|B)— ycioBHas BeposiTHOCTb cOOGHITHS S—*A orHOCH-
TesbHO B.

Jlemma b. Pasencrso (18) (uau (19)), Oan awbvx A, Be G
IKBUBANCHTHO 3P2OOUHHOCTU.

HocraToyHo mnoxasaTth, uYro u3 (l8) ciaenyer sproauyHoCTb.
[Tycte C — a060e S-unBapuanTtHoe coGbitHe. Ilonoxum B (18)
A = B = C. Torna ono mepexoaut B caenywinee: P(C)= P2(C),
otkyaa P(C)=0 uau 1, n Jgemma caeayer u3 Teopembl 2. g

PapencrBo (19), nMeer C/ICAYIOUHHA TEOPETHKO-BEPOSTHOCTHLIN
cmbicat. Ilycrs A u B — gBa co6uitust u3 €. Ecan coGbitne A He-
OrPaHMYEHHO CABHraTb BO BPEMEHH, TO B cpefHeM coObiTusi S-"A
U B craHeBsITCA He3aBUCUMBIMH, KAKCBO 6bl HH Obl10 cobblTHe B.
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Vcaosue (19) siBasieTcss yacTHRIM cayyaeM 6oJiee XKECTKOro Tpe-
6oBaHHA:

lim P(S™"A| B) =P (4), (20)
>
KOTOpPOE HasblBaercs yc.aosuem nepemewusanus. Ycnosue (20) aB-
JsIeTCH 4aCTHHIM C/IyyaeM paBeHCTBa

lim MZ,n = MZMn, (1)
n=»oo

rae Gn = f(S"¢), n = g(u), f(4) n g(u)— npoussonbuble GyHK-
unn u3 Lo C apyroit croponsl, u3 (20) creayer (21) aas npocThix
¢yuxuui [ 0 g. AnnpoKcuMHpys npousBoabHble [(u) u g(u) u3 L
nocJe0BaTe/NbHOCTAMH NPOCTHIX QYHKUMH [n(#) u g,(u), cxoms-
wuxcd B Zp K f(4) m g(4) COOTBETCTBEHHO, HETPYAHO yOeauTbes,
yTO YCJIOBHE IlepeMELIMBaHHsl SKBHBaJIeHTHO ycaoBuio (21) (f(u),
g (4)— npousBosbHble QYHKUHH H3 Fo). C IPYroit CTOPOHHI, YCaO-'
Bue (21) ZOCTAaTOYHO NMpPOBEPHTHb JJI HEKOTOPOrO MHOXKECTBAa (PyHK-
uuii, auHelHas o60JI04Ka KOTOPBIX BCIOAY HJoTHa B %, B kaue-
CTBE TAKOBOH ynOGHO NPHHHMATb HHIMKATODPH UHJHHIPHYECKHX
MHOXKECTB.

Pacemorpum nocaenoBartenbHocTs {E,, n =0, 1, ...} nesa-
BHCHMBIX OZHHAKOBO PachnpelesieHHBIX CAyYalHBIX BEJNHUHMH, U NYCTh
M|E,| << co. OHa sBasiercss CTalHOHAPHOH NOCJENOBATENbHOCTDIO.
B cuay reopemb Bupkxoda — XuHunna

n—i
lim — Y & =& (modP), Mg =M.

n-»oo k=0

Cayuaiinasi BeqHuMHa E*, OUEBHMIHO, HE 3aBHCHT OT JHOGOrO KOHEY-
HOTO yHucsa Beauuun §o, &, ..., Ep. TlosToMy E* uamepuma orHocH-

TeJbHO lim&{E,} M Ha ocHOBaHuM «3aKona 0 uau l» mocTosiHHa,
§* = ¢ (mod P), npuuem ¢ = ME. Taxkum o6pasoM, Mb noJyuaeM
CJIEeYIOIYI0 TeopeMy.

Teopema 3 (ycuaenumll 3akon 6oabmux uyucea). Ecau
{&, n =0, x1, ...} — nocaedosarervrocto nesasucumviy oduna-
Koo pacnpedesentibix cayuatnolx sesusun u M|E,| << oo, T0 ¢ 8-
posithocTero 1

n—1
lim 2 3 &= Mg, (22)

k=0
Hoxasannas TeopeMa sIBJSETCs CJAEACTBHEM 3PTOAMYHOCTH He-
SaBHCHMBIX OJIMHAKOBO DaclpefesJeHHBIX CcaydaliHbix Beauund. Ho
MOXHO n0oKasaTh GoJbliee, a HMEHHO, YTO ONEPATOP CABUTa BPEMEHH
B XT gBisercs mepeMelldBanueM. B cBOIO ouepeib 3TO BHITEKaeT
H3 Gomee o6mero yrBepxkaenus. Ilycts {E,,n=0, =1,...} —
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craiyoHapHasi TOCJeI0BATENbHOCTh CJAy4ailHblX  3JeMEHTGB B
{X, 6}, §, — c-anrebpa, nopoxpmaemas CIydadHbBIMH 3JeMEHTaMH

Eny Ently +ovy Do =ﬂ%n ==1im §,. Byaem roBopHThb, 4TO K mOC/Ie10-
n

BaTe/bHOCTH {En,n = 0, =1, ...} npumenum «3akod 0 nau l»,
ectu o-ainrebpa Fo COAEPKUT TOMBKO COOBITHA BepoaTHOcTH O
uian 1.

Teopema 4. Ecau nocaedosareasnocts {&,, n =0, =+1,...}
ydosaeraopaer «3akorny O uau 1», To npeobpasosarue cosuzq ape-
MEHU SBAAETCS Nepemeuiusanien.

[Monoxum {-, = P{B|Fn}. [TocienoBarenvuocts {in, Fn, 1 ==
= ...—k —k+ 1, ..., 0}, §—n = Tn, ABASETCA MAapPTUHIANOM, H
P{B|S} fiB/IsieTcs ero 3aMblKaHHeM caeBa. Tak Kak o-aireépa e
TpuBuanpHa, 10 P{B|¥~} = const = P(B) (mod P). B cuay 1eo-
peMbl O CXOZMMOCTH MapTHHTajdoB (Teopema 1, ciencreue, § 1)
lim P{B|%.}= P(B) c Bepoarnoctoio 1. Ilyctb A — nuaunnpuue-
CKOe MHOXecTBO Han KoopauHatamu n =0, 1, 2, ... Torna S—4 &
& §n. IloaToMy npH 7 — 0

P(BNs™4)= | P{BIS.}PWw—PBP(S4)=P(B)P(A).
§-"n4

OvyeBHIHO, YTO 3TO COOTHOILEHHE HMEEeT MeCTO H AJs JbOro UH-

aunapuueckoro A. Orcrofa BbITeKaeT, Kak ObLIO 3aMeyeHO paHee,

cootHomeHue (21). @

JIlpyrumM mpuMepoM mpolecca, YAOBJIETBOPSIOLULETO YCJIOBHIO Ie-
peMelIMBaHHsI, MOXKeT CJIYXHTb CTalHOHAapHas rayccoBa roc/ieno-
BaTEJIbHOCTb, KOIQ(QHUILHMEHT KOPPeJslHH KOTOPOH  CTPEMHTCA
k myao. Ilycts {E,, n =0, 1, +2, ...} — craunosapras rayc-
cOBa MNOCJAEAOBATENABHOCTb, ME, = m, M(E&, — m) (§&o — m) = R,,
f(u)="Ff(x0, %1, ..., Xp), g(u)==g(xo, %y, ..., Xp) —— OrpPaAHHUEH-
Hble NOCTATOMHO IVlafKHe (QYHKIHH p -+ 1 nepeMeHHBIX, HMeloliHe
a6CcoI0THO MHTErpupyemble npeotpasoBanus dypwe [*(hg, ..., Ap),
g%(ho, ..., Ap). Torma

Mf (gm §n+la BRI §n+p)g(§0’ gb ey Ep)=
)4 D
py by i( Z}“kan-i‘k'*" Z“"kgk)
k=0 k=) x

=m{.. (e

—o00 -— 00

X gy o voa Ap) 8 (Woy v ooy WY dAy oo dhpdpy oo dp, ==
1 4 D

* by —3{ Z Ry p(Mgh, tigh )+ Z Rn+k—rxkur}

— S Se k=0 k=0 X

—00 —00

X gy ooy 2p) 8 gy oo vy mp)dAg oo dAhydpy .. dp.
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Ecau limR, =0, T0, nepexois B HAlHCAHHOM COOTHOWIEHHH K Tpe-
n->»oo
JeJy TIPH 7 —> 00, NOJYUYNM

lim Mf(gm Endls oo ns gn-!-p)g(gOs Eiy ovey gp)=
=Mf (&, &, ..., EIMg G, &, .., ). (23)

Tak Kak kJacc QYHKUHI f M g, LIS KOTOPHX N0Ka3aHO MOCJAeNHee
COOTHOLIEHHE, BCIOAY MIOTEH B Z», TO cooTHouleHHe (23) uMeer
MEeCTO AJIS1 IPOM3BOJBHLIX [ ¥ g U3 Po.

Takum 06pasoM, I0KasaH CAeAYIOUIHH pesy bTaT.

Teopema 5. Crayuonapras eayccosa nociedosaresbHocTs,
Ko3(ppuyuent kopperyuu roropol R, —0 npu n— oo, ydosae-
TBOPAET YCAOBUIO NEPeMeUIBARILA.

§ 4. NMpouecc BoccranoBAEHHS

B o6mux gepTax Ipouecc BOCCTAHOBJGHHS MOMKeT ObITh OMUCAH
ciaenyolinM o6pazoM. PaccmarpuBaercs paborawoluuil npu6op, Ko-
TOPbIE BPEMsi OT BPEeMeHH BBIXOAHT H3 cTpost (OTKasbiBaer). B mo-
MEHT O0TKasa Npubop HeMeNJIeHHO 3aMEHSETCS HOBBHIM. Bymem cum-
TaTh, UTO NMPOLOJKHTENBHOCTb UCTIPABHOH PaboTH 7-r0 Npubopa T,
ABJSETCS CAydyaiHoll BeJIMUMHOH, TIPUYEM BCE BEJHUHHBI T,, A =
=1, 2, ..., He3aBUCHMH H OJHMHAKOBO pacmpejeneHbl. MOMEHTH
BpeMEeHH, KOrZa OQMH M3 NPHOOPOB BBIXOJHT H3 CTPOS, HA3LIBAIOT
MomenTamu soccranogrenus. Ilpu srom cumrawr, yro 0 sBasercs
MOMEHTOM BOCCTaHOBJenust. [TogoxuM

§n=Tl+T2+---+Tm n=12, ..., g =0.

Besmyunna &, sBASETCS MOMEHTOM A-TG BOCCTAHOBJEHHS, a BCErO
npomexyTok Bpemenn {0, E,] umeer n -1 BoccranomecHUe (cun-
Tasi BOCCTAHOBJIEHHe B MOMEHT BpemenH 0).

Mycrs F(x)= P{t, << x} (8 macrosimem naparpade ynoGuei
NONb30BATLCSI TAKHM ONpejesieHHeM (YHKIHH Paclpefeienus cJay-
YaifHOil BelWYHHB BMecTo oGhuHOro F(x)= P{t, < x}). Toraa
F(x)=0 npu x<<0, F(0)=0. Bynem cuurath, uTO F0)< 1.
Torna Mt, > 0.

JJemma 1. C eepoarnocreio 1 g, —> 00 npu n— .

n
. ( -~ )
HefiecrBurensio, P(E, <<o)=Ple 1 >e-¢/. Hcnoabays ne-
paBencrBo UeOuinieBa, MOJyYHM

PE.<o<e’q", rme g=Me ™. (1)
Takum obpasom, P(lim&, << ¢)=limP(¢. < ¢)=10. @
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W3 nemmer 1 caenyer, uto aas Jo6oro f == 0 Halizercsa Takoe
v=v(t), uto &y <X { << &,. Beauunny v(f) HasbiBaeM H“uCAOM
goccranosaenut Ha npoMexytke BpeMenH [0, f]. Tak kak {v({)=
= n} = {En1 <P\ {En < B}, TO

P{v(t)=n} =P{§n—l <t} - P{§n<t}
Tlpu sToM &, — cyMMa £ HE3aBHCHMBIX OJMHAKOBO pachpejeJeH-

HbIX BesinyuH. CregoBartenbHo, P (&, << &) = *( (1), roe F*™ (f)—
n-KpaTtHas cBepTKa QYHKUHMH pacnpegenenus F(x):

oo 4

F %)= S F (¢ — 5) dF (s) = S Fe=D (¢ —s)dF (s),

—c0 9

apuyem [ (H) =0 mnpu t<<0, PPO)=1I() (({)=1 npu
t=Z0ul(t)=0nput<<0), F*O = F,
[osmoxum

Ht)=Mv(®), t>0, H{t)=0 mpa t<O.

Dynxuua H(f) urpaer B faibHeflIeM BaxHYIO poJb. Ee Ha3bBaIOT
Qynryued soccranosienus. OHa MOHOTOHHO He YGBIBAaeT H Helpe-
peiBHa cnpasa. Ilokaxewm, uto oHa xoHedHa V¢ = 0. [Tyctb xn (£) —
HMHEIHKaTOp cobnitus {&, < f}. Torxa

HO=My()=M 3 1,(0= 3 P, <.

Taxkum obGpasom,

HO=3 PO, @

4 B cuJIy HepaBeHcTBa (1) pAnm B mpaBofl YacTH paBeHCTBA CXOMUTCA
paBHOMepHO B Jio6oM KoHeuHoM oTpeske [ & [0, T]. U3 paBuomep-

ol cxomuMoctH psama (2) caenyer )L F*™ ()=Fx| X F** " |it)=
n=| n=]

=Fx+H(f), rne F+G o6Go3nauaer CBepTKy HABYX (pyHKumit F u
G, ob6pamaomuxcs B 0 A OTPHLATENbHBIX 3HAUEHHH apryMeHTa:

oo X

F+G(x)= G(x—s)dF(s)=SG(x—s)dF(s).

gm

CiegoBarensro, ¢ynkuus H (f) apiasercs peleHHeM ypaBHEHHA
t

Ht)=1()+ g H(t—s)dF(s). (3)
0
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Boaee Toro, ecau 2(¢{)— mMpoOH3BOJIbHAA H3MEPHUMAst OTpaHHUEH-
t

fias QyHKuUHA Ha KaxiaoM Komnakre {0, T],Z (f) = S 2(t—s)dH(s) =
0
= H*2(f), TO

t
Z@t)=z(f)+ SZ(t—-s)dF(s), £>0. (4)
0

t

TIpu sTOoM clenyeT HMeTb B BHAY, YTO HOL HHTErpajoM S fdF wmm
0

8 HacroslleM naparpade GyjeM MNOHHMATb HHTErpag MO 3aMKHY-
oMy otpe3ky [0, ] © B HeM HYXHO YYMTHIBATb 3Hau€HHE MepHI,
nopoxpgaeMol ¢ynkuueit F, cocpemorouenHod B Toykax 0 u L
YpaBuenue (4) HasbiBaOT YpasHenuem 60CCTAHOBACHUA. Ono uMmeer .
pewenne Ast oGoi H3MEPUMOH JIOKAJIbHO OrPaHHYEHHOH QYHKIHH
2Z(t) (r.e. orpaHHYeHHOH Ha BceX KOHeYHHIX oTpe3kax). Herpyano
y6enuTbCS, 4TO B KJjacce JIOK4JbHO OTPaHHYEHHBIX (yHKUHH pe-
iueHHe ypaBHeHUs (4) eZMHCTBEHHO.

[eiicTBuTeNBHO, pa3HocTh V (f) MexIy ABYyMS pelLIeHHSIMH ypaBs-
genusn (4) (mpu sapanubiXx 2(f) W F({)) ynosiaerBopsieT ypaBHe-
auo V = F » V. CrenoareisHo, aas mo6oro n V = F* ™« V. Ho

‘TOra max V(t)< max V(t)F*(") (T)—>0 npu n-— oo, Tak 4TO
t=[0,T te0, T

V(t)=0.

HccaenyeM acumnroTHyeckoe nosenenue ¢yukuuu H(¢) npu
4 — oo,

Jemma 2. Qyuxyus H(f) nosyaddurusna, 1. e.

H{ 4 6)<<H @)+ H(f).

JHokasareascrso. Umeem

H,+t)—HE)= Z P <t <t +t)=

=2 LPE-<t<tu<t+h L<h+h)

Tak xaK &, —§&, He 3aBHCHT OT &, u Egx—-y, TO

P <t <E<t -+, <+ )=
=MPE, — &<+ =&l G 1<H <E<Hth)
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rae % (4) o6osnauaer mHauKarop coburusa A. Haiee,

oo

r&P@—a<m+u—mm<Hm+a—m,

[eo]

Z Com1 <H <B<t +H)<I,

HO3TOMY

Hti+h)—HE)<
<M;Hm+a—am@ﬂ<a<a<n+m<Hw»-

JJemma 3. Haa npouszsorvroid HeoTpuyaresbHol A0OKQAbHO
(1)

oepanuvennoll noayadourusnod ¢pynkyuu H(t) npedes | = 11m 7
cyujecrTayer.
Hokasaressvcrso. Ilycte ¢ >0, t =kc+ h, he 0, ¢) u b—

neJqoe yucio. Toraa

H{) __ Hkce+h) - kH(c)+H(h)
t ke+hn X ket h ?

OTKyLa

llmm H (c) H l_iﬁ-—H;—t)glim—H—gc—)..

t>o f c t->o0 i

. H(t
Hafinem snauenue mpemena lim t().
Teopema 1 (aJIeMeHTapHaH TeOPEMa TEOPHH BOCCTAHOBJIEHHS).

lim —ﬁ)—

t=»o0

Mrl (-———- =0, ecau Mt == oo) . (5)

Hoxkasareascreéo. Paccmorpum npeo6pasosarne Tarmnaca HA(s)
dyrxuun H(f):

()= S e=stH (f) dt.
0

o= "]
82H (s) ==§ e~ us udu.,
T

HimeeMm

N
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Taxk Kax

~

8 u e/s
#(%) e
e—t “ udy =s*\ e StH () dt < seH (?) -0
(1} s

0

npu e—>0 u H(—lsf-) (%)—l—ﬂ npu §—0 u mobom u>0, TO

lim s2H (s) = S e~Yudu=1.

$-»0 b

C 1pyro#i cTopoHbI, nmepexons K npeoOpasosanusiM Jlamniaca B pa«
BeHcree (3), 6yneM uMerb

H(s) = S =St dt - S S H (t;- ') e—st=t)=st' dF (') dt =

=1+ S e=st’ dF (') S H (e~ du=—++ H(s) F (s),
0 0

rae F(s)— npeoGpasoBanue Jlannaca — Cruarbeca ¢ynkmun F(f):

oo

F(s)= S e=st dF (f). 6)
0

Takum oGpasoM, ans ¢yHKuuH H(S) HMeeM cjenymolilee Bhipa-

KeHue: 1
@)

s(1—F(s) "

Ecan senuunna Mrt; KoHeuHa, TO

H(s)=

oo

~ —st pod
lim 1220 (1= 4p (9 (1ar 0.
0

S S
sY0 3

B stoM cayuae

= 2 —_ s .1
b= ll-inSH(s) il-%l—p() Mz, *

Ecnn xe StdF (f) = 00, TO, KaK HETPYZHO BHJETH,
0

lim I=F@) oo, W
sYy0 s
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Hoayuennslft pesysnbTaT MoxHO G6blI0 OpeNBHAETH: cpenHee
YHC/IO0 BOCCTAHOBJIEHMH B eNHHHLY BPEMEHH DaBHO BeJHYHHe, 06~
paTHOM cpelHeMY BPeMeHH HenpepbiBHOA paGoTsl npubopa.

Bosee Tounble pesysbraThl B TEODHH BOCCTAaHOBJEGHHS 3aBHCAT
OT NMpPHPOAH! QYHKUHH pacnpenenenus F(f).

[IpeanosoxxuM, YTO NPOACHKHTENLHOCTD pabore npubopa Mo-
JKeT HMeTb TOJIbKO 3HaueHWe BHAa T=nh, n =20, 1, ... B stom
cJyuae rOBOPAT, YTO BeJNMYHHBl Tp HMEIOT peller4qaroe pacrnpeje-
Jgenne. He ymaasia o6mHoCcTH, MOXHO cuuTaTh A == 1. Ilyers pn=
= P (v, = n). [oaoxum

Gr)=14+P(t,=n+ ... +P(1;+ ...t =n)+ ...

W3 npenwsinymero caenyer, uro G(n)<< oo (ecan t, > 0 ¢ BepoAT~
HOCThIO 1, To G (n) << 2). Ilycth d — HanGoapmnil 06U AeJdUTEb.
TeX n, L]t KOTOPHX pn > 0. Ecan d =1, Gyaem HaseiBaTh npo-
LecC BOCCTAHOBJIEHHS anepuoduueckum; ecan d > 1 — nepuodue-
ckum, a d— nepuodom 60ccranosienus. B ciyuae anepuogmue-
CKOro mpouecca BoccTaHOBJeHHs G (n) >0 pas Bcex 7, HauuHas
¢ Hekoroporo n = ny. Eciu xe d > 1, 10 npu Bcex HocCTaToOYHO
Gosbwux k, k= ko, G(kd)>> 0. DTH yTBEDKIEHHS BHITEKAIOT H3.
CeAyIOleH 3JleMeHTaDHOH TeOPeTHKO-YHCAOBOH JeMMHL.

Jdevmma 4. ITycre d — nauboavwuuii o6uuii desuress nocae-
008ATEAbHOCTU NOAOKUTEAbHBLX YeAblX ducea Ny, ng, ..., n, Cy-
wecrsyer Takoe 4ucao my > 0, 4T0 Oan 6cex yeavix m = m, He-
onpedesennoe ypasHenue

s
md = iz cmy
-]

UMEET peulenue 8 Yeablx HeoTPULATEAbHbIX YUCAAX C;.
Hoxasareavcreo. Tlyctb A — MHOXKECTBO Bcex umcel, mpeiacTa~

s
BHMbBIX B BHJE x=Za,n,, rae a; — ueJjble (HOJIO}KHTeJIbeIe, oT-
1

punarenbubie uau 0). Kaxnoe x nesaurcs Ha d. Ilycrts dy— nau-
MeHblIee NOoJNoXKHUTeNbHOe yncyao u3 A. Tak kak X — kdye= A npu
Jo60oM LeJoM R, TOo, KakOBO GHl HM GBLIO X, HalifleTcss Takoe k, 4To
x = kd, (B NpPOTHBHOM cJyyae Hamuoch Gl TakKoe kj, 4TO X =
= X — kidy ynosierBopss Obl HepaBeHcTBaM 0 << x| << dp, uTO.
NpoTHBOpeunT onpenenennio do). Hrak, dy ecte HauGoabmuii 06-

8
mufi geaurean gyucen u3 A. Ilyctb Tenepes B ={x: x= b,n,} .
i=1

s
rie b; — uejble HeOTpUILATeJbHBIE YHCAA, U d; = Zn,. Yucao do
=]

i
MOXHO INpeACTaBuTb B BHAe dy == Ny — N;, rne N; = B. Ilycre
¢ — HauOOMbIIUI M3 LEJOYHC/IEHHbIX KO3(OUIUEHTOB NpPHU Nj, BXO~
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asaunux B Ny Ias mwoboro nenoro m > 0.nosoxum m = kd; + my,
e 0 m < dl. Torna mdo = kdo'dl + mldg = B, (e85 kd() >
d
> m;c, 4TO HaBepHOoe Oy/eT BBINOJHEHO, KOrjxa 2 > —d—'g- HJH Korjga
0
d'fc

m> - -+d. |

PaccMOTpHM anepHOAHYECKHHA TPOLECC BOCCTAHOBJEHHS H HO-

KaxeM cyulecTsoBanHe npegeaa G == lim G (n).
n-»oo

JlemMma 5. ITycre t— cayualnaa Seiuduna, npunumarowas
auauenue n (n==0, =1, *2, ...) ¢ 8epoarHocToo p,, ¢(u)— xa-
pakTepuctuseckas pyukyus seaudunst v. Ecau d = 1, 1o @(u) %= 1

npu |u| << 2m, u 5= 0.
okasareascrso. Vimeem

q)(u) == Meiu’r =1 Z pneiun.
Tyers @(ug) =1, |uy| < 2x:, 4y 0. Mimeem
0=1—Req(u)=) (1 — COS nlly) P

TlosTomy cos nug == 1 ana Bcex Tex n, A KOTOPHIX p, > 0, uan
nuy = 2nk. BriGepeM 10C/IeZ0BATENbHOCTb HEJAbIX YHCEJA Ay, flg, ...
««.y Mg, ANIST KOTOPBIX Pp > 0 u HauGoabiuuit oGILHA AeSHTENb KO-

TOpHIX paseH efHHuune. Torma nuy=2nk., (r=1, 2, ..., s).
s

C 1pyroft CTOpPOHBI, ypaBHEHHE Z an, =1 wuMeer peureHue B 1e-
r=1

JBIX yucaax a, CienoeatefbHO,
S S
Uy== Y. anity=2mn Z a k., =2nk,
r=0 r=1

TAe ko— uesoe 4YMC/IO, YTO NMPOTHBOPEUHT YCIOBHIO |Up| << 2m. W
Jlemma 6. Ecau soccTanosaenue anepuoduuno, to npedea

G =Ilim G (n) cywecreyer.
n-»oo
Horasareascrso. Tlonoxum

G(z,n)=k§zkp,.(k), n=0, 0<2<1,

the po(R)=P{& =1}, e =11+ ...+ . U3 Teopemm AGeas
O CTeleHHBIX PAKAX CAEAYET, UTO

G(n)=IlimG (z, n).
L ZAL
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Tax xax XapakrepucTHuecKass (YHKUMA CAy4yaHHOH BeJHYHHBI Ep
paBua (@ ()%,

lo (w1 Z P (K) €,

rae ¢ (1) = Me"", 1o
T

pulk) =\ emimlo @]+ du.

-7
ITosToMmy
e-—inu du

13
G(Z n) 2:‘ ST-__—zm, n>0.

IMpu n < 0 wnterpan B npaBoit 4acTu nociefHelr GopMyJasl paBeH
ny/o. CaenoBaresbHo,
a

1 cos nu du
G(Z, n)=; Smm.

IMonoxum £ (2, u)=?]1— Re(l —29w)~'. Tak kax G (2, n)— peme-
crBeHHass (QYHKLHS, TO

14
G(z,n)= S h (2, u)cosnudu.
-5

Slapo h(z, u) (2 {0, 1], 0 <|u|<< 2) mMOJOKUTENBHO U Hempe-
PLIBHO B CHJY alepPHORHYHOCTH BOCCTAHOBJIEHHS H JeMMbl 5. [lo-
aToMy npu Jwbom ¢ > 0

e
G(n) lim Sh(z, ) cos nu du + S h(1, u)cosnudu. (8)
- e lul<n
Ilonaraa sgecb n == 0, BUAUM, YTO CYIIECTBYET HpEAEJ

e
h, = lim S h(z, u)du
z A} %
u he << G(0). Tax kak h, y6uiBaer npu & | 0, 10 npenes lim /i, = A
e->G

TakKiKe CyilecTByer. CJIe,LIOBaTeJIbHO, CYLIECTBYET

&

lim lim S h(z, u) cos‘nu du = h.
&

8-»0 zALl _
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Bosppawmasice k dopmyne (8), Buaum, uto A(l, u) siBasercsa uH-
terpupyemoil (B cMbicie Kown) ¢yHKnued Ha oTpeske (—x, n) H

L3
Gm=nh+ (A1, u)cosnudu.
-7
Tak kak h(l, u) unTerpmpyema, To mo teopeMe Prumana — Jlebera

k3
lim S h(l, u)cosnu du=0.
n-»wo -

Takum 06pasoMm, 10kasaHo, uto lim G (n)=~h cymecrsyer. §@
n—»oo

Teopema 2. Ecau socctanosaenue anepuoduuno, To

lim G(n)———~, m = Mr,,
n-»oo

aputen ecaw Mr,=o0, To lim G(n)=0.
n-»co
Hokasareavcrso. Tax kak npegen lim G (n)=~h -cyuiecTByer

n-»co
B CHJY NPeRbIAYIIEH JeMMbi, TO, HCHOAB3Ys TeopeMy Abesas o cre-

MeHHHEIX PAAax, NOJYIHM \
h=1lim (1 + X" [G() — G(n— 1)])=
FA N n=]
=lim Zz (1 ——z)G(n)—llm(l —2)D (2),
ZAln
rie ®(2)= Z 2"G (n) — npousBoasias QyHKUHS TOC/eA0BATE b

HOCTH {G(n) n—-O 1, ...}. VI3 He3aBHCHMOCTH ¥ paBHOpacmpe-
JeNEeHHOCTH BEJHYHH 1;, cnenyeT yto G (n) ynoBJETBOpSIET ypas-
HEHUIO

G(n)=6tn)+k§ G(n—k)ps, n=0 9)

(6(n)=0 nmpu n >0, 6§(0)=1). YMHOKAA 3TO COOTHOUICHHE Ha
2" g cyMMHpPYs 10 BceM n = 0, nosyyum

CR=1+F@0(), [zI<]1,

rne F(z)=nz1 pn2". TakuM oGpasom,
@) =[1—F @)

h=I1im [Lﬂ]—l.

zZA1 1'—2

H
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Ecan m = oo, 10 1a1 ai06oro N > 0

N N

. 1—F(2) . 1—2"

lm T~ =lm ) pa7=5 = ) P,
ne=l n=l

OTKyna caenyer, uto h = 0. Ecan xe m << o0, TO, yuuTthiBasi He-
1 — 2"
paBeHCTBO ll—_;l< n npu |2| << 1, nonydyum

L 1—F@) o 1—2% v
fim —— —Bmzpn = =) pn=m. W

n=]
Caencreue. Ecau soccranosienue umeer nepuod d, 1o

lim G(nd)=-%,  m=Mr,. (10y

1]
n->oo m

ﬂeﬁCTBHTeJIbHO, €CJIH JaHHOe BOCCTAaHOBJIEHHE NEPpHOAHYHO B
d — ero NIEpHON, TO HOBOE BOCCTAHOBJEHHE, B KOTOpOM IJiHTeJIb-

T
HOCTb BOCCTAHOBJEHHS T, == —, SABJAETCS aNnepHOLMUHBIM. Ecin
G’(n)— ero ¢ynkuus Boccranosienus, 10 G'(n)= G (nd). C apy-
. M+t m .
roit cropouns!, Mt/ = 7 =-7. Hs noxasaunoii teopemnl Tenepnb

caenyer (10). H

PaccMoTpuM ¢yHKUMIO BOCCTaHOB/EHHS! B HepeIleTYaToM c1y-
yae. Mccnenopanne Gyner OCHOBaHO Ha ypaBHEHHH. BOCCTaHOBJe-
Hust (4). Ham nonago6sarcsa cienyiomue JeMmsl.

Jlemma 7. Iycro Ey, &, ...— 0dunaxoso pacnpederennsle
He3asucumoble caydalnvle BeAUdUHbL, [, = faEs, ..., En), ede
fn(%1, ..., Xp)— cummerpuueckas (ynkyus ceoux apeymentos
(F(x, ..., Xo)==f(x:, ..., Xy, ) 0Oaa awboid nepecranosku
(i1, ..., in) undexcos (1,2, ..., n)). Ecau = P.lim¢n, 10 ge-
AUYURG [ He 3a8UCUT OT CAYy4aA.

HLokasarte AbcTBO. MOXHO NpelNoNOXHTb, UTO Il
(ectm Obl 3TO G6HIIO He TaK, TO MOXKHO OBIIO O 3aMEHHUTh

2 2
BeJHYHHE § ¥ {, BeJHUHHAMH ;—arctg;;, ;‘—arctgg,‘). Torpa

M|%y —2,F—0. Ho Beanunna &,, —f, nmeer To xe pacnpefne-
denne, 4r0 H L), —E, rae L=[ (5,1 +.., &,). IlosToMy
“T M(&,, — £.)’=0 u, Kak ciencrshe, li_in M G.— £,))=0. Us
n-—>»o00 n-»oo

He3aBHCHMOCTH BeqMuMH [, u [, BuTekaer M (Z,— &)=
= (Mg, — Mz’ + D, + D;,—0. Orciopa  cremyer Di=
==lim D¢, =0. A
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Jlemma 8. Ecau ¢pynkyua 0(f) nenpepoigna, oepunudexra u
y006.4€TEOPAET YPABHEHUIO

o0

9(t)=Se(t—s)dF(s), (11)
0

To 0(t)= const. -
Hloxasareavcreéo. Ypanenne (11) MoxHO 3anucatb B BHAE
0(t)=MO(t — ). Ilyctb §» — o-anare6pa, NOpOXKIEHHAsT CaY-
YalHBIMH BeJHUYHHAMH Ty, ..., Tn. forda M{0( —E,)IT,-1}=
= M{e(t - gn—'l - Tn) I%n—l} = Me(t —Yy— Tn) ly=§n..1 =0 (t — gn—l)'
CaenoBaTeJbHO, NOCAENOBATENbHOCTh O(f — E,) sABJAsieTCS OTpaHH-
yeHHHIM MapTuHrajsoM. [lostomy ¢ BeposTHOCTRIO 1| W B &£ cyule-

cTBYET npene lim6(t—¢g,) =0(). Tax xax 6(f) sBasercs npene-
n-»oo

JIOM CHMMETPHUYECKHX (QYHKLHH OT OAHHAKOBO paclpeleseHHbIX Cly-

yaliHBIX BesnuMH, To 0 (f) He 3aBHCHT OT cayyas (jaemma 7). Ilo-

sromy 8(¢) = lim MO (¢t — &,) = 6(¢). Hrak, 0(¢)=1im08 (¢t —¢,) a1z
n->oo

._)
aoboro ¢ Tak Kak limO(t —E,)=1lmO{—1, — (to+ ... + 1,)=

n->oo
=0(t—1), T0 0(f)= 0(f — T;) c BeposiTHOCTbIO 1. M3 HempephiB-
goctn QyHkuum 6(f) caexyer, 4To P(sx:ple(t—-gl)—e(t)l>0)——=

= 0. Takum o6pa3oM, MOXKHO HaHTH Takoe MHOXKECTBO A
(A (—o0,00)), uto O(f)==0(f— x) ans BCex t&(-—o00,0) U
Bcex X & A. Tak Kak pacrnpejelieHHe BeJHUYMHB T; HepeleTyaro,
to B A coaepxarca nu60 JABe HecOHM3MEepHMble TOUKH, JHOO mnaphi
TOYEK €O CKOJb YrOAHO MaJjbiM paccrosnueM. CienoBaTenbHO, He-
npepuiBHas ¢yHkuus 6(f) JH60 HMeeT [Ba HECOM3MEpPHMBIX Te-
puona, aubo o6Janaer CKoJMb YrOXHO MajJbiMH mepHopaMH. B oGoux
ciayuasix oHo KoHcranra. Wl

Cuenymoouiass TeopeMa HOCHT Ha3BaHHE OCHOBHOU TeOpembi TEO-
puu 80CCTAHOBACHUSL.

Teopema 3. Ecau pacnpedenenue 8eAUdUH Ty HEPeULETHATO,
T0 9as a06020 ¢ > 0

tl_i)m [Ht4c)— H@)]=c/m, m=Mr,

‘(npu m = oo noaacaen c/m = 0).

Hoxasareavcrso. ITlycts 2(f)— HenpephiBEasa (QYHKUHA, pPab-
Has 0 BHe HekoToporo oTpeska, u Z(t)= H »z(f). ®yuxuus Z(f)
orpannuena. [efictButenvHo, ecan 2(f)=0 npu |{|=A n
lz()|<< C, 10 |Z(H)|<CIH(t+ A)—H(t—A)). C npyroh
CTOPOHH, B CHJY MNOJAyalAMTHBHOCTH Oynkumu H(t) H(t 4 A)—
— H(t — A) << H(2A). OueBupHo, yto ¢yHkuus Z(f) HenpepbiBHA.
Takum o6pasoM, oHa fiBJsIETCS €QMHCTBEHHBIM DpelleHHeM ypaBHe-
uus (4). Paccmorpum cemeiicto {H (s 4 ¢{)— H(s), s == 0} wmono-
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TOHHO HeyObBaOWIMX (YHKUMH aprymeHnta f. M3 paBHomepHO#l or-
paHHueHHOCTH 3TOro cemelicrea (H(s 4+ {)—H(s)<<{ H(f)) na
NOpPOU3BOABHBIX OTpe3Kax ¢ & [— A, A] Bbitekaer, uTo u3 J060H no-
CJEAOBATENbHOCTH 3HAYEHHH S MOXHO BBIOPaTb NOANOC/IEN0BATENb-
HOCTb Sk —> 00 TaKylo, 4to [ {sp + {)— H(sx) cxoasarca na BCOLY
TJIOTHOM MHOXKECTBE 3HaueHHH f K HeKoTopomy mpeneny v(f). Ho
TOorzxa

oo o

Z (s +1)= S 2(t—s)dH (sp 4+ 5)— Sz(t—s)dv(s), (12)

— oo -~ 00

TaK Kak 2Z(f) OTJIHYHA OT HYJA TOJbKO HAa KOHEUHOM HHTepBaJe.
o

Ilosoxum 6 (f) = S 2 (t — s)dv(s). IlepefineM B paBeHCTBe

—0

Zlp+ =26+ 0+ {2 +1—9dF ()

K Tpefejy npu Sp—> oo. YuyuthiBaf, yrto limz(sy -4 {)= 0, noay-
UM

0 (f) = S 0 (t — s) dF (s).

B cuay nemmb 8 0(f) == const. Takum oGpasom, pjas mi060# He-
npepuiBHOH dyHKIHH 2(f) (2(f)=0 nopu |{|> A nas wuexortoporo
t

A) dyakous 0 (f) = S 2(t — s)dv (s) He 3aBucut ot f. C NOMOUIBIO
0

npeeabHOro nepexofa nojaydaem, 4ro v(f;) — v(f|) 3aBHCHT TOJNLKO
or pasHoctH f3— ¢t Ilomoxum v(f-+s)—uv(s)= h({). Torza
h(tl + tg) =U(t1 + ts + S)-—- U(f] —l— S)+ U(tl + S)— U(S) =h(t2)+
4 h(t;). ®yukuua h(f{) MOHOTOHHO He yOBLIBAeT, [IOTOMY pelleHHUs
ypaBHenuss h(f 4+ t) == h(ty)+ A(t)) (f, f2>0) umeorT BUL
h(t)= at. Mul noayunmau, uto v(f -+ s)— v(f) = as. Takum obGpa-
30M,

[+

Z(sy+1)—a S 2(t—s)ds.

-0

Tlpu 3TOM KOHCTaHTa o He 3aBHCHT OT BbI6Opa MNOC/eq0BaTes]bHO-
CTH Sy, HU or dyuxuuu Z(f)}. Tak Kax B mocnenHeM COOTHOLIEHHH
Sp — TOJANOCAEAOBATENbHOCTE JIOGOH NOCTEAOBATENbHOCTH YHCEJI
8, — 00, TO Mbl BUAMM, 4TO mpefes Z(f) npu {— oo CyMECTBYeT U
. o

mZ(f) =o S 2 (s)ds. (13)

t—>oo
- 00
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C npyrofi CTOPOHBI, M3 NPEABIAYIUHX COOOPaXKEHHH BHITEKAeT; 4TO
lim{H(s+ &) —H(@)] =as (14)
t->» o0

JLIST CUETHOTO BCIOAY IJIOTHOTO MHOXKecTBa 3Hauenu#t s. M3 wmemnpe-
pLIBHOCTH TpaBoif uacTu paBeHcTBa (14) cueayer, uro paBeH-
crBo (14) BbinosHsiercs AJas Bcex 3HadeHuit s. Hamomuum, yro (13)
J0Ka3aHO [Jsi BCEX HENpephiBHLIX GYHKHUH 2(f), oTinyHbX ot 0
Ha KOHEYHOM OTpe3Ke, a paBeHCTBO (14) MOXHO paccMaTpHBaTh Kak
yacTHbI# cayuail (13) npu z(S), paBHOM HHAMKaTODY MHOJYHHTEp-
pana (f, t -+ s]. Orciona BeITekaer, uTo pasencrse (13) umeer Me-
¢T0, HAanpuMep, A GyHKuMH 2(f)=1—F(f) npu t =0, 2({)==0
npu ¢ < 0, ecan

m=S(1—F(t))dt=Mrl < 0.

t
B stom cayuae Z(f)=H=xz(f)= S (1 —-F(—s)dH(s)=1wu pa-
. 4]
Benctso (13) nmaer | = am, o ==1/m. Tem cambiM, Qs caydas
m < co TeopeMma pokaszaHa. Ilyctb Temeps m == co. Toraa
1 =g(1 — F(t—s))dH (s) >1im8[1 — F($)|dH (t — s).

0

Tlpu t — oo mosyuum puis awoboro ¢ > 0
l>a8(1 — F(s)) ds.
0

Ho unterpan cnpaBa cTpeMuTcs K oo npH ¢ — co. CJlefl0BaTeqbHO,
o =0.

Bameuanune Ilpu nokasarenncrBe TeopeMbl ¢opmyaa (13)
Obiia nipuMeHena K Qyukmun 2(f)=1—F(f), t = 0, B To BpeM
KaK HeNoCpeicTBEHHO OHa Obljla J0Kas3aHa JJisl HEeNpPePbiBHLEIX (YHK-
uuil, pasabix 0 BHe HeKOTOpPOro kKomnakra. Beemem caenymwoliee yc-
JIOBHE.

Ilycte A>0 H Cun, ¢, 0603HAYAIOT MUHUMYM H MaKCHMyM
byukunn z(¢) na untepage (n— 1)h < x << nh.

Veioue A: panbl 6,=h 0, Can, 0* =h ), cn CXOAATCS aBCOMOT-
HO H 0* — 0, — 0 mpu A — 0.

Herpyunno nposeputs, uto ecau ¢ysHKUMA 2(f) YLOBJAETBOpSET
yeroBuio A, to X Hell npumenuma dopmyaa (13). Ilokaxem aro.
Mycrs cmauana Qynkuus  2(f) crynemuatas, 2(f)= 2, @n2,(?),
2n(f)==1 npu h(n— 1)<t < hn u 2z,(t)= 0 npu Apyrux 3ma-
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venusx t, Z, = H«2,. B cuny (14) Z,()=H({t—(n—1)h)—
— H(t — nh)— ah, opuuem Z,(t) << M, aas scex n, rae M, — ne-
Kotopas nocrosiwuas. [Iycrs a,>>0, Y, a, < oo. Torna

(Z=H=2) Zg a,Z; (1) <Z(t)<$akzk(t>+M,, ng .

Tlepexons 3xecw kK npefeny npu f — 0o, NOJy4HM
limZ(t)=ahZak=aSz(x)dx.
t o0
1 0
Tlycto Temeps 2(f) — mnpou3BoJbHas (YHKUHH, YAOBJAETBOPAIOIMIAA
ycaoBuio A. TlpuMensis nosydeHHBIA Bbllle Pe3y/bTaT K CTyNeH4a-
*
THIM QYHKIOHAM ), ConZg (£) B 3, €n2, (D) mosyuum, uto Bce mpeness-
Hble TOukH Z(f) (npu f-— oco) Jexar MeXAy o0, H ac*. [lostomy
(13) BepHo ans n06bix 2(f), yrosaerBopsiowHx ycaosuio A. Oue-
suado, uro 2(f)= 1 — F(f), t = 0, ynosierBOopsier ycjaoBuio A,
ecad m = Mt < . B
Beenem Temneps ellle ABe BaXKHble XapaKTEPHCTHKH Npolecca BOC-
cranoBJeHus. Ecay &y << < &, TO NOJOXKUM

Y;‘=§k—t' V;—::t—'gk—l'

IMpouecest v}, vy Kycouno Jumeinsl. [Ipouecc y} yGoisaer ua
KaxX /oM NpoMexyTke BpemeHu [En—1, &) OT Tp m0 0, a y; — BO3-
pacraer or 0 1o 7. Beauunna vy} nmokasplBaer, CKOJIbKO elle Bpe-

MeHd Gyner paforaTe npuGop, ecid OH paboTaeT B MOMEHT Bpe-
MeHH f, a Yy; — CKOJIbKO OH yxe mpopaborasl. B nekoropsix Bo-

nmpocax NpeACTaBJseT HHTepeCc BedHYHHAa Yy,== vy} -y, paBHad

ob6mell nponoaKUTENbHOCTH paboThl npubopa, paboTraioliero B Mo-
menT Bpemenu f. Tak Kak BeJuudHa y; COBHAAAeT C OAHON u3 Be-
JUYUH T, TO MOXKeT II0Ka3aThCs, UTO paclpeleseHHe BeJHUHHB Y:
coBnajaer ¢ pacnpeneseHueM BeauuuHel Tx. Ha camom gene 3to
He Tak. Jleqo B TOM, YTO Y; COBNALAET C BEJUUHHOH Tp, B3SITOH
B cayyaidusii MoMent BpeMenu R =v({)+ 1, y(f) = Typn+, r2€
v () — uncsao BoccraHosJieHHH B MoMeHT BpeMeHd f. IlostoMy pac-
npejeseHue y; MOXKET He COBNaJaTh C pacnpereseHHeM Tz ITO 00-
CTOSATE/LCTBO HM3BECTHO NOJ Ha3BaHHeM napadoxca Teopuu 60C-
CTAHOBACHUA.

Hafimem npenesbHOe pacipenesieHHe BENHYHH y,, Y; U y; . Bae-

neM OGYHKIHIO

V,x)=P{y} > x}.
Co6errue {y; >y} {v{ > x} NPOHCXOAHT TOrZa M TOJNBKO TOTAA,
Korja B NpoMexyTKe BpemeHH [f—y, ¢ -+ x] HeT HU OZHOrO BOC-
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CTaHOBJICHHS, T. €. KOT1a v;“_y > x+y. INostomy
Pivy >y, v > 1=V,  x+y).

Taxum 00pasoM, COBMECTHOE paclpefesenue BequuHn vy u y; (a
CJIeNOBATENbHO, W pacnpeleienue Beauund yf + y7, y7) Bbipa-
)kaeTca yepes pyukuuio V(x). 3amerum, uto

(v >0 = U G- <BN G > 1+ 1)

CJenoBaTtesbHO,

oo

Vi(x) =kZOP (e <t Bpar > 14 2).

Tlpu aTOM :
PE <t Bt > 1+x)= t

=My <OP {twr >+ x — e |8} = [ [L—F (t+ x — 9] dF, s)

0
tne Fj(s)— byHkuus pacupefeseHus BeAUUHHB Fi(s) =
= P(§& << S), k=1 n Fy(s)— pacnpenenenue, cocperoTOYEHHOE
B Touke s = 0. Tak xax kZ Fr(s)=H (s), 0
=J

t

v,(x)=§(1 — F(t+ x — ) dH (s). (15)

0

Teopema 4. Ecau sesuqunvt T, uMeroT nepewerdaroe pac-
apedenerue u Mty << oo, 1O

Sn — F(s+ 9] ds. (16)

0

. 1
limV, (x) = e,

f-»o0

IlokasaTeqbCTBO TEOpPEeMbl HENMOCPEACTBEHHO BbHITEKaeT H3 COOT-
Howenusa (13), ecnn nonoxuts 2(f)=1—F(t+x), t >0 u 3a-
METHTb, YTO TaK Kak Z(f) yIOBJeTBOpseT YCJOBHIO A 3ameyaHust
K TeopeMme 3, To popmyaa (13) k ueit npumenuma. i

AHa/lOrMUHO B peweTYaTOM CAyyae NOJYYHM CAeRyiolllee yT-
BepPXKEHHE.

Teopewma 5. Ecau v, umeror peweruaroe pacnpedenenue,

vt (k) = P (V; = k)’ p (k) == P<Tl = k):
TO

= 2p (k). (17)

1=0

limuo, (k) =
t-»oo
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PaccMOTpPHM Tellepb COBMECTHOE pacmpejeseHHe BeJHUHH Y;
v yv;. Umeem

fr=30{f =r=U =t} =1+ 4=
= Ut=t—N{r=r+}

s

Mostomy P {y; =/, v} =k} = 2, pt—;(n) p(& + ). Ha ocHoBanun

n

]

i
TeopeMbl 2 moJyuaem

. N 1 .
tan;P{v;=J, Vi =k} =Pkt )).

OTciofa Taxxe clenyer, yTo

) PN S
}LTQP{W—I}— e (18)

B ¢popmyae (18) orpaxkaercs mnapafokc TeOPHH BOCCTAHOBJIEHHS:
Boobue rosops, P(yv: =)= p(l). ,

§ 5. Llenn MapkoBa

OGuiee moHsiTHe npouecca MapxkoBa B IIHPOKOM cMEbicje OHIC
Bpeaeno B § 4 ra. 1. B macrosmem naparpade paccMaTpHBalOTCA
uenu Mapkosa — nponeccsl MapkoBa ¢ JUCKDETHBIM BpeMEHEM.
Peub uger o0 CToXacTHYeCKOH CHCTeMe, COCTOSHHSI KOTOpPOU ONHUCHI-
BAIOTCA TOYKAMH HEKOTOPOrO H3Mepumoro mnpoctpanctsa {X, B},
HasLiBaeMoro @aso8eim npocTpancTeom chuctembl. CucTeMa MOXKET
MeHSTh CBOH COCTOSIHHS B MOMEHT BpeMeHH ! =1, 2, ... Beposar-
HOCTBIO TMepexona P ™ (x, B) Ha3bBalOT YCJIOBHYK BEPOSTHOCTD
cHCTEMe, HAXOAsllelicsi B MOMEHT BPEMEHH M B COCTOSHHA X & X,
0Ka3aTbCsl B MOMEHT BPeMeHH 7 > fi B OJHOM H3 COCTOSTHUH MHO-
kectBa B, B = 9. Ilpennoaaraerca, uto P™ ™ (x, B) npu ¢uxkcu-
pOBaHHOM X sBJsieTcst Mepol Ha B, P ™ (x, X)= 1, a npn dukcu-
poBaHHOM B — B-usamepumoii dynkuuein ot x. OCHOBHOE IpennoJio-
KEeHHe O XapaxkTepe TEOPETHKO-BEPOSATHOCTHOR 3BOJIONUYM paccMma-
TPHBAEMOH CHCTEMBI — 3TO OTCYTCTBHE mHoc/elelicTBus. PopMaJbHO
3TO BhIpaxaercss B TpeGoBaHuY, uTOOH BepOATHOCTH Nepexofa yao-
BJIeTBOpsiJa ypaBHeHHI0 KosMoroposa — Uenmena:

PO (x, B)= | P (y, BPE ™ (x, dy),  1<m<n,
X
mapex<</i<m<nxesX, BeS
B cayvae #HMCKDeTHOTO BpeMeHH ypaBHeHHe KoJsmoropoa —
UenMena MOKa3bIBAaeT, YTO BEPOSITHOCTH mnepexona P n(x, B)
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MHAYKTHBHO ONpEJEJSAITC 4epes BePOATHOCTH Mepexoja 3a ONHH
quar Py (x, B) = P nth(x, B). Tlpu stom
Def

Pm n+l) (x, B)= S P,.(y, B)Pm 2 (x, dy).
X

TlokaxeM, uTo AJd aroGoro usmepuMoro npocrpancrsa {X, 8}, nop-
MHPOBAHHOH Mepbl m Ha B U NOCJELOBATENBHOCTH CTOXACTHUECKHX
qagep Pn(x, B), n =0, 1, ..., moxHe nocrpouts uenb Mapkosa,
1715 KOTODOH BEPOSATHOCTH Mepexoja 3a OQMH Liar pPaBHbl Pn(x," By,
a HavaJbHOE pacrpejiesieHHe COCTOSHHUS LEMH 3afaerc MepoH M.

[as 3TOro paccMOTpPUM 3a1auy O MOCTPOEHHH € MOMOLIbK) HaH-
HBIX CTOXACTHUECKHX Silep Mepbl B NMPOU3BENEHHMH NPOCTPAHCTB.

[Tycte K — HexkoTophlli KJaace JedcTBHTeNbHBIX (yHknui. Ha-
HOMHHM, YTo K HasblBaeTCsl KOHYCOM, €CU OLHOBPEMEHHO ¢ mapoh
pyukuuit f u g us K eMmy npunaigiexar W BCe (QYHKUHWH BHAa
af + bg, rie a u b — HeoTpHLaTe/IbHble yucaa. Kiace K HaspiBaoT
MOHOTOHHMbIM, ecan H3 Toro, uto [, =K, [ < far, =1, 2, ...,
puiTekaer lim f, = K.

Jdemma 1. Iycre M — noaykoavyo muoocects uz X, A -—
o-aseebpa, noposdennas M, K — nexoropoui xaacc pynkyud, on-
pedeaennoix Ha X, obaadaroujud caedyrouwiuny csolcrsamu:

a) OH ABAAETCA KOHYCOM U MOHOTOHHbIM KAQGCCOM,

6) us 0 << f| << fp suurexaer f —fL = K;

B) l=K;

r) OH codepoicur uxduxaropel mromcects us M.

Tozda K codepscur sce HeoTpuyareavrvie A-uzmepumvie QyHK-
yuu,

Hokasareavcrso. Ilycts & o6o3HadaeT KJjacc BCeX MOAMHO-
xkects X, muaukatopsl KoTopeix BxoadAT B K. Torpa: a) X = &£,
6) et A=, BeP uAcB, 1o NAeZ 1« \NAe Z;
B)eein AeP u BeZ, 0o ANBeZ u AUB<= Z. Takum
o6pasom, & siBasgercs anareGpoit MHoxectB. M3 MOHOTOHHOCTH
Kaacca K BelTekaer, uto & — o-anrebpa. Mrtax, K comepXuT HH-
JHKaTopel Beex Y-H3MepuMBIX MHOxecTB. [lostoMy K comepxut Bce
npoctele Y-u3MepuMbie QYHKHHHM H NpeAe/bl MOHOTOHHO HeyObIBalo-
1IHX NOC/ef0BATENbHOCTER MPOCTHIX (PYHKUHH, T.e. BCe HeOTpHULA-
TeqabHBle Y-u3Mmepumele pyHruuu. W

Jlemwma 2. [MTycre f(x, y)— HeoTpuyarersran o{% X B}-usme-
g)uMaﬂ Qynkyus u P (-, -)— croxacruqeckoe adpo na {X, 8}. Toeda
Pynryus

gw="{r(x 9P, dy
X
A-uamepuna.

Hoxaszaresvcrso. Tlpu dukcuposannoM x dynkuus f(x, -) B-us-
MepuMa, Tak 4TO HHTerpa; B NpPaBOH YacTH paBeHCTBA HMeeT
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cmbica. Knace K neorpunarenbubix QyHKOui f(x, +), AJ9 KOTOPHIX
JleMMa BepHa, ABJsETCS KOHYCOM H, B cuay teopembl JleGera, Mo-
HOTOHHHIM. Kpome Toro, K comepXHT pa3HOCTb IBYX CBOHX 3Je-
MeBTOB H f(X, y)= | & K. Tak Kak OH COLEPKHT HHAUKATOPHl MHO-
xectea Buga A X B, rne A= 9%, b &%, 10 OH COLEPKHT BCe He-
orpuuarenbhbie o{% X B} -namepumbie PyHKUuH. B

Cuenywomie NpeanosoXeHHss MOXHO paccMaTpuBaTbh Kak 0606-
LleHHe H3BeCTHOH TeopeMbl DyGHHH.

Teopema 1. Iycre {X, U}, {Y, B}, {Z, G} — usmepunoie
npocrpancrea, Q;(x, B), 2(y, C)— croxacruueckue adpa Ha
{X,8}, {Y,6)} coorsercreenno. Cyujecrsyer, u npurom eOuUHCT-
gerHoe, croxactudeckoe sdpo Qs(x, D) na {X, 0{B X €}} rakoe,
4TO

Qs(x, BX O ={Qi(x, dy) Q. (5, 0). M

B

Ilpu stom Oan npoussosvroil reorpuyatesvrol 6{B X G}-uzme-
pumoti pynxyuu f(y, z) umeem

| 16 904t dy X da) = (176, 2 Q0 dz)) Qi (x, dg). (2)
Y \Z

YXZ

Ina pokasarenbcTBa NepBOH YacTH TeOpeMBbl NOCTA4TOUHO II0Ka-
3aTh, 4To QopMyaa (1) onpenenser Ha NOJYKOJbILE NPSIMOYTOJb-
HuKoB B Y X Z noayaaautHerylo npeamepy. Ilycrs Dy == By X C),
Dy= By, X Cy u Dy D,. Torna By< B, Co=C; u D, = D,U,
UD"UD” rae D' == ByX (Ci\Cy), D” = (B\\By) X Ci.

Mnoxecrsa D,, D’, D" nonapho 6e3 o6uiux Touek. Ecau npu-
MeHuTh Qopmyay (1) nocnemoBarespHO K MHOxecTBam D, D’ u
D”, 1o noayynm

Qy(x, D) + Q5 (x, D) + Qy(x, D)=
=i a0 )+ i, a) Qi cNC)+

B, B,
+ | Qe @ Q. 0= 01k dy) Q5 ) =05, D).
B\ B B,

TakuM obpasom, ¢pynkuus Qz(x, D) apautuBHa Ha paccMatpH-
BaeMbIX CIeLHaJbHbIX pa3bueHusix MHoxecrsa D. B wacrHocTH,
eciu D3 = D,UD,, raoe D; — npamoyrosabiukd 1 Dy Dy = &, T0

Qs(x, Di)+ Q3(x, D)= Qs(x, Dg) u Qs(x, Y XZ)=1.

AnnutuBnocth QynkunH Qjs(x, +)Ha NoayKoJblie BCEX MPSAMOYrOJbe
HHKOB B O6lIeM cJayyae HETPYAHO NOJYYHTb 1O HHAYKUHH.
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n
Tlycte D= U D, roe D, — npsaMoyroJibHHKH monapHo 6e3 06-
ko]

n—1
mux touek. Torna D\Dn=D’UD"=kU Dy, tae D’ u D” onpe-
=1

AEJASIOTCS TOJIBKO YTO HCMOJb30BaHHBIMH dopMysaMu. Kak yxe no-
Ka3aHo,

Q;(x, D)=Q4(*, D,) + Qs (x, D’) + Qs(x, D).
Hcnonb3ys npeanonoxenne HHAYKLMH, NOJTyUaeM
n—1 n—1

Quts, 2=y (v ' (U Dx)) = % 0utx, 01D

u anaJjornyHoe Beipaxkenue aas Qs(x, D’’). Takum o6pasom,
n—1
Q;(x, D)= Q4 (x, D,) + kZ] [Qs(x, D' Dy) + Qs (x, D" N Dy))-

Tax kak D’ u D" — npaMoyronbHuKH 6e3 OGIIHX TOYEK, B CyMMe
noxpuiBalomye Dy, To D'(1 Dy u D”(} Dy — TaxXe npsiMOyToJb-

nukn 1 (D’ D) U(D” N Dp) = Dy. Tloatomy Qs(x, D’ N Dy)+
=+ Qs(x, D" N} Dp) == Q3(x, Dx) u, cleaoBaTeIbHO,

n
Q; (x, D)=kZ1 Q;(x, Dy).
Takum o6pasom, agmutuBHOCTh Q3(X, -) nokasana. Hokaxem Te-

o0
nepb CBOACTBO noayanautuBHocTH 1jst Qs (x, -). Iyers Dy = U Dy,
1

Dy=By X Cp, k=0, 1, ... Torna xp, (¥, 2)< X 40, (> 2). Tax
KaK Yp, (¥, 2) =¥, (¥) xc, ), TO
%8, (¥) X, () < kE_II Yey, (9) Xe,, ().

Wurerpupya o6e uactu sroro HepaBeHcrBa no mepe Qq(y, -) mo
HPOCTPaHCTBY Z, TIONYYHM .

%8 () Qa(y, Co) < é} %y, (9) Q2 (y, Cp).

Eme pas uHTerpupys noayuesHoe cooTHouwlenue no mepe Q(x, ),
npujeM K HepaBeHCTBY

Q;(x, Do) <hZ_Ix Q;(x, Dy),
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_noxaspiBaoieMy, uro Qgz(x, D) cuerHo nosnyapautuBHa. Orciona
‘gpirekaet, uto Qs(x, B X C) nomyckaer eIUHCTBEHHOE NPOHOJIKE-
HHe Ha 0{% X €}. Urobul nokasats dopmyJry (2), saMerum npexne
“BCEro, YTO B CHJIY JIeMMBl 2 BHYTPEHFKHH HHTErpaj B NpPaBOH 4acTH
‘paBeHcTBa (2) aABasgercss B-usMmepumoi (QyHKUMeH, TaK UYTO MABY-
KpaTHBIl HHTerpaJ B npaBoft wacTH QopMyJan (2) HMeeT CMBICH,
Haanee, kaacc ¢yukuuit f (f = 0), a1a xoropuix dopmyna (2)
BepHa, YAOBJETBOPSeT ycJoBusAM a) — B) JeMmMel 1. Kpome roro,
B cuay ¢opmyasl (1) OH comep:KHUT HUHAHKATOPH NPSAMOYTOJIBHHKOB.
TTosTomy oH comepxut Bce 0{B X €}-uaMepuMble HEOTPHULIATENTb-
aole (pyHkuud. W
TouHO TaK xKe AOKAa3bIBaeTcs C/elylolas

Teopema 2. Hycre {X, %}, {Yy, B}, ..., {¥s, Bs} — usne-
pumste npocrparcrsa u Qq(x, BW), Q. (y1, B®),..., Qs(ys—1, B®) —
croxacruseckue adpa, yp=Yy,, BB (k=1, ..., 5s). Cywye-

-CT8yer eduncTeenHOe cToxactudeckoe adpo Q9 (x, D) Ha {X,%},
2de D = o{B; X B2 X ... X B}, Takoe, uro

Qo BOX L. X B9 = { Qits, dy) § Qo an) ..

B B(2)

U N MO : )Y WY NS 0 N

gfs—1)

Hpu 3tom 0aa npoussorvrol HeoTpuyatesvHol D-uzmepumord
pynrgun f(Y, Yo .. Ys)

[ 1o 900090, dygi X Lol Xdy) =

Y X XY

=it dm ... (TG 900 ems, dg). @

1 ys

3avmeuanune. Qopmyan (2) u (4) KOKa3aHBl A/ HEOTpH-
‘yarenbHsix ¢ynknui. Ho oHn, pasymeercs, BepHBI AT NPOH3-
“BOJIBHBIX f, €C/IH TOJIbKO ofHa H3 QyHKnuil f+ wau f~ muTerpupyema.
Anajnoruynoe o6CTOSITENLCTBO GYAEeT MMETh MECTO M B APYTHX TeO-
peMax, B KOTOPHIX Dafiy KPaTKOCTH YNOMHHAIOTCA TOJBKO HEOTpH-
‘f1aTesbHbe QYHKIHH.

ano Q.9 naseiBator npamoim npoussedenuem sinep Qq, Qo ...

Q; v mumyr Q9= Q; X Q2 X.. o

"Ecau B (3) momoxuts BM =Y, .. B(B"l)—- Y1, TO moay-

-yaeM HOBOE BEpOSITHOCTHOe sapo B {X, 233}

Q™ O (r, BN =Q% ?(x, ¥; XYy X ... XYeuy X BY).
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Ero nasmBator cseprxoi saep Qi, Qo, ..., Qs u numyT

0'(l’s)=01*02* o2 Qg

IMpuMenum dopmyay (4) x dyHrumn f(yi, Y2, ..., Ys)=f(ys) =
== Xp(s) () u conocrasum ee ¢ (5). ITonyynm

[y QU9 (x, dys X dyp X ... Xdys)=

Y XYyX eee XY

={twra @ ap). @

Ys

Tak KaK KJacC HeOTPHIATEbHLIX (GYHKUHH, AN KOTOPHIX (op-
mysa (6) umMeeT MecTO, YAOBJETBOPSET YCAOBUAM JeMMHl 1, To (6)
¥MMeeT MeCTO /51 NPOHM3BOJNLHOH HEOTpHLATeJbHOH BY-H3MepuUMOi
¢yukuun. OTcroga B CBOIO ouepelb BBITEKAET, 4TO [/ MPOH3BOJb-
HOA HeoTpHUATeNBHOH 6 {Bm, X Bm, X ... X By X B}-usmepu-

Mol QyHKUMH 7 - | nepeMeHHbIX [ (Ym;s Ymy - -+ Ymp Ys) Y EY
osm<m<...<m <s)umeeM
F(Ymyr Ymys ++ v Ymps Us) X

ylxyzx... Xys_lxys
X Qb9 (x, dyy X dyp X ... X dys) =
— S Ot(l, m) (x, dyml) S Ot(ml-l-l, my) (!/mp dymz) e

le sz

e Sf(yml7 ey ymr’ ys) O* (mf+I’ S) (ymr’ dys)' (7)

Y
8§
YacTHEIM ciayuaeM Gopmydasl (7) sBAsieTCS COOTHOILEHHe

O» (1, 8) o Ou (1, ml) % Ot (m1+l, mz) * ... % O: (mr+1, s),

03Hayalllee, YTO ONepalHs CBEPTKH sifiep SIBJASETCH ACCOUHATHBHOM.

PaccMoTpuM GeckoHeuHble NPOW3BELEHHS CTOXACTHUECKHX Sfep.
[Myers {X,,B,), n=0,1,2, ..., — 6GecKoueunas NOCIELOBATE]b-
HOCTb HM3MePHMMBHIX npoctpancts u# P, (-, ), n=20,1, ..., — nocJe-
LOBaTeJbHOCTb CTOXACTHUECKHX fillep, ONpPeAeeHHbIX Ha {Xn, Bnii).
B coorBercTBHE ¢ Teopemoit 2 MOCTPOMM NpPAMEIE IPOH3BENCHUS
aaep

PO =P, XP; X ... XP,,
P(Ov n) o P(O’ ) (xO’ D)) kaE XO’ 'D = (‘gn+l7

The €n — mMuHHMaJbHAs G-anrefpa, colepiallas NPSAMOYTOJIbHHKH
BiX By X ... XBn (Bhe&Bs), 6n = {81 X B X ..: X B},
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oo
Bseaem npocrpancto X° =[] X,, snementamu xotoporo cay-
fa=]

KaT GeCKOHEUHble MOCJAEJOBATENBHOCTH @ = (X[, X2, ...y Xn, +..),

xn & X, Uepes €° o6o3naunm anre6py UHIHHIDUYECKHX MHOXKECTB
X, Onpenenum Ha @° cemeiicTBo ¢yHKuHiE MHOXecTB P9, 3aBu-
CAUMX OT napaMeTpa Xo (xo & Xo) caenyiomum o6pasom: ecau C—
HHJAHHIDHYECKOe MHOMECTBO,

C={o: (X1, ..., X, ...) =D}, DG,

TO IloJlaraeMm
PG (C) = PO ® (x,, D).

ATo onpepeneHue OAHO3HAYHO. JeHCTBHTENbHO, €CJIH
C={w: (X, ..., X, ...)ED}, DeG,

u, nanpumep, m>n, 10 D'=DX Xy X ... XX ®
Pom(y, D)= {...{ Pyl deyPi(x, dx) ...

XX oo XXy

LR Pm—l (xm—h dxm) Ap’ (xli seey xm)y

e Yp' (%, «.., Xp)—uHLHKATOP D', YUHTHBAS, UTO Ap’ (X1, ov'y Xp)==
=%p (X1, ..., ¥) B ut0 Pr_((x, X;)=1, u3 mnocaentero Bbipa-

XKeHHdA noayvdaem
PO ™ (x,, D) = PO " (x, D).

Apnurusnocts Gyuxuun P pa G0 oueBugna.

Teopema 3. Ha {X* G}, ede € —o-asecebpa, noposxdaeman
yurundpuueckumy MHOJMcecT8amu npocrpancrea X®, cywecreyer
eduncTaennoe cemelicreo mep PYY takoe, 4ro

Pw {w: xp& By, k=1, ..., n}=SP0(xo, dxy) Spl(xh dx,) ...

B, B,

oo | Pacalrens dras)Paci (e, BY).
Bll-l

Hoxasareascrso. JLocTaToOuHO moKasaTh, 4TO BBefeHHas Ha @9
Mepa P ynoBieTBopsieT YCJOBHIO HENPEPHIBHOCTH: JJIS JIIOGOH MO-
HOTOHHO YOBIBAIOUIEH MNOCJAEIOBATENBHOCTH LH/IMHIPDHYECKHX MHO-
xectB Cp, auis Kotopoit NCp, = J, uMeem P*) (C,) —0. Honyctum
ob6partuoe: P*(C,)>>e npu HEKOTOPOM Xo; OCHOBAHHA UMJIHHADH-
yeckux MHOXecTB Cp o6o3HauuM uyepe3 Dy, unaukatop D, — uyepes
X (D3 %15 %25 oo vy Xm,) =% (D), u nycb Dnp pacnonoxeso Hapn
xoopaunaramu (1, 2, ..., my). OnpenennM MOC/AENOBATENbHOCTD
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MHOXecTB U3 B

g)={x|: S X(Dn; Xty gy ones Xmy) X
(2 my)
X

X PO ™) (1, diy X oo X dxm) > 5 ),

rae X ™ oGosznauaer npousBefieHHe npPocTpaHCTB Xy X Xsp1 X ...

voo XX
Hs Ttoro, uto C, yOniBaloT, caeayer, yto B Takxke MOHOTOHHO

y6uipator. [Jlanee, ecan x(B{Y") —ungurarop BY u §(BY)=
=1—x%(BY), T0

s<Prc)={ | @Em+aEm)X

X, X(?, mn)
X x(Dn) Py (xo, dxy) P(l' ™n) (x1, dx, X ... X dxmn) <
<Py (x BY) + —;— S X (BIY Py (g dx,) <Py (x BY),+ _;_

X,
Ioatomy P, (xo, Bg))>e/2. Tax xak Pg(x,, +) sBasgerca Mepoi,

o0
T0 OTCIO/lA CJefyeT, 4To ﬂ B, Iyems X, €BP, n=1,2, ...
n=1

Torna

X(Dn; Xiy Xoy o0y xmn) p( ™n) (21, dxg X ... X dxm,,) > %'
x(2 my)
[puBenennble TOJBKO YTO PACCYKACHHS MOXHG NPHMEHHTDb XK SIPY
P® ™n) (%2 dxs X ... Xdxp,) 1 Mepe P, (%, dx;). Torpa Gyzmer
IOKa3aHO CYIIeCTBOBAaHHE TaKOH TOUKH X,, 4ro Ajas Jo6oro D,

X(Dn; 2], 22, X3y v oy xmn)X
x(3 my)
X PG ™) (2, dxy X oo X dxp,) > 5

Takum 06pasoM, CTPOHM TNOCJAEJOBATEABHOCTD (X1, X2, ««vy Xn, ...),
B KOTOPO#l Xn & Xn ¥ 1pH JI060M 8, Dy

X(Dn; 21, )22, cery JEs, xs+h csey xmn)X
X(S-H' M)
X P ™) (%, ditoqs X oo X A2y, ) > 55
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Bosbmem npoussosibHOe MHOXkecTBo Cp. JlomycTum, uto ero oc-

HoBauue D pacnosoxeno Hapx koopauuatamu (1, 2, ..., s). [To-

C/ejlHee HepaBEHCTBO NOKa3blBaeT, uto (X, Xa, .., xs)eDh (B mpo-

“THBHOM cJy4ae GbLIO Gbl x(Dk, X, Xy oiny Xgy Xotls <o vy xmn) =0

IpHu BCeX (Xsif, ..., Xm)). [Tostromy (%1, %, ..., Xs, ...)& Cy, Ka-
o0

'KOBO 6B HH Obuio Cp, H, 3HaYuT, ﬂ Cr = (J, uTO NPOTHBOPEUHT
k=1

T€PBOHAYAILHOMY JONYIIEHHIO. B

Cnenmcreue. [lycts Oana cuerHas nociefo8aresbHOCTL 8e-
poarTHocTHolx npocTpanct8 {Xn, Bn, gn}, n=1, 2, ... IIycte X —
NPOCTPARCTEO 8CeX NOCA008ATEAbHOCTEl o = (X1, X2, ..., Xny ...},
xn & Xn, u €-— g-aneebpa, nopondaemnas yUIUHOPUUECKUMU MHO-
acecreanu X°. Ha {X~, €} cyujectsyer eOunHcT8eHHAs 8epOATHOCT-
Haa mepa Q Takaa, 4ro

Qfo: x, =By, k=1,2, ..., n}=quk(Bk), B, = By.
=1

HHpiMu c/0BaMH, eciM 3ajlaHa HEKOTOpas MOCAeNOBATENbHOCTD
BEPOSITHOCTHBIX NpOCTPaHCTB {Xn, Bn, gn}, n=1,2, ..., T0O Bceraa
‘CYIIeCTBYeT BeposiTHOCTHOe npoctpaHcTBo {Q, &, Q} u nocienosa-
TeJBHOCTh OTOGpaxeHul f, mpoctpaHcTsa B X, Takux, uTo CJay-
yafiHble 3J1eMeHTbl En = fn () UMEIOT 3alaHHbie pacnpeleNeHust ¢n
Ha B, u {En,n=1,2, ...} He3aBHCHMbI B COBOKYIIHOCTH.

3ameuanue. JlokasaHHas TeopeMa, B OTJHUHEe OT TEOPEMEI
Koamoroposa (ra. I, § 2, Teopema 5), He HCONB3YyeT KaKUX-IHO0
‘TONOJIOTHYECKHX TNpPEANONOXEeHHH o0 MNpPHUPOAEe NPOCTPAHCTB Xan.
C napyro#t cTOpoHBI, OHa fBJseTCH MeHee oOmieil, yeM Teopema Kou-
'MOTOPOBa, TaK KaK OTHOCHTCSI K CHeHUANbHON KOHCTPYKLHH Mep
B NPOH3BENEHHH MPOCTPAHCTB.

Bosepartumcs Kk mensiMm Mapkosa.

Onpepnenenne. Ilensio Maprosa c¢ paszoseim npoctpas-
creom {X,B} nasvisaercs cemeiicréo mep PW(-), sadaunsix Ha
{X X X, 6}, 3asucauwux or npou3sosvuoil mepot m na {X, B} Kak
OT napamerpa, 4acTHoie pacnpedeseHus KOTOPbIX ONpedesfoTca

popmyroi
P {o: xy =By, k=0, ..., n}=

= S m(dx) S Po(x, dyy) ... S P.—i(yp-1, B,), (8)

B, By By

20e {P,(x,B), n=20,1, ...} —nexoTopas cucrema croxacruieckux
adep na {X,9}.

Croxactuueckue sapa Pn(x, B) Ha3sHBAOTCA 8ePOATHOCTAMU ne-
pexoda 3a 00uH wae, a Mepa M — HAYAALHLIM pacnpedesetuem
Yenu. Pukcupys Mepy m, NOJYUYHM Cay4alfiHyl0 NOCAEL0BATENLHOCTD
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cO 3HaueHHSIMH B X, KOTOpyio OyneM Ha3BIBaThb MAPKOBCKUM HpPO-

4eccom, COOTBETCTEYIOUWUM HAYANLHOMY pacnpedeneno m.
KoHeyHOMepHEIE pachpefieseHHs 3TOro mpoiecca GyaeM 0603Ha-

yaTh uepes P;:’,"tz, .1, @ ONEPAIHIO BLIUHC/IEHHS MaTeMaTHYECKOro:

OXHJAHUA HEKOTOPOH (YHKUMHM OT mpolecca [0 BepOSATHOCTHOMN
mepe P(™ o6Go3nauuM CHMBOJOM Mp.

Ecam Mepa m cocpeloToyeHa B (PUKCUPOBAHHON TOouke x (haszo-
BOr0 MPOCTPAHCTBA, TO X OyJeM HAa3bIBATb HAYAAbHbIM COCTOSHUEM
npoyecca, a KOHeYHOMepHHIE pacnpenesenus, Mepy B {X®, €} u ma-
TeMAaTHUECKOE OXHJaHHe HeKOTOpOH (YHKIHMH OT Npolecca Nno Co-
OTBETCTBYIOIell Mepe OyneM 0603HauaTh yepes Pﬁ’l‘) B wr B3 P® g
M, coorBercTBenHo. [Tonoxum (kB <<r)

P(k, x, r, B)=S P.(x, dyesy) S Per1 et 217797 BN
x X
v S Pr'—2 (yr—za d.’/r"l) Pr—l (yr—h B)'
X

C aHanMTHYECKOH TOUKH 3peHus P(k, -, r, -) — cTOXacTHYECKOE:
AApO, ABJAIONLeECH CBEPTKOH BepOSATHOCTel nepexona P« Puig* ...
... #P._;. OHo Takxe Ha3bBaeTCsd B8epOATHOCTbIO nepexoda. Tou-
nee, P(k, x,r,B) ecTh BepOSTHOCTb NEpPeXofa H3 COCTOSHHS X 3a
NpOMEeXYTOK BpeMeHH (k,r) B MHoxecTBo B. U3 accoumaruBHOCTH
CBepTKH SIIep BEHITEKAeT PaBEHCTBO

Pk, x, 5, =Pk, 5,7, d)P(r, y,5, B, k<r<s, (9
X
T. €. ypaBHenne Uenmena — KoJamoropoBa, a dopmyaa (7) gaer

Mmf (E (tl)> g(t2)’ LIRS ) § (ts)) =
= {(mn [P x b ay) [P, 41t dg) X ...

LUK >< Sf(yl’ Yoy + ooy ys)P(ts—-l’ Ys—1, ts: dys)' (10)

O6o3nauum E(m)=E§(m, @) KoopauuatHyio ¢yHxkuuio Ha X X X®:
E(m, 0)=x,, m=0,1, ..., o=(x, X, ...).

®opmysa (10) nO3BONAET YTOUHHTH TEOPETHKO-BEPOSITHOCTHBIN
CMBICJI BepOAITHOCTEH nepexona. /s 3TOrO BBHIUHCAHM YCJAOBHOE Ma-
TeMaTnueckoe oxxupanue ¢ynkuuu f(E(s),E(s+ 1), ..., E(s+n))
(F(yo, y1, ..., yn)— HeoTpHLATENBHAS GOpeNeBCKAs ¢ynkuua n- 1
TIEPEMEHHBIX) OTHOCHTEJBHO 0-aare6phl o, 1], HOPOXKAECHHON BeJIHUH--
Hamu E(0), E(1), ..., E(f), t << s. CooTBETCTBYyIOLIEE YCAOBHOE Ma-
TeMaTHueckoe oxuzaHue o6o3Hauum uepe3 W. [To onpenénenuio ¥
€CTb eNHHCTBeHHaa (o, 1-M3MepHMan cayuyaiiHasfd BeJHYHHA TaKad,.
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4TO AAf JIOGOH HEeOTpHUATe/NbHON OYHKUHH g (Xo, X1, ..., X¢) Bbl-
NOJIHAETCA pPABEHCTBO

Mng@®0), E(1), ..., EOVFEL E(s+D), ..., E(s+n)=
=M,g (), E(1), ..., E@) V.

C npyro# croponwl, u3 (10) caenyer, uto

Mng € (0), E(1), ..., EOFE(S), Es+1), ..., E(s+n)=
=M,g€0), (1), ..., @],

TAe
F=tc)={P¢ £, s dy) [P dp) X ...

XG0 g1 - 90 Patnmt Gamrs di).

Takum o6pasom, ¥ = f.

[Tonyuyennas ¢gopmyJsa NPHBOAHT K CAEAYIOIHM BbIBOJZAM.

Teopema 4. ¥caosrnoe maremaruseckoe oxudanue npoussoss-
Hot HeoTpuyarervroti pynkyuu f(E(s), E(s+1), ..., E(s+n))
OTHocuTeAbHO Fio, 11 (f << S) He 3a8ucuT OT Ha4aabHO20 pacnpede-
ACHUS M, OT 8EPOATHOCTel nepexoda, npeduiecTBYIOWUX MOMEHTY
8pemenu t, u or 3navenui §(0), E(1),...,E(f—1). Ono daerca aoi-
padiceruem

Ma {fE(s), BG4 1), -y (5 +m) IS0, 0} =
=Pt 2@, s, dy) (Potyo, dy) ...
coe S f(y()t Y5 oo oy yn) Ps+n'—l (yn‘-l) dyn)' (11)

Ycnosroe pacnpenenenne sennuud §(s), E(s+ 1), ..., E(s +n)
B {X"+,Bny1} OTHOCHTENBHO o, ;) COBNALAET C NPSMBIM NPOH3BE-
LeHHeM sfep

P(f,g(t), S, '); Ps('y ')a veey Ps+n-l(" ')'

B wvactHoctn, BepositHOCTb mepexona P(f,E(f),s, B) cosmagaer
C YCJIOBHOH BEDOAITHOCTbIO MOMAacTb CHCTEME B MOMEHT BDEMEHH S
B MHOXeCTBO B, ecau ussecTHnl cocrosuus E(0), &(1), ..., E(f).
OTa BepOATHOCTb 3aBHCHT TOJBKO OT COCTOSIHHS §(f) B moc/eXHHM
H3BECTHBIH MOMEHT BPEMEHH H He 3aBHCHT HH OT 3HaueHHii §(0),
E(1), ..., &(t—1), nu oT m, HH OT BeposiTHOCTel nepexona P (-, )
P2(-, ), ..., Pe(+, ). TlocnenHee CBOHCTBO MapKOBCKOR LenH,
KaK yNOMHHAJIOCh paHee, Ha3bIBAIOT OTCYTCTBUEM nocaedelicTeusn, n
OHO fBJIIETCA OCHOBHOH KauyeCTBEHHOH XapaKTePHCTHKOH MapKOB-
CKOH ILemH.

3ameuanue. [lycrs mano mamepumoe npoctpanctso {X, 8} n
Ha HeM CHCTeMa CTOXAaCTHYeCKHX afep Pn(x, B),n=0,1, ... Toraa
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CYIIECTBYET MapKoOBCKas Lenb, LA KOTopo# Py (x, B) asasiotcs Be-
POATHOCTAMHU Mepexoja 3a OAMH 1war. Jloka3aTeJbCTBO 3TOro yr-
BEPXKIEHHA H KOHCTPYKUHS COOTBETCTBYIOIETO BEPOSTHOCTHOTO
NpOCTpaHCTBA AAIOTCA TeopeMol 3.
MapkoBckas Lenb Ha3blBaeTCSi OOHOPOOHOU, eCIH BEPOATHOCTH
flepexoja 3a OJHH Iar He 3aBHCAT OT BPEMEHH:
P¢(x, B)=P (x, B).

B 3TOM cJayyae BepOsATHOCTH nepexoja 3a INPOMEXYTOK BpeMeHH
(1, $) 3aBHCAT TOJBKO OT AJIHHBI 3TOTO POMEXYTKa:

P x, s, By=
=P, dy) (P, dg) ... (Pe-t, BYP(yomsy dyp) =
X

X X )
=P6-9(x, B).
Jas onnopoaHo# uenu ypasdenue Uenmerna — Koamoroposa npunu-
MaeT CJeAYIOIIHUN BUA:
Petm (z, B)= | P¥ (x, dy) P™ (y, B).
X

Ilycte Mapkosckad uens ojHopoaHa. ®Popmyna (10) noxasw-
BaeT, 4To

M.fEG+T), Es+2), ..., E(s+n)=
=M, fE), EQ2), ..., E(m), (12)
rae
mg(B) = S P(0, x, s, B)m (dx) = S P (x, B)m (dx).

Ecau senuunna (12) He 3aBHCHT OT S, KAKOBa 6bl HU 6ba QYHKUHUA
f(+), To omHOpONHBII MapKOBCKHil NMpoOLiecC, COOTBETCTBYIOW(HI 3a-
JaHHOMY HayaJbHOMY pacnpefeeHHIO M, Ha3blBAeTCS CTAYUOHAP-
Hoim. J{ns cTanmMOHApHOCTH IMpollecca HeOOGXOAHMO M AOCTAaTOYHO,
4TO6L Mepa M YIOOBJETBOPSJIA YCJIOBHIO

m(B) = S P®) (x, B) m (dx). (13)
310 yenosHe 3KBUBANEHTHO GoJee MPOCTOMY:
m(B) = S P (x, B)m (dx). (14)

Hekcrutensno, (14) siBasieTcst wacTHBIM cayuaem (13). Ecan xe
.(14) Brmosreno, T0

m(B) =P, B)SP(y, dx) m(dy) =

={Po, Bm@y = ... =[Po (4, Bym(ay,).
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BeposiTHOCTHBIE Mephl i, YROBJAETBOpsAIOINe ypaBHenHuwo (14), na-
3LIBAIOTCS] UHBAPUAHTHOLIMU WU, TIOAPOOHEe, UHBAPUQHTHOLIMU Me-
pamu, COOT8ETCTYOUUMU OAHHOMY CTOXACTUYECKOMY AOPY.
Takum o6pasom, eciam AN JAHHOTO CTOXACTHYECKOro fjapa Cy-
LIeCTBYEeT MHBapHaHTHAS BEPOSITHOCTHAs Mepa, TO CYUIeCTBYeT Ta-
KOe HayaJbHOE pacnpelesenne AJs OLHOPOAHON Lenu Mapkosa, Ko-
TOPOMY COOTBETCTBYeT CTAllHOHAPHBIH MapKOBCKHMH npouecc. Be-
POSITHOCTBIO Tepexofa 3a ORMH WAar 3TOFO Ipouecca CJAYKHT LaH-

HOe S1IpO.

[Tycts §: o603HayaeT MHHHMAJBHYIO O-ajre6py, OTHOCHTEIBLHO:
kotopoii mamepumbl E(0), E(1), ..., &¢) (1=0,1,2, ...), 1—
MapKOBCKHI MoMeHT Ha {F;,{=20,1, ...}, NpHHHUMAIOIHKH, BO3-

MOXHO, 3HAYEHNE T == 0O,
Paccmorpum caenytomuit  Bonpoc. [Ilyets §(f)— omnopoanas

mapkosckasi uenb. Kak Bener ce6st mponecc & (f)==E&({-+ 1) npn
T << co? EcrecTBeHHO 0XKHMAATH, UTO NpH runortesde &(t) = x, v << oo,
cayuaiinbplli rnpouecc &r(!) Beer ceba TOUHO TaK e, KAK MapKOB-
ckuit npouecc E(f) npu runotese §(0) = x. YTOUHUM H HOKaKeEM 3T
yTBepxkaenye. BripaxkeHHoe UM CBOHCTBO Ha3bIBaeTCa CTpo2od map-
kosocroro. O6osHaunm Q; = {w: 1 << co}. Tlonoxum P®(x, A)=
= P@{Q N (E(r)= A)}. Hmeenm

oo

PO (x, A)= 2, PW {[v =s]N [t (s) = A]}.

s=1

Orciona suitekaer, uto P®(x, A) aBaserca mepolt Ha B u
P® (x, X) =P {Q}<1.

C npyroil CTOPOHEI, CYILeCTByeT Takoe MHOMXecTBO BE®) & B, yro co-
6ritHe {t = s} akBuBaneutno cobwituo {E(0),E(1), ..., &)} = B®,
CJie10BaTeJbHO,

P {lr=s]N[E(s) = Al} =PW{((0), (1), ..., E(s)) & BN AW},
rie A® =XXXX ... XXXA (s—1 comHOXuTeNeH, pPaBHHX
X), U u3 TupeNBAYILET0 BHITEKAeT, YTO 3Ta BEPOATHOCTb, a TaKXKe
1 P®(x, A) sapasiorcss B-U3MePUMBIMH (QYHKIHAMH.

0O603naynm c-aarebpy, HHAYUHPYEMYIO CJAYYaiiHHIM BpeMeHeM T,

yepes Fr.
Teopema 5. Ecmu D=f, u D Q,, 10

P(x>{Dn(ﬂ[§(tk+r)eAk])}=
k=1

= S p(y)(ﬂ [&(ty) = Ak]) P®(x, D, dy), (15)

x k=1
2de P (x, D, A)=P@ (DN ()= 4]).
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Hokasareascrso, Tak Kak D < Q, To

P {D n (QI[E (t +7) E'Ak]) } -
— 321 Pw {Ds n (k[jl Et+ve Ak]) } ’

rae Dy =D (1 [v=s]. ITycrs % (D) — uunuxarop cobuirust D,. UmMeen,
YUYUTHIBAS CBOHCTBA YCJIOBHBIX BEPOATHOCTEH /s MapKOBCKOH menu
{reopema 4):

P(x){Dsn(kél [E(tk-I—T)EAk])}_—_
—M, { %.(D,) P® (k[jl[g (te + s) = A i%s) } =
=M. {2(00P0 ([] 16 +9 = 4) }

B cusy OZHOPOAHOCTH LeNu NpaBas 4acTb IOCJENHEr0 PABEHCTBA
paBHa

jpw { &) = A } AP —
Dy k=1

- S p(y){ Nt = Ak]}P(s, x, D, dy), (16)
X

k=1

rae P(s, x, D, -) ects Mepa, ompemensemas Ha {X, B} coorso-
1eHHEM
P(s, x, D, AA=PX{DN[rt=s]N[E(s) = A]}.

Ecan ewe BBectu Mepy
PO(x, D, H=PW{DNE() = A} = X P(s, x, D, A
s=1

¥ npocymMmHupoBate paBeHctBa (16) no s, To noayyum TpeGye-
Moe,

§ 6. Llenu MapkoBa cO CYETHBIM YHCJIOM COCTOSHHMIA

Mpusoxumocrs u Henpusoaumocts. IlycTh X — cuetHoe MM Ko-
Heunoe wmuoxectso. [lox o-anreGpoft H3MEpPUMBIX MHOMKeCTB X
B 9TOM cJiyyae yC/J0BHMCS NMOCTOSIHHO [OHUMATh COBOKYMHOCTb BCEX
Tloamuoxects X. Ilpn 3TOM H3MEePHUMBIMH OKAa3bIBAIOTCA MPOH3BOJIb-
Huie Qysxuuu Ha X,
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Toukn npoctpancTsa X Gynem o6osHayath OyKBaMu i, j, ...
PaccMoTpEM 0ZHOPOZHYIO MapKOBCKYI lellb CO 3HAYEHHAMH B X.
Oua 3sapaercs BeposiTHOCTSMU nepexoja 3a oaun mar p(i, j),
i, j& X, B 0NHOTOYCUHBIe MHOXKecTBa j. BeposiTHOCTh nepexoma 3a
OJIHH 1JAar B NPOH3BOJbHOEe MHOXeCTBO B Bhipaxaercst uepes p (i, j)
OueBHAHON opMynoh

P (i, By= ,-§B” @, i),

2 MHTETPUPOBAHHE 10 Mepe, COOTBETCTBYIOHIEHi CTOXaCTHUECKOMY
a1py P (i, B), npeBpamaeTcss B CyMMHpOBaHHue:

ViPa dp= Y pt i)
X ieX

Bblpa}xe}me AJig BE€DOATHOCTH Nepexola 3a n 11aroB B OLHOTOYEY-
HO€ MHOXKeCTBO ] npruBuMaeT BHA

P (G, )= 2 pls idpGu da) oo pUp—rn ). (1)
Ipdp g s

Ecnn BBecTH Martpuiy P™) (C KOHEYHBIM HJIHM GECKOHEUHBIM YHCJAOM
CTPOK), 971eMeHTaMH KOTODOH CJYXKaT BepOSITHOCTH Nepexona 3a n
waros, P = {P® (j, D} jex» TO u3 dopmynn (1) caeayer, yto

P"® =P",
rie P"—n-2 crenedb MaTpuubl P = P(!)— MaTpuusl BeposiTHOCTEH
nepexona 3a oaua war. Marpuua P ={p(i,j)} o6aanaer caoi-
CTBaMH: ’
2 pli, )20, 6) X pl =1 @

MaTtpuuna P co cBoiictBaMu a) u 6) HasbiBaeTcss croxacTuye-
ckoii. Vs paBenctBa P = P"P™ caenyer, uto
prrm (i, )= 2 p (i, k) p (k, J). - ®
kX
C npyroit cropoHml, ¢opMyJsa (3) fABJIAETCA 3aNHCLIO YPABHEHHS
Henmena — Koamoroposa ((9), § 5) B paccMmatphBaeMoM cJayuae.
Onpenenenmne. Cocroanue je& X 0ocTumumo us cocrosnus
[, ecau 8epoATHOCTbL nepexoda u3 i 8 | 34 HEKOTOPOE HUCAO WiA208
noaosxuresvna. Ecau j docrumumo us i, a i docruxcumo us j, o
cocroanud i u | nasvearor coobujarouumuca. Ilo onpedeseruro co-
cTOsHUe i gceeda coobuyaercs ¢ i.

Tor dakr, uto { u j — coofmammuecs COCTOAHAR, YCO-
BHMCsl 3allHCBIBATh CUMBOJIOM i < j. Ecjn | moctuskuMmo u3 i, a
k — 43 j, TO k ROCTHKHMO 3 {. DTO BHITEKAET H3 HEPaBEHCTBA

prtmI(], k) = p (i, j) pm(j, k).
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OTHOlEHHe <> SBJSETCA OTHOLIEHHEM 3KBHBAJEHTHOCTH:

a) <>

6) eCaH [ <> j, TO j<>i;

B) U3 i <> U j <> k clenyeT i <> R,

HefictBuTeNbHO, a) caenyeT U3 Toro, uto pO(i,{)==1, 6) BhiTe-
KaeT u3 CHMMETPHH [ H j B ONpefieleHHH COOOUIAIOUINXCS COCTOf-
HHH, Y, HaKOHell, B) BHITEKaeT H3 TOTO, 4TO

pntm (i, R) = p™ (i, /) p'™ (j, k) >0,
pirEmi (k, i) = p (k, 1) p™ (j, i) >0,

ecmt p™ (i, j) >0, p™(j, i) >0; p™(j, k) >0, p™ (k, j) >0,

ITponsBonbHag unenb MapkoBa MoXeT ObITb pas3J/iOXKeHa Ha He-
nepecexarolinecs kiaaccl X, COO6LIAIOMUXCS COCTOAHUH. 3T0 pas-
JIOXXEHHE MOXKHO OCYLIeCTBUTb CJjenyiomuM o6pasom. Buibupaem
NIPOH3BOJBHOE COCTORHUe i1 ¥ 0003HauaeM yepe3 Xi COBOKYNHOCTb
BCEeX COCTOSAHHE, coobiarmuxca ¢ ij. M3 cBoiicTBa B) OTHOLIERUA
<> BLITEKAeT, uyTo J06Gas mapa cOCTOsiHHE u3 X; coofuiaercs
mexay co6ofl. Ecin Xy, me ucuepnniBaer X, BnlGHpaeM COCTOsIRHE
i» & X; ¥, aHaJOrHYHO NMpeAbIAylieMY, CTpouM Kaace X;,. Tak rax
i) ¥ iy He cooGIalTCs, To Kiacchl X; ¥ X;, He HMelOT 00WHX 3Je-
meHToB. ITpononkaem noctpoeHre MuoxecTs X;, 10 Tex MOp, MOKa
He Oymer HcuepnaHo Bce X. [locTpoecHubie kaaccl X, 061amaioT
CNeAYIOUWHMH CBOHCTBAMH:

a) uHcJo KjaaccoB X, He §0see ueM CUETHO;

6) KaxAwll 3saemeHT X 1onmajgaer B OAMH M TOJbKO OAHMH
Kkaacc X,;

r) awb6ast napa coctosinuli uz X, coobuiaercs Mexay coOoii;

n) mo6Gas mapa COCTOAHHHA U3 PasHEIX KJ/4acCOB MexAay Co6o#
He coobLlaercs.

Iocnennne ngBa cBoficTBa MOTyT ObIThb C(ROPMYJIAHPOBAHBI elle
TaK: u3 JIGOro COCTOAHHA { JAHHOTO Kiaacca X, MOXHO 3a HEKO-
TOpOEe YUCJIO WIAroB € NOJOXHTENHHOH BepOATHOCTHIO NMONACTh B JI0-
6oe apyroe coctosHHe 3TOro e Kiaacca. He HCKIOueHa BO3MOXK-
HOCTh TOrO, YTO CHCTE€Ma, HAXOASICh B IAHHOM KJacee, BBIAJET H3
Hero xorga-jn6o, HO BEPOSITHOCTL TOTO, YTO OHA, NOKHHYB [aHHBIH
KJlace, BepHeTCSl B Hero korja-sulylb, paBHa HYJIO.

Onpenenenue. Maprosckas yeno HA3bl6AeTCA HENPUBOOL-
MOU, ecau OHG COCTOUT U3 OOHO20 KAQCCQ COOOWQIOWUXCA COCTOR-
Huld. Ecau awoboe cocrossue j, docTusicumoe us i, coobwaeres ¢ i,
TO COCTosHuUe [ HABLIBAETCA cyujecTéentivim. B nporusnom cayuae
OHO Ha3bl8AETCA HECYU,eCTBEHHbLM.

Herpynuno szamerntsb, 4To H3 CYLIeCTBEHHOTO COCTOSHHS ROCTH-
KHUMBI TOJBKO CYILECTBEHHEIE COCTOSHHA. JefCTBHTENbHO, MYCTh I
CYULIECTBEHHO M | JOCTHXHMO K3 i, EcaH R LOCTHXHMO H3 j, TOo R
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JOCTUXKHMMO H3 i W (B CHJIY CYIUECTBEHHOCTH COCTOSIHHA [) i AOCTH-
XKuMo H3 k. Ho Torna u j gocruxumo u3 R, T. €. j CyIIEeCTBEHHO,

Otclona BhITEKAeT CJeICTBHE: B Kjacce COOOILIAIMHUXCS COCTOS-
HHI WJIH BCEe COCTOSIHHSA CYI{eCTBEHHBI, WJIH BCE OHH HECYUIeCTBEHHEI.

Bosspartnocte. Ilycres E(n) — cocTosiHHe MapKOBCKOH CHCTEMBbl
B MOMeHT BpeMeHH n. O6Go3nauynM uepes T; = T;(n) UHC/0O [1AroB,
KOTOpbLle 3aTpauMBaeT MapKOBCKAf CHCTeMa, HauMHad ¢ MOMeHTa
BpeMeHH H, uTOOB! BOepBEle NONACTh B cocTosinue j. Takum oOpasoM,
Tj(n) onpenensieTcd IeNOYKOH COOTHOLIEHHUIT

g(n_‘_l)#jr-", E(n‘l"rj_l):)&], §(’1+"7j)=j-

Beegem cemefictBo o¢-airebp {@m, a4 =0,1, ...}, rae Fm a—
MHHHMAaJbHAS O-aJjire6pa, OTHOCHTEJIbHO Koropon u3Mepumbl &(n),
En+1), ..., 8(n+1).

BesuunHa T;(n) fABJIAETCH MApPKOBCKUM MOMEHTOM Ha 3TOM Ce-
mesictse. [lotoxum

U N=Pr;(m)=sl5(n)=10), s=1,2,...,
FO(, j)==0.

Ilpu aTom ] _ .
FOG D=pOG H=pG j.

W3 opHopoaHOCTH Ienu CJAeAyeT, 4To BepoaTHocTH fO)(i, ) He 3a-
BHCAT OT n. llpn [ =] OHU Ha3bIBAIOTCS BEPOATHOCTAMU NEPBO2O
nonadanus B COCTOSIHHE [, a NPH [ = | — BEPOATHOCTAMU NEPBO20
8038pawjerus B COCTOSIHUE i,

CymmMma

oo

F@, D= }_‘ OG0, D

s=]

€CTh BEPOATHOCTb TOTO, YTO CHCTEMA, BBIAAS H3 [-TO COCTOSIHHSA,
Korna-HHGyAb Tmonajaer B j-e coctosHHe. AHajoruuno F (i, i) ecTb
BEpPOATHOCTb TOrO, YTO CHCTEMA, BBIHAA H3 i-ro COCTOSIHHS, 3a KO-
HEYHOEe YHCJO IIaroB BO3BpaTUTCA B i-coctoanue. Ilpm F(i,j) << 1
ciayyaliHas BeJHYMHA T; sIBJAAETCd HeCOOCTBEHHOM.

Onpeneanenne. Cocrosnue i HA3bl8AETCS B0O38PATHOIM, €CAU
F(i,i)=1, u nesossparnoim, ecau F(i,i)<<C1.

HeTpyaHO yCTAHOBHTb CB3b MeXIY BepOSTHOCTSIMH nepexozxa H
BepPOATHOCTAMHU nepBoro nomnaganusa. OHa paercd COOTHOLIeHHeM

PG, =2 IO PG, D, n=1. 4)

Ilpu stom mnonaraeM pO(i, j)=6;;=0. [delicTBUTeqbHO, NYCTb
T;— BpeMs [epBOro MONafaHUd B j, OTCUHTHIBAEMOe OT HAYyaJbHOTO
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moMeRTa BpeMenu. Torna
ports, =P { | (e, =sintem =1 | =
= 3 PO 5 =8I0 =} = £ PO {5 =5} PO & ()=} =
= %19, NP9 G, )).

dopmyaa (4) nokasana. OTMEeTHM ee 4aCTHHIA Cayuaii:

n

p™ (i, i)=Y, [ (i, i) =9 (i, i), (5)

§=1

yTO MOXHO TaKXe nepenncaTb B BHIE
n—1t
fm (i, iy = p® (i, i) — X, [ (i, i) pn=9) (i, ).
s§=1

ITocsenHee COOTHOIIEHHE MO3BOJSIET TNOCJAELOBaTENbHO BLIYHCAHTL
BEPOATHOCTL BO3BpallleHNs, €CJH H3BECTHBI BEPDOSATHOCTH NIEpEXoaa.
3aMeTHM, UuTO JJs BBHIYHCJAEHHA BepOHTHOCTEf/’I BO3BpallcHus B i-e
COCTOsSTHHE JOCTAaTOYHO 3HaTb TOJBKO BEPOATHOCTH nepexona B TO

e COCTOsIHHe.
Beenem npouspoasmne byHkuun P;;(2), Fi;(2) nociexoBaresb-
socret {p™(i,j), n=0, 1, 2, ...}, {{™(@,j), n=0,1, 2, ...}:

Piyle)=X p" (i, 2" Fiy@)= 2 [ (G, )z
Hs dopmynn (5) caepyet, uTo

Pu@=p®G, )+ X X [0, )2t P(, Hant=
n=1 R=]

=14+ 2 X [®@ )29 (i, )zr-t=
k=1 n==k

| =1+ 2 [®(, ) 2Py (2)
Hau

Py (R)=1+4 Py (2) F; (2).
H3menenne nopsiika CyMMHDOBaHHSI B NpPOBeJeHHOH BhIKJIajlKe 3a-

KOHHO, TaK KaK paccMaTpHBaeMble DAl CXOAATCS aGCOMIOTHO HPH
|2] << 1. Mocnennas dopMysa MOxkeT GHITh 3aNHcaHa TaKXKe B BHAS

1
Pu@) =1 (6)
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Anasnornudo u3 (4) BBITEKaeT paBEHCTBO

P;;(2) == P;; (2) Fy; (2), i ]. (7)

ITycTth Temeps 2 — meficTBuTeqbHoe yHcJao U 21 1. Oyukuuu Py (2)
u F;;(z) npexncraBasiorT co60# MOHOTOHHO BaspacTaloiine (GpyHKIHH,
TpudeM B cHay TeopeMbl Abeas lim F;; (2) cymectsyer u lim Fy; (2)=

ZAl ZAL
= F;; (1)=F (i, i). Tlosoxum lim P;; (2) = G (i, i) = P;; (1). U3 coor-
Al

HowmeHus: (6) caepyer
Teopema 1. Cocrosnue i sossparno, ecau G (i, i)=
o0 oo

= > p™ (i, {)= oo, u nesoszsparo, ecau G (i, i) = D pm(, i) < oo,
n=9_ n=0

B nesossparnom ciayuae

, ., 1

Gl d=1=ruw:

Teopema 2. Ecau cocroanun i u j coobujarcres, 170 nHu 803-
8PATHBL UAL HEBO38PATHLL OOHOBPEMEHHO.

Hoxaszareabcrso. Taxk Kak i < j, To HaliayTcss m; U my TaKue,
aro pm) (i, j) >0, p™I(j, i) > 0. Tax xax

pumE ) ()32 pd (i, 8) G, 1) p (G, ),
TO

oo

2 P, D= pm(f, i) pm @, §) ZO p® (i, i)

n=m+my =

u pan G(j,j) pacxoxurcsa, ecau pacxouputess pax G(i, ). Meuss
posu i ¥ j, moayuum, 4To G(j, j) u G (i, {) KOHRUHB WIH GECKOREUHBI
OJIHOBpeMeHHO. B

Taxum 06pasoM, cCBOHCTBO BO3BPATHOCTH [UIA MapKOBCKOH Liemd
ABJSIETCA HE CTOJIbKO CBOHCTBOM COCTOAHHS, CKOJIbKO XapaKTepH-
CTHKOH KJacca COOOLILAIUIMXCH COCTOSHUH,

WnrynTHBHBlE cOOOparKeHHs1 IOACKAa3bIBAIOT, YTO BO3BpallleHHS
B TEUEHHe HeOrPAaHHYEeHHOro NPOMEKYTKa BPEMeHH B BO3BpaTHOE CO-
CTOSIHHE TPOUCXOAAT GeCKOHeUHO MHOTO pas, a B HEBO3BPaTHOe CO-
CTOSIHME — TOJILKO KOHEUYHOe YHCJAO pa3. ITo HeTpyAHO HOKasaTh.

Ilycts Q;(m)— cobuiTHe: CcHCTeMa NOnajZaeT B j-e COCTOAHHE
[0 MeHblIeH Mepe m pas, a T;— YHCJAO LIaroB A0 NEPBOTO INonaja-
Husa B cocrosinke j. Torna

@ m)= U 5, =n).
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Tlyctb gij(m)— BeposTHOCTb cOOITHS Q;(m), ecan §(0) = i. Mmeem
() = 3% P (@ (m) Nl =] £ 0) =) =

=§1 POQ;(m) |1, =n)P® (v; =n|g(0)=1i)=

= 2 1™, )P @ (m) vy =n).
HerpyaHO NIpPOBEPHTH, UTO
PO (Q;(m) |ty =n) =PV (Q;(m — 1)) =gq;; (m—1).
TaxuMm ob6pasom,
qij(m)="F (i, J) q;; (m —1). 8

Ilycts gy ==q;;(00) — BEpOATHOCTb TOTO, UTO CHCTEMa, BHIAAS H3
{-r0 COCTOSIHYSA, TONafaeT B J-e COCTOsSIHHe OGECKOHEUHO MHOro pas.
Tak xak q;; =limg;;(m), To n3 (8) caenyer

m-»oo

giy=F(, ])qy. 9)

Teopewma 3. Ecau j— so3sparHoe cocrosnue, 170 §;; == F (i, )
U, 8 4ACTHOCTU, G;; = 1; ecau e | Heso38parTHo, 10 ¢ij =0 Oan
a106020 i.

Hokasareavcrso. Ecan F(j, j) << 1, To, nonoxue B (9) i = j, no-
ayuuM @¢;; =0 ® u3 Toro e paBeHcTBa wumeeM ¢;; = 0. Ecan
F(j,j)=1, to u3 (8) Bumrekaer g;;(m)=I[F(j,j)}" ! =1, orkyna
¢;;=1. U3 (9) Torma caenyer, uto qi; = F (i, j).

IMyers F(i, j)= 1. U3 cBolicTBa cTporoii mapkosoctd (cMm. § 5,
TeopeMa 5) mogayuyaeM

Po (sn( ) 6+ =i))=Po@Po (1w =in)

nasa awb6oro B E%T/. M3 3TOrO COOTHOIUEHHS BBEITEKAET

Teopema 4. Ecau F(i,])==1, t0o cayuadnsui npoyecc & (1) =
=§(t; 4+ %) (E(0)==1i) croxactuuecku sxsusarenren E(t) ¢ Ha-
“4arvHbim coctoanuem £(0) == j u He 3a8ucut ot c-aszebpot ‘31].

ChnencrBue. [Iycre £(0) = i, i — 8o38parHoe cocroanue, & —
HUCA0 waz208 00 Nepso20 8038paLyeHUs 8 i, Ey— HUCAO WA208 Me-
HOY nepsvim u BTOpbIM B038paLyeHUem 6 i U T. O.

Cayuaiinvie seaununot &1, &, ..., &n, ... 00unaxoso pacnpede-
AEHbL U He3a8UCUMDL.

Teopewma 5. Ecau cocroanue i eossparno u F (i, j) >0, To cu-
rema, evuida u3 COCTOAHUA [, NOCETUT | OeCcKOHeYHO MHO20 pa3
9i;=1) u F(j,{)> 0. B uacrnocru, F(i,j)=1.
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Hs TeopeMibr 3 ciienyer, 4To 4KCJAO BO3BpALleHHI B COCTOSHHE i
Geckoneuno. Ilyctb Cp oGosHawaer co6biTHe: Mexay (B—1)-m u
k-M TNOCEWlEHHSMH COCTOSIHHS | CHCTeMa 3aileT B COCTOSHHE j.
B cuny crporoi mapkoBocTH mnpouecca co6uTHs C) He3aBHCHMBI

o0
Mexay co60i M UMEIOT OfHY H TV XK€ BepoATHOCTh. Tak Kak U Ce
k=1

€CThb BEPOATHOCTh TOTO, YTO CHCTEMA BOOGIle KOTAa-1HG0 NOCETHT
o0

j»10 P(Ci)>0mu ),P(Cy)=o. Hs tTeopemn Bopensg — Kau-
k=]

TeJVIH CJELYEeT, 4TO ¢ BEPOATHOCTBIO | ocyllecTBAgeTCHd GECKOHEUHO
MHoro Cy. Bosiee Toro, cucrema, nonas B j-e cOCTOAHHE, 6eCKOHEYHO
MHOTO P&3 nOCeTHT i-e& cocTofHue. I

CrnencrBue 1. H3 8038partozo cocToanus G0CTuMUMbL TOAb-
Ko 8038paTHble COCTOAHUA. BosspartHnvie cocTosnus cyuiectertol.

OTo C/leNCTBHE YTOYHSIET TEOPEMY 2, NOJNYYyeHHYIO paHee ¢ MpH-
MeHeHHeM NPOH3BOAAMX PYHKIHIL

Cnencrsue 2. B kaacce coobujaroujuxcs coctosanuti, codep-
Jaujem 8038paATHOE COCTOSIHUE, 8Ce OCTAAbHBIE COCTOAHUA TaKXCe
8038PATHLL, U CUCTEMQ, HAXOO0AWAACS 6 3TOM KAdcce, ¢ TedeHuem
epemMeny ¢ BepOATHOCTbI0 1 nonadaer 60 ece OCTaAbHbiE COCTOA-
HUA KAGCCQ, U NPUTOM GECKOHEYHO MHO20 pA3.

Ki1acc BO3BpPaTHBIX COOOLIAIOLINXCS COCTOSIHHH 6yleM Ha3blBaTb
B038PATHLIM KAQCCOM.

ITontoxum

(o]

G(i, )= 2 p"™(, j).

n=_

Cwmpics 3TOro psiga Obla BBISICHEH A4 caydyas { = j. B oBwewm cay-
qyae YCTAaHOBHUM CJERyIOLIEe COOTHOUIEHHE:

N

IR ,
Jim =F (i, ) (10)

DI A )

n=0

Jloka3aTeabcTBO OCHOBaHO Ha ¢opMyJie (4). IMonaras B (4) n =

=1, 2, ..., N u cymmMupys nonyueHlble paBeHcTBa, GylIeM HMETb
N N n-1 ( ) )»

2 oG, =2 2 f"706 e, )=

n=l n=]1 §=0

N-1 N (-5) N-1
=2 2 17600 D= X 9, ) Fy-s

§=0 n=§+1
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N-—s

rae Fy—s= 2, " (i, j) u Fy—>F (i, j) ipu N — oo, Takum o6pasom,

n=|\

N

S oy
n=| - 14 1,7

,v = ) Fy-s—x .
>G5 > ™G
n=0 n=0

CnpaBenuBecTb opmyan (10) Temepp BhiTeKaer u3 caeaymollei
JIeMMBEL

Jlemma 1. Ecau by, n=0, 1, ..., — nocaedosaresbrocte ue-
OTPUYATEAbHOLX HUCeA U TN——>O, TO 011 NPouU3BOALHOL X005~
2. b
s=0
yjetica noCAe008ATEAbHOCTU Cp, B =1, 2, ...,
N
ka bpey—rt
lim — = lim ¢,,.
N > : n->o
D be
E=0

Hokasareasscrso. Ecau ¢=lime,, To

N
k;) bren—r
N —Cc=
Y, ba
£=0
N-n N N
kZO be(Cy—p—0) k_NZ Ibk k_NZ lbch—k
- —okmiontl |y ket .o
D b > be 2 be
k=0 k=0 k=0

Ecan nomep n wi6pan Tak, uTo npu n’ = n nmeem [c—cne| <o,
TZe & > 0 npou3BoJbHO, TO [EPBOE CjaraeMoe B NpPaBOil YacTH pa-
BeHcTsa (11) menbme e. Ilpu GHKCHPOBAHHOM n BTOpOe M TpeThe
Craraemble Takxke crpemarcs K 0 mpu N -» co, Tak Kak ¢, OTpaHH-
UCHEL DTO NOKA3LIBAET JEMMy H BMECTE C TeM PaBEHCTBO (10), Tak
KaK yCJI0BHs JieMMEBl BCerza HpHMEHHMBl K pacCMaTpHBaeMOMY CJy-
Hao, u6o p™(j, i) orpannyensl. W

Us ¢popmynnr (10) Beirekaer

- eopema 6. Buyrpu sossparnozo kaacca G (i, j) = -+ o0; ecau
He j nesossparno, To G (i, j) << oo npu scex i.
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HelicTBATENLHO, €CJIH j-—- HEEO3BpaTHOE COCTOsIHMe, TO 3HaMe-
HaTeAn B JIEBOH 4acTH cooTHomeruss (10) cTpeMHTCA K KOHEUHOMY
npefeny, a NO3TOMY ¥ TNpeles YHC/IHTe]s KoHeueH. Ecau xe j B0O3-
BpaTHO, TC NpeAes 3HaMeHaTesst paBeH oo; ecan F(i,j)>0, to u
npenes YHCJAHTES TaKxke paBed oo, B

Hepuogmunocts. 3amerum, uro ecaun p™ (i,i) >0, To Takxke
pEm (1) =0, deficrBurenbHo, phm (i) = pM{i,i)p™ (i), .. pM ().
O6osnaunum yepes d(i) wauGoabwufl obwui AeHTeIb BCeX n, /s
Kotophx pni(i, i) > 0. Ecan p™(i,i)=0 aaa Bcex n =1, 10 6y-
neMm cqurath d(i) = oco.

Teopema 7. Ecau i <, 7o d(i) = d(j).

Hoxaszareavcrso. Bo-nepBhix, ecaH i< j, To d(i) u d(j) xo-
" meuysl. Ilyctb p®(i, i) > 0. Hafigyrca nexkoropnie n >0 u m >0
takue, uto p™ (i, j)>0 u pm(j,i)>0, Ttak uto p™tmta(j j}=
= pmi(j, i) (i, §) p™ (i, ) > 0. Amanornuno  pmHmira(j, j) = 0.
[Mostomy d(j) meaur (n+ m+2s)—(n+4m -4 s)=s. Orciona BbI-
texaer, uyro d(j) << d(i). VI3 cummeTpun poJeft { U j BbITEKaeT
d{i)=d(j). B ‘

CaenctBye. B rawdom kKaiacce coobwaroujuxca CcoCTOARUL
seausune d(i) nocTosHHa.

B uactHOCTH, [JIA HENPHMBOLHMOH Nenu Mapkopa BeJHUHHA
d = d(i) He 3aBHCUT OT COCTOSIHHA.

Onpeneaenue. Ecau 8 nenpusodumotl yenu d =1, 10 yeno
Mapkosa Hasvigaerca anepuoluurot; ecau d =1, yeno Hagbl-
gaerca nepuodudeckoli, a wucio d — ee nepuodom.

Teopewma 8. Ecau d(i) << oo, To Hailderca Takoe ng, 4To ApU
n > ng

pRd ) (i, i) > 0.

Hokasareavcrso. Tlycts ny (R=1,2, ..., s)— nocienoBare/b-

HOCTb YHCeJ TaKHX, 4TO p("k) (i, i) > 0, u nauGoablWiuil o6IUA Ae-
JUTeNb uHCea My, Ng, ..., Ns paBed d(i). B cuay nemmst 4 § 4 Hai-

R s
JeTcsl Takoe fyp, UTO MPU A == ng 6yleM uMerbnd (i) = > cpng. Cae-
=1
JOBATEJBHO,

p™ DG =[G, 1" [p®) G, 17 ... [p") G, H]°>0. W

Canenctsue. Ecau p'™(j, {)y>0, r0 das scex docrarouo

6oastuux n
plmtnd 0 (j, i) > 0.

JeficTBUTENBHO,
pmend 00 (j, i) 3> pim) (], 1) pd 0 (i, ).
Ipu nayuenun ueneft MapwoBa BO MHOTHX CJaydasx YHoOGHee

CHayaJa pacCcMaTpHBaTh anepHOAHUYECKHEe LIClH, a 3aTeM 0606iaTh
NOJIy4YCHHBIE pe3yaAbTaThl Ha MNEPHOAHYECCKHE.
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[TokakeM ellle, YTO MEPUOJ COCTOSIHHSI MOXKET OBITb BbIUMCJEH
110 BEPOSITHOCTH T1€pPBOTO BO3BPAIIEHHA.

Jlemma 2. Hepuod i-eo0 cocrosnusa cosnadaer ¢ HaubOAbULUM
o6uwum OesuTenem Tex n, 0aa koropoix fM(i, [) > 0.

Jokxasareasvcrso. IlycTb Zy n Zy — MHOXKeCTBA TeX N, 1< N,
aas Koropex p (i, i§)>0 M COOTBETCTBEHHO fo (i i)>0, a dy
4 diy —ux nanGonbmue ofmue peautenn. OuesupHo, Iy Zn
y, cienoBaTespno, dy Z>dy. I1pu aToM d{ =d,. llyctb cymectyeT N
raxoe, uto di == dn upt n <N, a diy 41 > dy+1. Torga f¥0(, i) =0,
a p¥h(@, i) >0. Hs pasenctea pWiN(i, i)= o+, 0 4

Al

4 > f (g, iy pWHi=RI(i, i) BrITexaer mpu HekoTopoM s, 0 <s <N,
g}

cooTHowenue [ (i, i)pW+i=91(; i) >0, T.e. su N 4 1 — s pensarcs
ua dy u, caepoBareasso, N -1 peautcsa Ha dy, UTO MDOTHBODE-
4uT coOTHOUIeHHAM dy+i < di41=dy.

Teopema 9. Kawdoui xracc K coobujaroujuxcs cocrosnuil
nepuoda d (d < o) mOsKHO pas3bure Ha d nodmnoxcecrs K,

Ki, ..., K;s—1 nonapuo 6es 00wux 3AeMmeHTo8 TAK, 4T00b6L 32 OCUH
wae uz K (s <d—1) mowmno 6owro nepetiru 10asx0 6 Koy,
a us Kyy—rtoasko 8 Ko Ipu srom, ecw i K, J=K; 10

natiderca raxoe N=N(i, [), 4o p"+s=r(i, j)>0 npu n>N.
Jlokasareascrgo. TlycTb Ky — MHOXKECTBO BceX cOCTOAHUN |,
IJs KOTOPHIX XOTs Gbl IIPH OJHOM IOJIOMKHTEJNbHOM LesioM k HMesM
p*d (i, j)>0, rae i— IpoU3BOJBHO BHOpaHHOE COCTOSIHHE U3 K.
Torna i< K, Tak kak i u j coobujaiorcs, TO Hainercs Takoe m,
yto p™ (f,i)>0. Uncao m kparo d. [lefictsuresbo, p*d+m (i, i) 2>
= ptd (i, jyp™ (j, i) > 0, u, crenoBaTesbuo, kd + m jeanTca Ha d.
Tak xak m jeauTrca Ha d, TO €CJU BMECTO COCTOSiHUA [ B Ofmpe-
neaenun K, B3sTh Jwboe J, 1 xotoporo p*d (i, j)> 0 npu ne-
KotopoM k, To K, He uaMenurca. Temepp onpenennm K; xak

MHOxKecTBO Tex J, j =K, HJaa KOTOpHIX > p@, ) >0, Ky — xax
ie K-

MHOIKECTBO BCEX TeX f, A KoTopex Y, p(i, )>0,j=K, u T A
is=K;

W3 onpeneneuns muoxectsa K Boirekaet: K 4., < K, npu 1006IX 7
# s. C npyroli croponsl, ecan j < K, To HaliayTca Takue jo, 1, - -
MR ]S=]1 uTo JFEKY‘7 r<s’ H p (Jr“ly ]r) > 0) T. e'_ p(s——r)(]'” ]) > 0'
Bepno u o6parnoe: eciu p=(f,, j) >0, i =K, jeK, o jskK;
(83 j,—>jry1, frs1—>] B Jp<>] CIGAYET fo4 <= j;). Tenepp yoe-
numcst, uto kKiacehl K, u K, 0<{r <s<d, He umewt OOWHX
aneMenToB. JleHcTBHTENbHO, NycTh j & K,, j < K,. Torna nafinyrea
Takue §; u i, K, ana Kotopmx p® (i, j)>0 u p® (i, j)>0.
Tak xak i, u j coobmawtcss, To p'™ (j, i) > 0 AJ% HEKOTOPOTO M.
Crenoparenpno, pim+9) (i, i) =p® (j, j) p™ (i, i) > 0; DO3TOMY
M-+ s geaurca Ha d, T. e. m=kd — s, rge s — BeKOTCpoe LeJoe
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gyucao. Ho rtorna
0 < iy, '™ (j, iy) << p*a=stn) (i), dp),

a 310, Kak OblI0 NMOKa3aHO BHIE, HEBO3MOXKHO, TaK Kak Iepe-
XOnel M3 i; B iy, I, Iy &€ K, BO3MOXKHBI TOJIBKO 33 YHCJO IUAroB,
KpatHoe d. Jlanee, mycrs i< K, u j= K, Haiinercs Taxoe m,
uro p™ (i, j) > 0. Toraza m umeer BuR m==Ryd + (s —r). C npy-
TO# CTOPOHBI, B cHJy Teopemsl 8 p™ (i, i) > 0 nna Bcex n=ny(i).
Crnenosatenpno, plntkddts—n (i j) pnad(i, §)plkd+s=r(i j) >0
npu Beex u > ny(i). B

Ycaosumea muoxkectsa Ko, Ky, ..., Kgo; HaspiBath nodkiac-
camit nepuodudeckozo KAQCC CoOBWQrouuXCcs COCTOSHLY.

llpepennHblie Teopembl A4 BeposTHOCTEH NMepexona.

Teopema 10. [Tycrs pt™i (i, j)— eeposrrocTu nepexoda wenpu-
800umotl 8ossparnoti anepuoduueckoli yenu Mapkosa. O6o3uauum
uepes m; cpedree wucio waz08 G0 nepsozo B036pPAU4EHUS 8 (-8 CO-
cToanue:

Toeda 0an awGoeo j
lim p" (j, ) =—. (12)

n-»o my;
ﬂOfCa3aT€./leT30. HyCTb Tg — YHCJO UIaroB 10 nepBoro BO3Bpa-
HIE€HHS B i-e COCTOSiIHHE, Ty — YHCJIO UI4T OB MeX Yy BTOPBLIM H IepBhIM
BO3BpalleHHeM B 3TO COCTOdHHe H T. . B Cuay CJACACTBHS TEO-
peMBl 4 BEJHYHHBI To, Tj, ..., Tn, ... B3AHMHO HE3aBHCHMBI, OfH-
HAaKOBO pacnpeﬂeJIEHbl U INPpHUHHMAKT LeJdble 3HauYeHHsl, He MEHp-
LIHe €IHHUILbI, npuuemM

[s)
Plra==n}=["(, ), X [®@ )=1, My=m,.

Py
PaccMoTpuM mpouecc BOCCTaHOBJIEHHsS, B KOTOPOM T, SIBJASETCH
IJIHTENBHOCTBIO 11-TO BOCCTaHOBJEeHHA. Poab Bennuun pp, u G(n) Te-
nepp Hrpawt (i, i) u p™(l,i{) coorsercrBenso. Tak Kak Ienb
amepHoAHYecKass, TO B CHJY JIeMMBl 2 BOCCTAHOBJEHHE TaKxKe ame-
PUOIHYHO. ‘

W3 teopemnl 2 § 4 cienyer paBeHcTBO

s . 1
lim p™ (, i) =—,
Jim p™ @ )= o

4TO SBJIAETCA 4acTHHIM ciayuaeM (12) npu j = i. Herpyano nepeiita
K ofuemy ciyuaio. BocnonbsopaBumucs dopmytoit (4), notayuunm

® (i ; 2 . - " (; ;
2 (. 9 =Zf(k) G, P PG 0, O, )= ni” (.o
> B G ) k=l > G0
k=]

k=]
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3ameuas, uto f™(j, i)—0, kz f®(j, iy—1 npu n->oco (B cuay
=1 -

HEMpHBOJAMMOCTH W BO3BPATHOCTH Len#), H NpuMeHss jemmy 1, mo-
JiyuuM paBeHcTBO (12) B ofulem cayuae. B
JToKa3aHHYIO TEOPEMY 4acTO HA3bIBAIOT 3p2o0uteckoll Teopemou

daa yeneil Mapkosa.
Teopema 11. Ecau nenpusooumasn goszeéparnas yens Maprosa

nepuoduuna ¢ nepuodom d, 10
lim pd (i, i) =% (13)

n-»o m,;

Ecau Ky — nodkaaccet, sgedennsie 8 Teopeme 9, u i K,, j < K, 1o

d
—, l=5- d d),
— ]_):! T s —r (mod d) (14)

ne [ o, [ s —r (modd).

Hokasaresrvcrso. Y13 neMMEL 2 cjefyeT, uTO IepHOJ HENPHUBOIH-
Mol HenH MapxoBa COBHAJaeT ¢ NEPHOAOM I[IpoHecca BOCCTaHOBJE-
HHS, BBEJEHHOTO NPH J0Ka3aTe/lbCTBEe Npejblayllell TeopeMnl. Ilo-
3sToMy paBeHCTBO (13) HenmocpeACTBeHHO BBITEKAeT H3 CJEACTBHSA
TeopeMsl 2 § 4. M3 teopemnt 9 umeeM: pd+D(f, j) =0 npn ie K,
jeKsu ls=s—r (modd). CienoBareibHo, ecad, HampHMep,
r <S8, TO

n
prats=n (G, jy= 3} fle+sT0 (i, ) pr=a(j, j).
k=0

Jokasatenbctso Gopmyasl (14) 3aBepiuaercs cChHIIKOA HA JeMMYy I,
TOYHO TaK Ke KaK JoKasaTedsCcTBo Teopemul 10. @
Onpeneneunne. BossparHoe cocroanue j Hasvisaercs

nyaesonm, ecau limp(*0 (j, j)=0,
noaomcutessroin, ecau lim p(*i (j, j) > 0.

B Bo3BpaTHOM KJacce COCTOAHHA BCe COCTOSIHHS OXHOBPEMEHHO
Ju60 MOJOKUTENbHB, NHOO HyJeBble. JlefiCTBUTENBHO, eciln i < jf,
TO U3 HEPABEHCTBA

P 6 ) 2 p™ G ) P G, ) 0 G ),
roe m 4 s Takose, uro p"™({, )) >0, p'®(j, i) > 0, creayer
lim p»d) G, i) >1im pd (j, j), d=d,=d,.

Mensas posnn i u j, nosyuuM J0Ka3aTENbCTBO YTBEPKACHHS.
[Tonyyenubie pesynbTaThl MOXHO HOABITOXKUTH CJEAYIOLIHM 00«
pasom.



204 CJIYUAWHBIE NMOCJENOBATEJBHOCTU [TJI. 11t

Teopewma 12. a) Yro6ot cocroanue j 0bLA0 HEeBO3BPATHbIM, He-

06x00umo u docrarourno, 4rober Gy == Z p™(j, j) < oo. Mlpu atom
n=i
oaa scex i

Giy= 2 p™ (i, NGy < oo,  lim p™ (i, j)=0.
n=| n->00

6) llycre j— so3sparnoe coctosHue ¢ nepuodom d v cpedHumn
epemeriem soaspaujenus m; Ecaiu { Gocrumumo uz j, toeda i—
TaKIMe 8C03BPUTHOE COCTOAHIE C TEM oite nepuodom d, Hyreeoe uau
AROA0XMCUTENbHOE COHOBPEMERHO € |, U cyujecTsyeT Takoe k, 0 << k <
<< d, sasucaujee T046K0 OT i U |, #TO

——  npu ==
lim p™a+1) (g, i)=! o " & (15)

0 npu r==k (mod d).

B) Ecau i, j npunalaexar oOHomy u TOMY dHe B03BPATHOMY
Kaaccy, 10

Jim ——pr , )=—— (16)

[TocnenHee yTBepKIeHHe SBASETCS HENOCPEJCTBEHHBIM CJEICT-
BueM 6). C apyrofi CTOpOHBI, B OTJHUME OT yTBepKiaeHus 6), dop-
myaa (16) He oTpaxaeT Das/IMYHsA MeXIy ANepHORUUECKHM U Ile-
pPHOJIUUECKHM KJacCaMH COCTOSTHHH,

YcioBHMCS HA3blBATh HENPHBOANMYIO BO3BpaTHYIO Ienb Map-
KOBa NOA0KUTEAbHOU (HYAe80l), eCy ee COCTOSIHUST MOIOKHTE IbHB
{nyneBnie).

Kpurepuii sozsparhoctd. Crauvonaphbie pacnpenenenus. CBoii-
cTBo Hens MapxcBa ObiTb BO3BPATHOH (NOJOXWTENbHONH WJH HYJe-
BOH) TECHO CBfI3aHO C HETPHBHAJBHLIMH DelleHHAMH JHHEHHOI Of-
HODOJHOH CHCTEMBL

X pl Dy=x, il (17)
jie
W el TPAHCHOHUDOBAHHOH

2ol x=x, Q&L (18)

Ecan cucrema (17) obnazaer HeOTpHIATENBHEIM H CyMMEpYe-
MbIM pellleHHeM, T. e. X; = 0, Zx,- < 00, TO MOKHO CUUTaTh, UTO

Zx,-=1, H TaKoe pelleHHe MOXKHO HHTEPIPeTHPOBATh KaK HHBa-
pHaHTHOe HauadbHOe pacnpepnesnenue x; = P{§0)=i} =P {§1) =
== [} == ..., NOPOXKAAIOllee CTANHOHAPHBIH MapKOBCKHIl MmpoIlecc.
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C Apyrofi CTOpOHbl, CYLIECTBOBAaHME CTALMOHAPHOTO MapKOBCKOrO
npolecca C 3alaHHBIMH BEPOSTHOCTAMH Nepexoja 3KBHBAJICHTHO
CYU1eCTBOBAHHIO HEOTPHUATENbHOrC CYMMHPYEMOro peUICHHA CH-
cremnul (17).

Uro e Kacaercss TPaHCIOHHpPOBaHHOI cucremnl (18), To cyime-
CTBOBAHHE HETPHBHAJBHOIO pelleHHd X; = ¢ OueBHAHO. [L1s BO3-
BpaTHOil uenn Mapkosa xapakrtepno, uro (18) He HMeeT ApYrux
HeTPUBHAJbHbLIX HEOTpHIATeNbHBIX pelneHuil. Bosee Toro, umeer
MecTO cjeaylomast TeopeMa.

Teopema 13. Henpusodumas yeno Mapkosa sossparua Toz0a
U TOAbLKO TO20a, Ko2da CucTema HepageHcrs

2ol D <xm, isl, (19)
e

He uMeeT HeoTPUUATeAbHbLX peulenuil, OTAUUHbLX OT peuierul 6uda
X =0, i1

Jlokasareavcreo. JlomycTuMm, uTO IHeldb Bo3BpatHa, X; =0 u
x; (i) obpasylor peuenus cuctembl (19). BriGepeM mpou3Bob-
poe x; > 0 (ecau Takoro HeT, To Bce x; = 0). M3 (19) caenyer

= 2 pl i) X el D=2 p? G k)x,
iel ksl kel

U 1o HH,IL‘]KLLHI/I
x> 2, p™(i, k)

kel

Nns kaxkporo i maiigercs Taxoe n, uto p™ (f, [) > 0, crefoBaTelbHO,
x;>=p™(i, Nx,>0. Hrag, x;>0 piaa scex i</ Ilonoxum

X,
yi:”xL’ rie [-— npoussosbpHO BHOpaHHoe cocTosnue. HMmeem

1

5> X ol Dyy=pli, 0+ X p G )y Tpmwenna 510 nepaser-
i= i

CTBO K Be&JIHYHHAM VY, cToAmyM B €ro npaBoﬁ qacTH, NOJdyUuM

p=p, )+ X pG el D+ 2 X pl el kye=
j=l jel k=l
=[0G, D+ 6 D+ 2 0?6 By

KE
rie ;p2(i, k)_—_—]_;l p (i, )) p(j, k) ecTb BepOATHOCTb, BHIEAS U3 i-TO

COCTOSIHHS, Ha BTOPOM lLiare ImomacTb B k-€ COCTOfIHME, HE 3aXO0Ad
nipu atoM B l-e cocrosinue. [ToBTopsis npenslaylluil IpHeM, NPAXO-
IUM K HepaBeHCTBY

N
v > n; For @, 1)+ k; P, k) g,
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rae ;pM (i, k) — BepoATHOCTb mepexofa 3a N 1aros u3 i-ro cocTos-
HHA B k-e, He 3aX0Ja NpH 3ToM B [-e cocTosnue. [Tosaras B mocien-
HeM HepaBeHCTBe N —» 0o, nosyyum

yi>n21 f(m([; l)=1’

T. . X; = X1

Tak xak i n I nobule, To X; = x; = const, T. e. cHcTeMa Hepa-
BeHCTB (19) He MMeeT HeOTPHUATEJBHBIX peumIeHHH, OTJAHUYHBLIX OT
x,=c¢ icl

ITycTe Temephb Ilienb HMeeT XOTA 6bl OAHO HEBO3BPATHOE COCTOSA-
HUe (ceffiuac HeNPUBOAMMOCTb UeNHW He HCHoaAb3yercs). [looxkHM
x1=1, x; = F(i,l) npu is=1, rae !-— nob6oe HeBO3BpaTHOE CO-
cTostHHe. 3aMeTuM, uTO He /s Beex i, [ %= I, F(i,l) = 1. eficTBu-
Te/JIbHO, B NIPOTHBHOM cJayuae uMedH 65l F (I, [) =kzz p, R)F(k, D+

7
+p, D) =kz p(, B)=1, uTO NPOTHBOPEYUT HEBO3BPATHOCTH
=74

coctosinus [ Takum o6pasoM, onpefeseHHble Bblllie HEOTPHUATEb-
HBle YHC/14 X; HE BCe PAaBHBl Mexay codboil. Mmeem npu i 5=

X =F (i, ”=k§,p<"’ EYF (k, 1)+ p (i, ”=,§,”(” k) x4

=1>F@ D=2 p(, k)x,

T. €. {x;, i [} 0o6pasyioT HeoTpUuUATe]bHOE M OTJAHYHOE OT I10-
CTOSIHHOH peleHHe cucteMnul (19). '

[Tepeiinem kK BONpOCY O CBfI3H MEXKJIy CYLIECTBOBAHHEM HHBAPH-
AaHTHBIX HAYaJbHBIX DacnpeleneHHHl K CBOHCTBAMH BO3BPATHOCTH
MapKOBCKOH 1leny, T. €. K BOMPOCY O pa3peliuMocTH cHcTeMbl (17)
AJ151 BO3BPATHOH LeMny.

Teopema 14. Ilycte yeno Mapkosa nenpusoduma u 803-
sparna. Cucrema ypasenuil (17) He mosicer umers 60aviie 00Ho20
pewerus, Yyoo8aeT8OPAIOULE20 YCAOBUAM

Dlxl<oo, D xi=1. (20)
iel =34

Ecau yens 603sparna u noaoxutessbna, To peuienue cucremor (17),
yodosaersopaiowee cooTHowieruam (20), umeer sud

N
xi=vi=Nan; -I%I-Zp(”)(j, i). en

n=1

Ecau oce yeno go3sparna u Hysesas, T0 eCUHCT8eHHOe abBCOAOTHO
cymmupyemoe peutenue cucremot (17) rpusuassro (x; =0).
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Jlokasareasvcrso, CHauajsa J0KaxeM €AMHCTBEHHOCThL pEIUEHHS
cucreMbl (17) npu ycaoBuax (20). Ilycts Takoe peleHue cyiie-
cTByeT. YMHOXKas (17) Ha p(i, k) ¥ cymMMupYys 1O BCeM i, NOTYYHM

we= 2 ap o )= 2 2 xpl, )pl k)=

il sl je!
=2 5 X pl, Dpl, = 2 5p? 1. k).

il i

TlepecTaHoBKa NMOpANKa CyMMHPOBaHHS BO3MOXKHA B CHTY abcoutoT-
HOll CXOMMMOCTH COOTBETCTBYIOILErO JBOHHOTO psila. AHaJOTHYHO

noJayuaem
5= X, 5p™ U, #) (22)
TTos10:KHM
N
. 1 .
sw(i, Y= ), p"™ (, k);
n=|
Torpa

Xy = 1;1 XiSn (i, k).

[lpuunmas Bo BEUManue, uto S, (j, k) —>m;' n aGCcoOMIOTHYIO CXO-
JUMOCTb psina 2, X;, Tepexois K Tpelely B NOCHeIHEM DaBeH-
jer ’

CTBE, TOJYYHM
x, = 2, xmyl=m;", (23)

YTO M JOKa3biBaeT eNMHCTBEHHOCTh pemtenus cuctemsl (17), (20).
Orcrofa BhiTeKaeT, uTO €CJH llenb BO3BpaTHa U HyJeBas, TO Xp =

nas Bcex ke [
JlokaxeM Tenepb, 4TO 15 TMOJOKHTENbHON BO3BPATHOR UENH

BeauunHe (21) o6pasyior TpefyeMmoe pelleHHe CHCTEME! (17).
ITycts I/ — npou3BoabHOE KOHeuHoe moaMmuOXecTBo /. M3 Hepapen-

ctea pD (k, )= X, p™ (k, J)p(J, i) moayuaem
jelr
, 1 . N . .,
SN+1 (k, l) —-mp (ky 7) > m Z SN(ky ])p(]: l)’
jer
OTKyjaa TnocJe Iepexoza K npernenay npu N — oo BHIT€KaeT, 4TO

09> % opl D

Tlonaras Teneps I’—1, moayuum v,-}Zv- j, i). Ywmuoxas
p & iP

nocaenHee HepaBeHcTBO Ha p (i, k) M cyMMupys HO R, TpHIeM
K HEpPaBeHCTBAM Uy = S oupl, B> > v,p® (i, k) u, mpomoKas
iel el
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9TOT MNpoLecc, K HepaBeHCTBAM Ug >121 v;p™ (i, k) npu JmoGom
=

nz>=1. Ecau 66 B mocCJe/lHeM COOTHOLIEHHH XOTs Obl NPH OJHOM £
HMeJ MeCTO 3HAK CTPOTOro HepaBeHCTBA, TO MBI HMeJH G6Hl

Yoo > 2o 3 p™GQ, k)= 3, v,
kel jel L =Y4 il
YTO HEBO3MOXKHO. ITosToMmy

= 2. up™(i, k), kel n=1,2, ... (24)
fexf

B wuacTHocTH, BeJHUHHB ©U; 06DA3YIOT DEIIEHHE CHCTEMBI (17).

Hs (24) noayuyaem
o= 2, visy iy k) (25)

3ameTuM, uTo wu3 HepamescTBa . p™(j, k) <1 BHTeRaer
kel’

2osy, <l un 2, v, <1 npn mo6oum xoreunonm I’ < I. Orcrona

kel kel’

> v <l [ostomy B (25) MOkHO mepeiiTu K npemeny npu N — oo,

k=t

NMOcJe 4Yero NOJYYHM U = Z U;U;, OTKYHa Z v;=1. Takum
il iel
00pasom, pemenue v; cucTeMst (17) yrosaersopser yenosnam (20).
3ameuanue Ecau nens Mapxosa npoussonnna, {x;, [ [}—
abCoMIOTHO CYMMHEpyeMOe pemienne cucTemul (17), k — neBosspar-
HOE COCTOAHUE, TO X = 0.
2T0 yTBEpHKAEHNE CJelyeT H3 BO3MOXKHOCTH fepexoga K Ipe-
Zesry TIpH  n-—>oco B papeHcTBe (22) M H3 COOTHOLIEHHS
lim p® (j, ) =0, uMerolero MecTo A5 NPOH3BOJILHOTO HEBO3BPAT-
n-»oc

HOTO &,

Crencreus.

V. Jas to20 urobu nenpusodumas yenv Mapkosa 6viaa noao-
HUTeAbHOU 6038parHOl, HeoOXx00umo u OQocTarouno, 4ToGer CU-
crema (17) obaadara HerpusuarbHboim ABCOAIOTHO CYMMUPYEMOIM
pewenuem {xi,iel}. Ilpu srom x;= cv; ede ¢— ROCTOAHHAA,
U > 0.

2. Henpusodumas yene Mapkosa umeer ungapuantHoe Hauaio-
Hoe pacnpedesenue TO20a U TOALKO T020Q, K0eOQ OHA HOAONCU-
TEALHAS BO3BPATHAA.

3. Ecau yenv muenpusoduma, roscxuresinna u anepuoouyna,
TO eQuncTBennoe pewenue cuctemvt (17), ydosaersopsaouee (20),
umeer sud

xy= v, = lim p® (j, i) (26)
n-—»o
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ITocnentee yTBep:kJieHHe BLITEKAaeT H3 TOTO, 4YTO AJS I[OJIOXKH-
TeJIbHOU amepHOAMYECKOH LemnH npeensl lim p®™ (f, i) cywectsyor,
n-»oo

Ttak uto (17) craenyer us (21).

W3 npenpiayuieli TeopeMbl BLITEKAeT, 4TO AJIST HYJAEBOH BO3BpaT-
HOH 1enu cucrema (17) He MOXKET HMeTh HETPUBHANLHOTO abco-
JIOTHO CYMMHpyemoro pemenns. Ogumako oHa oGgakaer BaXKHBIM
HEOTPHLATENBHBIM HECYMMHDYEMBIM pelleHneM. YToOH [OJAYUHTH
5TO pellleHHe, BBeJeM BEPOSTHOCTH MEPexofia ¢ 3anpelleHHsiMH
(1aby-BEpPOATHOCTH). JTO HOHSTHE SIBAAETCS OGOGIIEHHEM TOHSITHSI
BepOSATHOCTH NepBOro nonananus. OHo yxe BCTpeuasoch mpu Loka-
3aTesibCTBe TeopeMbl 13. Taby-sepoarnocrs p™ (i, j) ecTb BepositT-
HOCTb IIONACTh Ha n-M Llare B COCTOSHHE | M3 HAYaJbHOIO COCTOA-

HMA [, He TOCellast DM 3TOM B MOMEHTHI BpeMenu 1, 2, ..., n—1
cocrosinust I. Taxmm oGpaszow,
PG, )= 2 PG ipln i) o pla-i i), 1.
[ PYRTRR PR
/ra&l, r=I, n’ n—1
QOueBUHO,

PO D=p G, D), p™G, )=, j).
TlonoxuM etite
PO, ) =28, ).

AnajornyHo BBOAATCHA Taly-BepOATHOCTH pph 9, KOrma sampeilleH-
HLIM SIBJISIETCS HEKOTOPOe MHOXKecTBo coctosinnii H. Ecum 3anpe-
UWeHBl JABa cOCTOAHES [, j, TO Ta6y-BepOsITHOCTD u AP (i, j) no-
TUYHO 0003HauuTh uepe3 ;f (i, /). DT0 ecThb BEPOATHOCTb, BBHIXOAA
H3 HayaJbHOTO COCTOSIHHSA [, BIEPBBIE IONACTb B COCTOSIHHE | HA
n-M 11are, He 3ax0id [0 3TOro B cocrosHHe L

OTmeTuM CJeAVIOllHe [ABa papeHCTBa:
n

o (6 J)= 2 I @ ) ip*= G, i), 27)
n
P 0 )= 2 0 (6 D), yp " (0, ). (28)
B wacraoctn, us dopmyan (28) caenyer (mpu [=j)
FWG, = 2 %G )49 G, ), (29)

k=
Beenem npomssomsmue QyHxunn

iPi; (2) =n2=:0 P, j)zn,

Fi @)= 2 ™G, fzn, [JOG, jy=0.

n=_
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TIparwie yacTu paBencTB (27) u (29) npeacraBasiioT co60H CBepTKH
IBYX MOCJeLOBaTEIbHOCTEH, TOITOMY

Py (2) = Fij (2) P (2), Fiy (2) =P (2) iFi; (2). (30)

3aMetuM, uto pausl ;Fi;(2) CXOmATCS NpH 2 =1, NpHUEeM ecan
cocrofiHus i M j coobmatorcsi, T0 F;;(1)> 0. [Ipu stom npeamno-
JoxeHnun BTOpoe H3 paBeHcTB (30) mokaspiBaeT, 4YTO CYIlecTBYeT
KoHeuHnllt mpenea ;P;;(2) npu z— 1 u, crenoBarteanHo, ;P (1) <<
< oo, [lonoxum

e

G, )= 2 p™ (i, j). (31)

n=_

Takum o6pasom, ecau COCTOAHNUA [ U j coofulalorcs, To
Fip (1)

G, 0) =TFm S (32)

C npyro#t cTOpoHBI, mepBoe H3 cooTHoweHu (30) naer
GG, [)=:F; (1),G(, ),

OTKyZa
Bosspamasce kK pemreHuto cucremer (17), Jokaxem CJeaylouIyio
TEOpEMY. .

Teopema 15, Ilycro | — npouseoavroe cocrosnue Henpusodu-
noii sossparrnoii yenu Maprosa. Cucrema (17) umeer HeoTpuya-
TeAbHOe peulerue '

=1, x;=,G(, i (i) i<l
Hokasareasscrgo. TlonoxnuMm
uy=1, w;=,G(, i) (i==1). (34)
HUwmeem mpu i1
2 wp U, ) =p )+ 2,60 Dpl, )=

jel

=p(l, )+ ,-; Z P9 (1, ) p (G, i) =

=p(, )+ 2‘1 () =G (A, ) =uw;
n=
ecau XKe i=/[, To

S wpl, D=p@, D+ X 00, D= ¥ 0, ) =1 =1, W

jel =1
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PaccMOTpUM BONPOC O €AHHCTBEHHOCTH peLIEHHA CHCTEMHl ypas-
gennit (17), ynoBaeTBOpSAIOMero YCA0BHAM ;= 1, u; = 0. C s1olt
Lenbl0 NDHMEHHM IpHEeM, CBA3aHHBI ¢ BBeleHHeM OOpauleHHOH
nenu Mapkosa. :

[pennonoxUM cHayana, 4To lelb NOJOXKHTEILHO BO3BparTHA, H
nycte {vj j € [}— nHBapHAHTHOe HayaJbHOE pachpeleseHHe.

PaccMOTpHM  CTAUMOHAPHBLIA MAaPKOBCKHH IPOlIECC, COOTBET-
CTBYIOIIK HauanpbHOMY pacnpenetenuro {vj, f e/}, Ilyers P®—
BEpOSITHOCTHAs Mepa, COOTBETCTBYIOIlas STOMY mpoleccy. Bmemem
YCJIOBHBIE BEPOSITHOCTH

qt'(jli j2’ LECIER ]n)=
=POE(t—D)=7,80(—2)=1y ..., E¢ —n)=],1E() =i},
Tae ! > n; UMeeM

. . 01,P U Tn=1) P (ymp fpmg) «o P (1))
‘qi (]lv ]27 © ey .’n) = v =

L
=q(, 1)q U Jo) - .. gUn-1, Jo)s
. v.
tre q (i, D=pU, )5~
13
Takum o0pasom, B CTAUHOHAPHOH IOJIOXKHMTEbH) BO3BPATHOM
yeny MapkoBa yc/OBHble BepOATHOCTH NepexoAa, NojydaeMeie NpH
H3MeHEeHHH HanpaBJeHHs OTcueTa BpeMeHHM (OT HAacTOsIUlEro X mpo-

mejleMy), TaKkxe COOTBETCTBYIOT HEKOTOpol Lenu Mapkosa. [Tpu
3TOM CJ/lefyeT 3aMeTuThb, 4To Bce v; => 0, n mostomy

- . I . v
g, D=0, Y al, D= ) vpl, D=-=1.
i i

iel iel

AnanoruyHoe noOCTPOEHHE MOXKHO OCYLIECTBHTH He TOABKO JIS
TIONIOXKHTENbHOH, HO H AJA HYJIeBOH Bo3BpaTHON Lend. C 3TO#A LUeabiO
BO3bMeM MpPOHM3BOJIbHOE TIOJIOXKHTENbHOE pelienne {Xj j &I} cu-
crembl (17) (uuxke Oyder NOKa3aHO, uTO TaKoe peIleHHe Cylle-
CTBYET) H MOJOXKHM

qG, h=p{, i);ff. (35)

Tak e kak u Bome,
g, D=0, 2 q(, H=1.
jel

Llens MapkoBa ¢ mepexofHEIMU BEPOSTHOCTAMH (35) 6ynmem Ha-
SbIBaTh OOpauyenuem UCXOAHOH Lenu (06paTHod yensio).
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OtmeruM ¢GOpMY./bl 4151 BEpOSTHOCTEH Nepexoia 3a n IUaros B
obpanmennoli nend. Mmeem

g D= Y qli)gln i) .. @Uams D=
jl? j2$"')jn—-l
= Z p(]l’ l)p(.’Q: J’l) ‘e P(J, ]n-l);j_‘:
l

Tps fgneees Ty

v . 3 x i y . »
g (@, j) = p™ (j, ). (36)

Otciopa BHITEKaeT: eCal KCXOJHAf llelb HelpHBOJAMMA, BO3BpaTHa,
NOJIOKHTENbHAS MM HYJAeBass, TO Tako#l e Oyaer ob6paluennas
Lens,

HpuI/IMeHHH npefeqbRYI0 Teopemy AJs orthomeHuit (10) K BO3B-
paTHOH LeNH, MOJYYHM

g™ G, j)
lim ————— =
N—>oo ..

a"™ (. j)

M=

i
o

n

Bocnoap3osapmuch dopmyaamu (36), 6yneM HUMeTh

N
I I
: =1 i ‘
ﬁgﬁr~———=;; (37)
> P )
n=0

Orclona BHTEK2eT

Teopema 16. [Haa Henpusoluroi 8038paATHOL Uenu HeoTpu-
yareavroe pewenue cuctemvt (17) raxoe, uto x; =1, eOuncrsenno.
llpu stom x; = ,G(l, i) u

N
> o™ i)
Jim 25— = G (j, 0. (38)
> ™)
n=0
Gopmyna (38) caenyer B3 eIMHCTBEHHOCTH pellleHUs] CHCTEMH
(17) u teopemnl 15, a exuHcTBeHHOCTb — U3 GopMyant (37) B npen-
NOJIOXKeHHH, uTo X; >> 0 nna Bcex j. Takum obpasom, B cuiy Teo-
peMbl 15 [OCTATOYHO 1OKas3aTh, YTO e€CaH {xj j & I}— HeoTpHUa-
TesibHOe HeTpHBHAJbHOE pelieHue cucteMul (17), To x; > 0. ITocaen-
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Hee MOXKHO NOJNYUYHTH CJAeAyOMHM o6pasoM. [las HeoTpHILATENbHOrO-
pewenua cucreMbr (17) umeem

x,.=};x,p(f, i)=;;xkp(k, e, iy=
= ZR: X Z’: p(k, jyp(, &= Z; x,p@ (R, i).

Tlo MHAYKUHH JIETKC HOJAYYHTH, YTO X;== . xp (&, ). Tiyerw
kel

x; > 0; nasa mo6oro i HafizeTes n Takoe, uto p™({, i}y > 0; nosromy
X = xlp(m(l i) > 0. IlocrpouB nns LaHHOTO pelierus cuctemsi {17)
o6pallleHHYIO LeNb ¥ NONCKHB X; == 1, u3 (37) noayuum equHCTBEH-
HOCTb X3, i & [. B cuny teopemar 15 x; == ;G (L, i).

3aMeuanu eN Qopmyaa (37) saBagerca oboO6UleHHEM COGTHO--

€N Jf}oN Z p™(j, iy=v;, rae {v;}— uHBapHauTHOe Ha-
yaJbHOE pacnpezxenevne, HMeIOUIErs MeCTo [/ HenpuBOAHMON NO-
JOXKHTEJBbHON BO3BDATHONH IenH.

Teopema 16 moxeT ObiTh ycuJjeHa.

Teopewma 17. Jaa nenpusodunoti sozeparnoii yeny Maprosa
CUCTEMA HepasencTs

Xi > 'ZI x;p (]: l)’ Xi > O’ X = 1: (39)
jie

uMeeT eQUHCTBEHHOE peuiciue, U NpU ITOM X; =Zx,p(j, 0, iel.

B cuny TeopeMnl 16 n0CTaTOUHO NOKa3aThb €NMHCTBEHHOCTh pe-
wennsa cucremsl (39). BBeleM 06pallleHHYI0 MapKOBCKYIO L€flb.

» - 3 s u
¢ BeposITHOCTAMM mepexona ¢ (i, j)=p(j, l)Tj‘v The U;— NOJIOXKH-
i

TeJbHOe peineHue cucteMnl (17). OHa Gyner HempuUBOAHMON H BO3--
BpaTHOH. UMeem

Y - N P | *r_
Zq(l u]_zp(]’ l)?g_u‘—r _ﬁ;'—l-
i

i
Ho B cuay teopemnb 13 cucrema nepapencrs

Zq(t Vi <y, =1,

UMeeT eQMHCTBEHHOE HEeOTpPHLATeJNbHOe pelleHHe Y; = . Caenosa--
TeNbHO, X; == ; Aas Beex (= 1. [l



FTJTABA IV -
CIHYYAHUHDBIE ®YHKLUH

§ 1. Onpenenenne cayuaiiHol GyHKUHK

B raase I cayuakimas ¢pyHkums Gblia ompefeseHa Kak ceMefi-
CTBO CJY4aiiHBIX BEJHUHH, 3aBHCAINMX OT napamerpa. Tam ke yka-
SHIBAJINCh 3aTPYAHEHHS, CBSI3aHHbIe C MOHHMAaHHEM 3TOro Ompeje-
JICHHSl B IIMPOKOM CMBICJIE, T. €. KaK Habopa KOHEYHOMEPHBIX (PYHK-
UHH pacnpenesenns, yA0OBJIETBOPSIONIUX YCAOBHAM COTIACOBAHHOCTH.
AkcnomaTuKa TEOPHH BepOSTHOCTEH HEMOCPeJCTBEHHO [OACKA3bI-
BaeT, 4TO NOJ CIYyYalHOH (DyHKIHell eCTeCTBEHHO MOHHMATL NpPOH3-
BOJIbHOE CEMEHCTBO CJAYYAaWHBIX BEJMYHH, 3aJaHHBEIX Ha OJHOM U
TOM K€ BEpOATHOCTHOM IPOCTPAaHCTBE.

Onpenenenue. ITycre {Q, S, P}— nexoropoe seposarHoct-
Hoe npocTpancTso. Pynkyus 0syx nepemennovix g (0, w) = (), on-
pedesennas npu B €0, 0 € Q, NPURUMAIOWA 3HAYEHUS 8 MeTPU-
ueckom npocrpancree X, S-usmepumasn, KaK QyHKYUL o npu Kaxc-
-Jom ©& 0O, nasvigaercn cayuabnod ¢ynxyued. Muoxecrso ©
Hasvieaercs 06.4acTor0 onpedesenus cayuatnod pyukyuu, a X — e
-06.4aCTbI0 3HAUEHUL.

[pencrapasier MHTepec CJeLylOUHil YaCTHBI CJaydail o6uiero
-onpenenenus. Ilpennonoxum, uro Q sBasiercs (OYHKIHOHAJIbHBIM
IPOCTPAHCTBOM, @ = w(0), 6 & 0, o-anrebpa & comepxKUT BCe MHO-
.3eCTBa npocTpaHcTBa Q BUAa g

{o: o (6) = A},

KaKoBO Obl HH 6bl10 0 & O u Gopesnesckoe MHOXecTBO A = X, P —
TIPOH3BOJIbHAS BePOATHOCTHAA Mepa Ha &. EcrecTBeHHO COMOCTaBHTHL
C TaKHM BePOSTHOCTHBIM MNPOCTPAHCTBOM CJAYYaHHYIO (YHKIHIO
£(9,0) = (D). B HeKOTOPHIX 3a1a4ax YAOGHO OTOXKIECTBJSATD CJIY-
yafHylo OyHKUHIO g(0,®)== @(0) C BePOSTHOCTHBIM MPOCTPaH-
ctBomM {Q, S, P} onucasHOro Tuna.

Jlerko 3ameTuth, uyTO OGIEe ONpeieJeHHe CIydaitHOH (YHKUHH
MOXHO. CBECTH K TOJIbKO YTO ONHCAHHOMY YacCTHOMY cJjyuaio. [lef-
CTBHTEJbHO, eCc/H cayuaiinas Gydaxuusa §(0) s3amaHa kak QyHKuud
JABYX mepeMeHHBIX, §(0) = g (0, ©), To, nonoxus 4 = g (0, ), rue
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® (HUKCHPOBaHO, ® & Q, u o0osHauuB uyepe3 U MHOXKeCTBO BCex
dyHKUHE U4 = g (0, ®), noiyyaeMbix, Koraa o npoberaer Q, nosay-
yHM HeKoTopoe oroGpaxkenue T MHoxecTBa 2 una U. Ilpu atom
o-anre6pa © muoxecTB Q orobpaxaercsi B HeKOTOPYIO C-airedpy
% muoxecTB U, a BeposiTHOCTHas Mepa P Ha & oTo6paxaercst B Be-
postrocTHYIo Mepy P’ Ha § (cm. § 6 rov. I1). s mo6oro ¢uKCHPO-
panHoro 6 MHoxecTBO {u:u = g(0, ©) << x} npuHALNeXUT F, TaK
kak T ' {u: u=g®, o)< x}={0: g0, 0) < x}=6.

Taxum 0Gpasom, noayueHo BeposiTHOCTHOE npocrpancteo{U, §, P},
rae U-—Herkoropoe MHOXecTBO (yHKIHE 4 = u(B), npuuem agas
mo6bIX 7, 0,0, ..., 0, (0, =0, k=1, ..., n) pacnpenenenne no-
CJIe0BAaTeJIbHOCTH CIy4alHBIX BesuuuHd Ha {Q, &, P}

g(els (0)) g(BZ’ ('0), LI ] g(etu (’))
COBITaxaeT C paclpeleJeHHEM IOCJHeN0BaTeJbHOCTH
u(el)’ u(62)) LRI u(en)

CJly4alHbIX BEJHYMH, 3aJ]aHHBIX HA BEPOATHOCTHOM NPOCTPAHCTBE:
{U’ %y P/}

ChopmyaupyeM Tenepp NPHHUHNHAJALHO BAKHYIO AAs JajdbHeH-
IIETO TOYKY 3peHHs 00 SKBHBAJEHTHOCTH CJayyafHBIX QYHKIHIH.
Ilpn pemienun MHOTHX 3aJay HeT OCHOBAHHH Pa3juMyaTh CJAyyalHbIE:
GyHKUMH, noJyyaeMble ADYF H3 JApyra HpeoGpa3oBaHHUsMH BEpPOAT-
HOCTHOTO TNIPOCTPAHCTBA. B 3TOM Hampap/jeHHH MOXKHO IIOATH elie
najpuie. C MpaKTHYECKOH TOYKH 3pEHHs] SKCIEPUMEHT IMO3BOJSET
pasyHyaTh TOJBKO THIIOTE3bI, OTHOCSLIHECS K KOHEYHOMEPHBIM pac-
npefeJennaM cayyafnol QyHkuuu. IloaTomy npHHATO cuHTaTh, 4TO
ONBITHBIE JaHHBIE HE TMO3BOJANT pasjiHyaTh JBe CAyyaliHele QYHK-
unn E(0) u &(0), y KOTOpBIX COBNajaloT BCe KOHEUHOMEpPHLIe pac-
npeseseHHs, T. €. COBMECTHble paclopeleseHHs IM0CJIeAOBATEIbHO-

cTelt

E(el)’ §(62)1 LI E(Bn) (1)
"

£ (6), €7(0y), ..., E'(8,) 2)
LJaa n106blX uennlx n =1 u 0,0, k=1, ..., n. B cooTBeTCTBUH

C 3TUM NMpHMEM CJeAyiolllee OnpejeseHHe.

Onpenenenne. Hee cayuainsie pynxyuu &(0) u & (0) ¢ 0d-
HOU u TOU oce 06.4acToI0 onpedesenus © HA3LIBAIOTCA CTOXACTULECKI:
IKBUBANCHTHOLIMU 8 WUPOKOM CMbICAe, ecAu 04l A106020 Yes020
n=1ua0boix 0,0, k=1,2, ..., n, cosmecruoie pacnpedenre-
hus nocaedosarenvrocteti caydainoiy seauwun (1) u (2) cosna~
dasor.

B nanbHefileM yacTo npuMeHsieTCs NMOHSATHE CTOXAaCTHYECKOH 3K--
BUBANIEHTHOCTH CJAYyYaHHBIX QYHKIHH B Gosiee Y3KOM CMEICJE,
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Onpenenenue. [se cayuainvie gyuxyuu g1(8, o), g2(6, o)
(06, 0 = Q), sadannsie Ha 0AHOM U TOM KHce 8ePOATHOCTHOM NPO-
-cTpanctse {Q, ©, P}, naseisarorca croxacTutecki 3K6UBAACHTHOIMU,
ecau 045 406020 0 = 0O

P{g:(6, ©) # g:(6, ©)} =0.

OueBnano, yto ecau gi(0, w) u g2(0, ®) CTOXACTHYECKH 3KBH-
BAJEHTHB, TO OHM CTOX4CTHYECKH 3KBHBAJNEHTHHL B UIHPOKOM
CMBICJIE.

Paccmorpum HeCKOJIbKO NpHMEPOB CayYalHBIX QYHKIHIL.

a) Cayuaiinoe komeGanue §(f) (— oo << ¢ << 00), paccMoTpeH-
.Hoe B § 5 I,

(@)= kZI vie ¥, =0+ iy,

‘on, Br (R=1, 2, ..., n)— cayuafinble BEJIHYHHB, MOKHO npen-
CTaBUTb B Bule {(f) = g (¢, ), rae o = (a1, @g, ..., &n, B1, Bo, - . -
.-+, Pn)—TOUKa B 2r-MePHOM BEUIECTBEHHOM IPOCTpaHCTBe H2"

u g(f, ®) npu GuKCHPOBaHHOM ! ABJSETCS JIMHENHOH (YHKIHMe oT
®, & NPpH QUKCHPOBAHHOM ® —— CYMMOH TPHTOHOMETPHYECKHX (YHK-
uuit or f. BeposatTHocTs P B %#?" 3amaerca COBMECTHBIM pacnpene-
(JICHHEM CJYYalHbIX BEJHYHH O, O, + .., Un, Bt, Bo - .., Pn. C ApPY-
TOHl CTOPOHEI, nmpouecc §(f) MOXKHO paccCMaTPHUBATb KaK BEPOSITHOCT-
‘Hoe mnpoctpancrso {U, &, P}, rae U — npocTpaHCcTBO BCeX KOM-

iukt

n
ALIEKCHO3HAYHBIX QYHKUUHA BHAa u= Z vl ¢ 32laHHBIM 0a3u-

]
C€OM nokasartesned (wi, Ug, ..., Uyn).

Mepa P’ B U unayuupyercst Mepoil P nocpescTsoM oToGpae-
HHA o — U == g(I, w).

6) Paccvotpum npomece §(¢), BbGOpouHBle PYHKIHY KOTOpPOro
TOCTOSIHHBL Ha NPOMEXYTKax BpeMenHd [k — 1, k] u mpunumalor Ha
Hux 3Havenus O ¥ 1 ¢ ONVHAKOBEIMH BepDOSITHOCTAMH, HEe 3aBHCH-
UMK OT 3HaveHu# §(f) Ha NPENIIECTBYIONHX OTPE3KaxX BPEMEHH.

Mexny BbiGopounsiMu (YHKIHAMHE mponecca E(f) M GeckoHed-
"HLIMH JBOHYHEIMH ZDOOGSMH MOXHO YCTAHOBHTH B3aHMHO OJHO3HAY-
HOe COOTBeTCTBHE. Ero MOXHO peasiH3oBaTh cXeMol

EW) > o0=0, x5 ... %, ..., 3

‘The Xn -— 3Hayenue §(f) Ha oTpeske BpeMmenu [n— 1, n]. Kaxnmoi
GecKOHEUHOll [BOMYHONH HPOGH @ COOTBETCTBYET HEKOTOpas TO4Ka
-otpeska {0, 1]. BsauMuast 01HO3HAYHOCTL 3TOTO COOTBETCTBHS HapYy-
IaeTcsl TOJBKO s Apobell, y KOTOPHIX BCe NBOHYHBIE 3HAKH, Ha-
YHHAs C HEKOTOPOro Mmecra, coBmajgaior. IIByM TaKuMm pasjiHuHbIM
ZpoGsAM COOTBETCTBYET OfHA M Ta ke TOYKa otpeska [0, 1] (uckaio-
“M€HHe COCTaBJSIOT TOJNBKO TOYKH O M 1, HMeIOIIHE - eHHCTBEHHYIO
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zanuchb B BHAe 6eckoHeuHoim aBouuholt apobu: 0=0,00 ... 0 ...,
1=0,11...1...). Bu6opounble yHKIHH, COOTBETCTBYIOUIHE HO-
NOOHEIM GeCKOHETHbIM JIBOHYHBIM ApPOOSM, CTAHOBATCA IIOCTOSIH-
HBIMH, HaunHas C HEKoToporo MoMeHTa BpeMmeHH. OG03HaYUM 3TO-
MHOXecTBO (yHKuuil %, a uepes ¥, 0603HayuM cOOLITHE, COCTOA-
miee B TOM, 4TO cayyaliHas ¢ysxuus &(f) OKaXeTcs NOCTOSIHHOH,

HauMHag ¢ MoMeHTa Bpemenn 7. Torma W = U A,. [ycrb eme Anm

n=1\
osHauaeT, uto ¢yHRmus E(f) NHOCTOSHHA Ha OTpe3ake BPEMEHH
[n, n+ m]. Cobuitua UYny (M =1, 2, ,..) 06pasyloT MOHOTOHHO-

yGbIBAIONLYIO MOC/ACNOBATENBHOCTD, U, == ﬂ N,y ¥
=]

P, = lim P(%,,).
m-»co

Tax kaxk P (M,,,,) =—2-;?1-1-_—1- ,T0P(A,)=0u P (¥)=0. CrerosatenbHo,.

ecau npeHebGpeub cayualubiMu GyHKuuSMH E(f) u3 muoxkecrsa ¥,
uMelolero BepoatHocts 0, To Mex/ay ToukaMmu orpeska [0, 1] u cay-
yaliHpIMH GYHKUHAME E(f) cyllecTByeT B3aHMHO OJHO3HAUHOE CO-
OTBETCTBHE. :

ITyctb A — OTpe3oK ¢ ABOMYHO-DALNOHAJLHLIMH KOHUAMH JLJIH--
Howo 1/27, T.e. OTPE30K, 3alUChIBaeMbIH B JBOUYHOH CHCTEMe CUHC-
nenus B8 Buxe [0, ji ... jn; O, j1 ... ju+ 1), roe j, npunumarmT
sHaueHus Ou 1, k=1, 2,.. , N.

MruoxectBo A cayua#inplx QyHKHHE §(f), COOTBETCTBYIOIHX
TOYKAM ® € A, COCTOHT U3 (YHKUHH, yIOBJIETBOPSIOINX YCIOBHAM

§(0)=.’1v g(l)=]2’ ) E(n‘_ l)=jn'

BepositHocTth TOTO, uTO E({) = A, paBua 1/27, uto coBmamaer ¢ IJH--
Hoto orpeska A. Otcioma cienyer, uto eciu B — mo6oe Gopeses-
CKoe MHOXKecTBO Touek Ha orpeske [0, 1], a B’ — MHOMxecTBO QyHK-
uuit §(#), coorsercTByIollee B cHAy (3) UHCAOBOMY MHOXKeCTBY B,
To P(B’) coBnmanaer c neGeroBoii Mepoli B. Takum o6pasom, BH-
Gop cayuafiHofi GyHKUIHH E(f) >KBUBAJEHTEH CJy4YaiiHOMY BHIGODY
ToukH o Ha ortpeske [0, 1} ¢ 3amanHoli Ha Hem neGeropoit Mepof..
[MonpoGHee 310 03Hayaer, YTO CJAyYalHBIY IPOUECC TMOJHOCTBIO OINH-
ChiBaercst caenyomuM o6Gpasom. [IpousBomutes cayualinuiii BHGOP:
ToukH u3 orpeska [0, 1]. TIpu sTOM BepOSATHOCTL TOrO, YTO TOUK&
® & B, rne B — GopesneBCKOe MHOXKECTBO OTpesKa [, 1], pasna:
ne6eroBoi Mepe B. Koopaunara TOYKHM « 8anHchiBaeTcs B ABOHU-
HOM cHcreMe cuuciaeHusi: o = 0,X%s...%, ... Torma 3Hauenue:
bynxuun E(f) na orpeske [(n— 1), n] paBHO ¥,. B COOTBETCTBHH
C 3TUM cayyaiHylo ¢yskuHio E(f) MOXKHO 3ammcaTb B BHIe

EW)=1i(, o),
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riae [(!, ©)— BIOJHe ompejxe/eHHas HecaydalHas GYHKHHS ABYX
nepeMeHHBIX fH 0 (D << f<C oo, 0K 0 << 1),

B) Paccmorpum npousBosibHyio CcAydadHyI0 (YHKUHIO B WHPO-
'KOM CMBIC/IE CO 3HAYEHHSMH B METPHYECKOM IIOJIHOM M cemapabeln-
HBIM npocTpancTBe X u ¢ obuacteio onpenenennss ©. Kak moka-
3aHo B § 2 . II, Bcersa MOMXKHO NOCTPOHTH BEPOSTHOCTHOE IIPO-
crpancteo {Q, €, P}, rae Q — MHOMKECTBO Bcex oToOpaxeHu
‘0 = ©(0) MHOXecTBa © B X Takoe, uTo pacnpeieseHHe MOCAELO-
‘BateJbHOCTH {0 (61), ..., ©(0,)} B X" npu Jw0b6eix n, 0, < 0O,
k=1, ..., n, coBnagaer ¢ cOOTBETCTBYIOMHUM pacupegejeHHeM 3a-
JanHo# cayyaliHOR QYHKUMH B INHPOKOM cMbicie. MHBIMH caoBaMmy,
AT TIPOH3BOJIBHON caAy4aiiHOA (YHKLIHHM B LIHPOKOM CMBICJIE MOXKHO
[IOCTPOHTH CTOXACTHYECKH 3KBMBAJIEHTHYIO B IIHPOKOM CMBICTE CJY-
yaiinyio QyHkuuio (npeicrapiesue B Tepmunosoruu § 2 ra. II).

K coxasennto, npeacras/ienue ciayualiHodi GyHKUHH, faBaeMoe
Teopemoit Ko/iMoropoBa, He MOXeT HAc BHOJHE YCTPOMTb. DJeMeH-
"“TAPHBIMH COCBITHSIMH IOCTPOEHHOTO BEPOSITHOCTHOIG NPOCTPAHCTBA
SIBJISIIOTCHA NPOU3BOJbHBIE QYHKUHH © = o (0) mepeMeHHOU 8, U Mul
-JIUIIEHBl BO3MOXKHOCTH TOBOPHThL O TaKHX CBOHCTBax (yHKOHUI « (0),
KaKk HX HeNpepLiBHOCTb, HHTETPHPYEMOCTL, AH(PPepeHIHPYeMOCTD
M T. II. (OpY 3TOM MBI, KOHEYHO, cyHTaeM, 4To ® u X TaKOBBI, UTO
COCTBETCTBYIOIIYE MOHATHS UMEIOT CMBIC).

Iaee, B MOCTPOEHHOM BEPOSITHOCTHOM HPOCTPAHCTBE HET BO3-
‘MOXKHOCTH PacCMaTpHBaTh BaxKHble NMpPH PelleHHH MHOTMX KOHKpET-
HBIX BONPOCOB cOOBITHS BHAA

{0 ()= A nag scex 0 = Q}, (4)

Tae Q — HecuerHoe moaMHOXKecTBO M3 © m A < X. JeficTBurennHo,
-COOBITHIO

{o: o=0(0)= A nrs Bcex OEQ}=9ﬂQ{m: o0 = A4}

B Q COOTBETCTBYET MHOMXKECTBO, ABJAONICECH TNepecedeHHeM He-
CUETHOrO YUC/MAa MHOXKECTB u3 &, u, CJeA0BaTe bHO, OHO He 00513aHO

npuHaftexars c-ajrebpe €. 3TH coobpaxeHus MOACKas3bIBAOT, UTO
[P NOCTPOCHUH NpEeACTaB/eHus ceMelicTBa pacnpenesenuit (1) xe-
JIaTEIbHO, YTOOBL NPOCTPaHCTBO § GBIIO KaK MOXHO Gojiee Y3KHM,
T. €. 4To0bl GYHKIHH H3 Q 06/afajd BO3MOXKHO JYYIINMH aHaJu-
THYECKHMH CBOHCTBAMH.

Hanpumep, A5 BO3MOKHOCTH peIIEHHSI TOJBKO HTO YHOMAHY-
“TOH 3aJayd O BBIYHC/ICHHH BePOSTHOCTH COOBITHA (4) KesaTesbHO,
4TOObl CayyaliHas GyHKuus g (8, ), ABAAIOLASICA NpPeACTaBICHHEM
-ceMelicTBa pacnpeneneHnfi (1), obuajgana cleaylolluM CBOHCTBOM:

¢) Jlag 10CcTaTOYHO MIMPOKMX KJaaccoB MHOxecTB % u3 X u Q
43 O CyWEcTByeT CYeTHOE MHOXeCTBO S Touek 0;(& ©) Takoe, 4TO
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aag Jwoboro A & % n Q &€ Q MHOXKECTBO TOYEK
{o: g0, ®)=A 1na Bcex 6=Q}, A=, Q=49, (5)

oTJHuaeTcd OT MHOXeECTBA
{o: g(8;, 0)= A nas Bcex 0, =SNQ} (6}

TOJIbKO HA NOJMHOXECTBO HEKOTOPOro (GUKCHPOBAHHOTO MHOMKECTBa
N pP-mepn 0, He 3aBucsimero oT A u Q.

Tak Kak MHOXecTBO (6) siBJsieTcs mepecedeHHeM He GoJee ueM
CYETHOH TOC/JELOBATENbLHOCTH H3MEPHMBIX MHOXECTB, TO OHO CaMo
M3MePHMO H BMeCTe C HHUM H3MEPHMO MHOxecTBO (5) (B cuay moJ-
HoThl Mepnl P). Ilpu arom BepositHocTH coGuituit (5) u (6) paBHBE
MeXIy co6oil.

Cayuyafinas (QyHKUuS, YAOBJETBOPAIOUlas VCJAOBHIO ¢), Ha3bl-
paeTcsl cenapabeabrot (OTHOCHTENbHO Kjacca MHOXecTB U).

3aMeTHM, 4TO ecid © — cenapabeJbHOEe METPHYECKOE MPOCTPaH-
CTBO, £ — KJ4CC OTKPBITHIX MHOXKECTB, ¥ — KJlacc 3aMKHYTHIX MHO-
KecTB mnpocrpaHerBa X, a ¢yHkuusa g(0, ®) noutH AAA BCeX @
ABASETCA HENpepulBHOK (ynKuuefi aprymeHra 0 npu (HKCHpOBaH-
HOM ®, TO cayyadHaa ¢yHKOHa g(0, o) cenapaGeabHa oOTHOCH-
TEJIBHO KJacca 3aMKHYTHIX MHOXKecCTB %,

B 3apauax, CBSI3aHHBIX C MHTErPHPOBAHHEM CJAYYaHHHIX BeJH-
YHH OTHOCHTEJNBHO HeKOTopoHl Mepnl {m, & Ha O, KeaaTeanHo,
uyrobnl yHKuIHs £(0, ) Obga K-usMepumoil Kak ¢yHkuus or &
npH QHUKCHPOBAHHOM o P-mouTH n/1s Bcex .

B apyrux cayyasax HeoOXOAHMO HafTH INpe]CTaBjeHHe 3alaH-
HOH B WIMPOKOM CMBIcJe (YHKIUH, NIPH KOTOPOM TIOYTH BCe BLIGO-
pouHble (YHKIHH HENPePHIBHBI, MHJH HMEIOT TOJbKO Pas3pLIBLF
nepBoro poaa, uau k pas auddepenunupyems u 1. n. Koneuno, cre-
AYeT OXKHAATb, YTO BO3MOMKHOCTb IOJIYUEHHS NPEACTABJEHHA, 06-
Jlajamllero cneuHalbHBIMH CBOHCTBAMH, OIpPENE/sieTcd KOHeuHOo-
MEPHBEIMU paclpefe/leHHsIMA CaydalHOH QyHKIHH.

Ananoruynnle 3afauyd BO3HHKAKOT HE TOJBKO AJS CAyualHBIX
byurnui B mupokoM cMbicie. Cayyaiinas gpyuxuus g(0, o) Moxer
061anaTh «IaTOJOTHYECKHMH» CBOHCTBAMH, HO JJSI HEe MOMET Cy-
IecTBOBaTh CTOXACTHYECKH SKBHBAJICHTHAS <«CMVIAXKEHHasd» (GyHK-
unst g*(0, @), P{g(8, )+ g*(0, w)} = 0, KoTOopas yxke He «ma-
TOJIOTHYHa». B cOOTBeTCTBHH ¢ HPUHSITOH TOUKOH 3DeHMs Ha CTOXA-
CTHYECKH 3KBHBAJEHTHbie (QYHKIHH NPH PeIlleHHH HHTEPeCcyloLIUX.
Hac 3ajgay JONMYyCTHMa 3aMeHa TaKON (YHKIHH Ha CTOXaCTHUECKH:
9KBHUBAJICHTHYIO peryaapHyio ¢yHKuHIO g* (0, o).

Ipusenem onun npumep. Ilycrs A — MHOMKECTBO PAIHOHATBHBIX.
UHCeN Ha mpaMoH (— oo, o), x(f{)— HHAHKaTOp MHOXecTBa A W
® — paBHOMepHO pacmpenenennas Ha [0, 1] cayuaiinas seauuHHa.

Ionoxnm g(f, 0)= (! + ©). Tpu m060M QHKCHPOBAHHOM
© ¢yskuns g(f, ©) Bciogy paspeiBHa. C Apyroil CTOPOHH, NpH
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¢uxcupoBannoM ¢ ¢yskuus g(f, o) pasia 0 ¢ BepOsSTHOCTBIO 1,
Tarum obpasom, ¢ BepositHocThiO | Beloay pasphiBHast cayyai-
Has  QyHKUHA g(f, ®) CTOXAaCTHYECKH JKBUBAaJEHTHA (yHKHHH
g (L o)=0

B sacroauieidl ryiaBe paccMaTpHBAIOTCSL pasJHuHBIE YCJAOBHS,
TIpH KOTOPBIX AJI1 RAHHOH c/yyalHOH (YHKLUHH CYLIeCTBYeT CTOXa-
CTHYCCKH 3KBUBAJEHTHAA (MJM CTOXACTHUECKHM 3KBMBAJICHTHAS
B LIHPOKOM cMblcie) dyHKuus, oG6gajaiomiasi OnpeneseHHBIMA
CBOMCTBAMH DEryJsPHOCTH.

§ 2. CenapaGeasnbie cayyaiinsie QyHKUHH

Viges cenapabenbuoil caydafinoil ¢yHkuum 6biia yxe BBeieHa
B § 1. OxasbiBaercs, 4TO CBOWCTBO cenapaGebHOCTH He SIBJSETCS
JKECTKHM OTpaHHueHHeM Ha ciaydaduyio dymkuuwoo. [Ipu mocratouno
LIMPOKUX NPEANONOXKEHUAX, OTHOCAIMXCH TOIBKO K NpHpoie o6Jaa-
¢t onpefenenus © u obaacty 3mavenu#t X cayvaliHoil Qyukuuy,
Cyllectsyer cenapabenbHass caydaliHas GYHKIHS, CTOXaCTHYECKH
9KBUBaJeHTHAn NaHuoil. CJenyer, ofHAKO, 3aMETHTb, 4TO TpPH MO-
CTPOEHHH SKBHBAJEHTHOH cemapabesbHol ciayyafiHofi  dyHKUHH
HHOTAA TPHXOAHTCA DPACWHPATb 06/MACTh 3HAYeHUH (GyHKUUH, mpe-
Bpallas ee B KOMIAKTHOE MHOKECTBO.

B nacrosiniem naparpade nocrosiHHo npeanosaraercs, uto © u
X —- MeTpuyecKue NpoCTpaHCTBa ¢ paccrostHueM r (05, 8) u p(x1, xo)
COOTBETCTBEHHO, NpHYeM O cenapabeasHo. Poab kjaaccoB MHO-
xecrB U W Q W3 onpepesieHus cemapaGesbHOCTH HIPAlOT 3aMKHY-
Thle MHOXKecTBa B X u OTKpbiThle MHOxecTBa B @. Takum o6pasowm,
cenapabenbHOCTb CAyYalHOH (QYHKUMM B AaJbHEHIIeM NOHHMAercs
B CJGLYIOILEM CMBICJE,

Onpenenenue. Cayualnas dynxyus g(0, ) HasbléaeTca
cenapadesbnol, ecau cyu,ecTeyior 8 © 8ctody RAOTHOE MHONCECTBO
Touex {0}, j=1, 2, ..., u 8 Q muoxectéo N seposrrocru 0
TaKue, 4To 0as 1100020 OTKpbiTo20 MHOIecTsa G = O u 4106020
samxryrozo mroxecraa F < X dsa mroscectsa

{(.0: g(e], (D) EF, ej = G},
{0: g0, ®)=F 041 scex 0 = G}

oTauqaoTes dpye oT dpyea T0AbKO HO nodmroxcecTso N.

CuetHoe MHOXKeCTBO TOueK 0j;, (urypupywomee B 3TOM onpe-
JCJIEHHH, HA3BIBAIOT MHONCECTBOM CenapadestHOCTy  CaydaiHoOM
Pynxuuy.

Teopema 1. ITycre X u O — merpuueckue npocrpancrsa, X
KOMNAKTHO, © cenapabeavro. Ilpouzeosvnas ciyuatinas Gynkyus
£(0, o), 3a0annan na O co snauenuamu 8 X, cTOXQCTUYECKU 3KBU-
BANCHTHA HEKOTOpOU cenapabesbrol cayuabnod gynkyuu.
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HoxkaxeM cHadasa Tpu Jemmbl. [lycts (0, w)— cenapabenbnag
cayuaiinast QyHKIHA, I — MHOxKecTBO cenapabeabHOCTH B N — co0T-
BETCTBYIOIee HCKIOUHTeIbHOE MHOXKECTBO TOYEK .

OGo3uaunM yepe3 V Kjacc BCeX OTKPBITHIX cdiep NpOCTPaHCTRA
© c palHOHAJbHLIMHM PaJMyCaMH H C IEHTPaMH B TOYKAX (PHKCHPO-
BAHHOTO CUETHOrO BCIOAY TJOTHOro MHoxkectsa B ©. Kmace V cue-
ten. C JApyrof CTOpPOHBI, NPOH3BOJBHOE OTKPHITOe MHOMKecTBO U 13
© MoKeT OLITb NpEICTaBleHO KaK cyMMa (cueTHoro wmcsaa) cdep
us V.

Ilycts A(G, ©) —3aMblKaHHe MHOMKeCTBA 3HauesHi (YHKUHH
§(6, ©), xorna 6 mpoGeraer MHoXecTBo /G, a

A®, o) —_«SQV A(S, o)

ecTb nepeceuenne Bcex A(S, »), Korma S npoberaer COBOKYNHOCTD
chep u3 V, conep:kamux Toyky 0 B KauecTBe cBoero sjeMeHra, Ce-
MeficTBO 3aMKHYThix MHOxecTB A (S, o) (0 &= §) sasaserca uentpu-
pOBAHHBIM, T. €. JI0GOe KOHeYHOe UHC/O0 MHOXKECTB 3TOrO ceMelcTBa
uMeeT OfIIHe TOYKH, M B CHAY KOMOAKTHOCTH X WX mepeceueHue
A (0, o) menycro. Kpome toro, 4 (0, w) 3amkuyto. M3 cenapabein-
poctd GyHKuuu g(6, ») creayer (npu o gt N)

80, )= A(9, o). 48]

O6parro, ecau (1) Bomosnaserca aag Bcaxoro ome& N, P(N)=0,
To Z(0, o)— cenapabeapras cayuaiinag Qyuxuus. JelicTBUTENBHO,
ecin G(0, w)= F nna Bcex 6 =/NS, rae F— HeKOTOpPOe 3aMKHY-
Toe MHO)KecTBO B X u SV, 0o A(0, )= A(S,0)= F ana Bea-
Koro 6 & S u, caenosartensHo, Z(0, w)= F aas Bcex O us S.

Ecaun G — npoussosibHOe OTKpbITOe MHOXKECTBO B ©, TO JocTa-

TOYHO HPEACTABHTbL €ro B BHAE CYMMBI G=USk MHOXeCTB u3 V,
k
9T06bl y6eJUThCST HA OCHOBAHHM TOJBKO YTO CKa3aHHOro, 4TO U3

g0, 0)=F nasa Bcex 0<=ING, 0&N,

caenyer
g0, 0)=F gaa moboro 0Be&QG.

Takum o6pasom, noxasaHo ciexylolllee YTBepKaeHHe,

JlemMma 1. Zas 1020 uroboi cayuatinas dyncyus (0, w) Goiaa
cenapabervrotl, Heobxodumo u OocTatouno, 4robel CYyuLecT808a-
A0 muomcecrso N, P(N) =0, rakoe, uro6o: npi ot N gotnosns-
40¢e6 (1).

CnenoBaresbHO, yTOGH MOCTPOUTh A1 g (0, w) cenapabejbhyio
CTOXACTHHECKH HKBUBAJEHTHYIO (QYHKUHIO, IOCTATOYHO HafiTh (yHK-
éiHlO@é(e, ®), yaosaersopsawmmylo (1) w Takyro, uro mias J1060ro

&=

P{g(6, 0) % g (6, 0)} =0.
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JlemMma 2. ITycte B — npoussoavroe Ooperesckoe MHONECTEO
8 X. CywecTeyer KOHEYHAR UAL CHETHAS NOCACOOBATEALHOCTL TO-

yek 0,0, ... Taxaa, uro muoxecrso N(0, B)= {w: g(6, 0)= B,
k=12, ..., g(0,0)e& B} umeer sepoarnocto 0 npu aw06om
0 0.

Hoxkaszarteascrso. Ilyers 6, — moboe. Ecan ©,,0; ..., Op
NOCTPOEHH, TO MOJaraem

mkzesugP{g(Gl, o) B, ..., (6, 0)= B; g(8, 0) ¢ B}.

TlocnenoBaTeNbHOCT My MOHOTOHHO YOmiBaeT. Ecan my = 0, To co-
OTBETCTRYIOUIAS [1OCAE€AOBATENBLHOCTh NocTpoeHa. Ecam mp > 0, 1o
nycTb 0,,; — Takas Touka, 4TO

m
P{g(eh (’))EBJ ceny g(elh ('0) EB’ g(ek+1) 0)) $ B}>
Tak kKak MHOMXeCTBa
Lk::'{m: g(eiv (’))EBy [== 1’ 2) sees k’ g(8k+1: 0))$B}

He UMelT o6mIHX TOUeK, TO

00

ZP<Lk 7 2

CaenoBarensHo, my—> 0 npu k— oco. Takum o6pasom, npu mo6om &
P{g(6,, 0)=B, k=1,2,..., g(0, 0) & B} <limm,=0. M

M3 poxasaHHOTO HeTPYAHO BBLIBECTH CjAeAylolllee YTBepKACHHE.
Jlemma 3. [Tycre My — cuernolld kaacc mHoxcecrs, a M| — kaace,
coCTOAWUE U3 nepecedeHull 8CeB803MONMCHBLX NOCAeA08ATEAbLHOCTelE
muomcecrs uz MWy, Cyujecrsyer KOHeUHAA Uil cueTHAA nocaedosa-
TeabHocTs TOUeK 01,09, ..., On, ... u 048 Kamdozo O Taxoe MHO-

acecreo N(0), uro
P{N()}=0

{o0: g(6,, 0) =B, n=1,2,..., (8, o) £ B} = N(6)

oasn awobozo B = IR,

Jna nokasaTeJbCcTBa TNOCTYNHM clefyiomuM o6pasoM. Ilyctb
I — cueTHOe MHOXECTBO TOYeK H3 O, fABJAgIOllEeCS CYMMOH MOC/Te-
popatenbHocTell {On,n =1, 2, ...}, MOCTPOEHHHIX M KaxkJ0ro

B &My B cootserctnHu ¢ JeMMoi 2, u N(8) = || N (8, B). Ecan
B'eMr BB, Bey, 10 e
{o: g(6,, 0)=B, 0,1, g8, 0)¢& B} ={o: g(b,, @)= B,
0,=1, g0, 0) £B} =N (0, By= N (0).

u
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Jaaee, ecid B’=kﬂ Bi, Br=M,, 10
=}
{0: g, 0)=B, 6,1, g(6, 0) & B} =
< U o g@n0)=B, 0,=1, g0, 0 & B}

CQIN(B’ By) = N (6),

yTO H JAOKasoiBaer Jjemmy. B

Tenepb HETPYAHO JoKa3aTb TeopeMy 1.

QPHKCHPYEM HEKOTOPOE CYETHOe BCIOAY IJIOTHOE MHOXKECTBO TO-
wek L B X u non M, moHuMaeM Kjacc AONOJHEHHH K chepaMm pa-
LHOHAJbHOIO pajnyca ¢ LUeHTpamH B Toukax L. Torma M — kaace
nepeceueHHd MHOXKeCTB M3 My COJAEPAKHT BCe 3aMKHYThle MHONKE-
crBa. [Hanee, nas kaxporo S& V paccmarpusaeM cayyaiiHyro
oynxunio g(0, ©) Kak 3anannyio TobkO Mt B &S u cTpouM mo-
cl1e10BaTeNbHOCTb [ = [(S) u muoxectBa N(8) = Ns(0) B coorer-
cTBUM ¢ Jemmoi 3. [ycts

I= U 18, Ne= U Ns(0).
=274 SV

Tlonoxum ;
g6, 0)=g(8, ),

ecmn 0 =J nan g(0, 0) & No; ecan xe g(0, w)= Ny, 6 J, 10 on-
penesuM §(0, o) modoiM cnoco6oMm, Tak utobn g (0, o) A(0, w).
Tak xak ana touex 0 &/ snavenus dpyukuuii §(0, o) u g(0, w) co-
Bnagamt, TO MHoxecTBa A (0, ®), NOCTpOeHHble s GYHKUHIL
£(8, ) u g(6, ), Takxe coBnanawTt. M3 onpenenenus CJELyeT, 4To

g0, o) = 48, o)

A moboro 8 n . Tax kak {w: g(f, @)= §(0, )} = Ng, TO
P{gahw)==g(&tﬂ}==1-.

Teopema | menmocpenctsento o6obiaercs u Ha cayyaiuble QyHK-
UnH cO 3HaueHHAMH B cenapabesbHbIX JOKaJbHO KOMMAKTHBIX NpO-
CTPaHCTBAX.

Teopema 2. [Tycto X — cenapabenvroe N0KAALHO KOMNAKTHOE
npocTpancreo u © — npouzgosvroe merpuyeckoe cenapabenrvuoe
pocrpancreo. as aoboi cayuadnod ¢ynkyuu g(0, o), sadannoli
Ha © u co snauenusmu 8 X, cyujecteyer CTOXQCTUMECKU IKEUBA-
AEHTHAA cenapabenvnan caydalnas gynxkyus §(0, o), npunumaro-
Was Snauenus Ha HEKOTOPOM KOMRQAKTHOM pacwupenuu X npo-
¢Tpancrea X, X o X.

HoxkasaTe/1bcTBO BhiTEKaeT H3 TOro (GaKTa, UTO BCAKOE JOKAMBHO
XOMnakTHoe cemapaGe/bHOe NPOCTPAHCTBO X MOXKHO paccMaTpH-
BaTh KaK MOAMHOXKECTBO HEKOTOPOro KOMMakKTa JX. Hanpuwmep, eciu
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g(0, ®)— cayuaiinas (QYHKUHA €O 3HAYEHHSAMU B KOHEUHOMEPHOM
npocrpanctBe X, 10, ponoausisi X onHoll «GeCKOHEYHO ydaJeHHOM»
TOYKO¥M 00, JErKo MOJYYMTh KOMIAaKTHOe TNpPOCTPaHcTBO X = XU
U{cc} ¢ HOBOH METpPHKOH, TakoH uTO KaxJaoe 3amkHytoe F X
(B Tomosiorun npocTpaHcTBa X) SBJASETCH TakKxKe 3aMKHYTBIM B X
(no oTHOWEHHIO K HoBoi Merpuke). Ilpn nmocTpoenun cemapabeib-
HOH peasiM3aluy cayuaiiHoli QYHKLUHH efl, BOSMOXHO, NpHIeTCs TPH-
[HUCHBATH JONOJHATENbHOE 3HAUEHHE «0O»; HO, OYeBHJHO, IPH (HK-
CHpPOBaHHOM O BeposiTHOCTH 3Toro pasHa 0. B

Bo MHorux Bompocax GLIBaeT BAXKHLIM 3HaTb, KaKOe MHOXKECTBO
J Mmoxer MrpaTs poJib MHOXeCTBa cenapabe/bHOCTH.

Teopema 3. [Tycte ©—cenapabeabroe nPOCTPAHCTEO U
g(0, ®)— cenapabenbHas CTOXQCTUHECKU MENPEepyleHAA CAYHalnad
¢ynkyus. Tozda aroboe cuerrnoe 6Cro0Yy NAOTHOE MHOKCECTBO TOHEK
13 © MOMET CAYNCUTo MHONECTEOM CenapabesbrROCTU CAYUAUHOU
¢pynryuu g(6, o).

Hoxasareavcrso. Tlycts V == {S}-—cueTHoe MHOXecTBO cdep
B ©, BBeJlEHHOE B [0Ka3aTeNbCTBO TeopeMul 1, J = {0y, k=1,2, ...
..., N, ...}— MHOXeCTBO cenapabeJpHOCTH CJIyuyalHOH GYHKIHH
g (0, o), N — HCK/IIOYHTEJbHOE MHOXKECTBO 3HaueHull @, QUrypupyro-
IHX B ONpe/leseHHH cenapabeabHOCTH, H A — IPOH3BOJILHOE BCIOLY
njoTHoe MBoxecTBo Touek B ©. Ilycts B(S, @) o6oaznauaer 3aMbl-
KasHe MHOXecTBa 3Hauenuil g(0, w), Korma Touka O mnpoberaer

ANS, a N(S,k) — coGuitie, cocTosimee B ToM, 4T0 g(0k, 0)E
= B(S, w), ecnn 0, = S. Cobuitust N(S, k) nuewr eposTroctd 0.
JeficTBHTENBHO, TYCTh vy, r==1,2, ..., 1, ..., — OPOH3BOJIbHAS

foCAeNnoBATeAbHOCTE Touek u3 A NS, cxopsmasca X 0. Torna
P {g (8, 0) & B(S, o)} <P {lim p(g (8, @), g(y,, ©) >0} <<

r—»oo
. . 1
< lim P{ lim 0(g(®s, 0), &y, @) > 3 } <
n-»o0 r—>oo

n-»% Sy

< lim lim {p(g(ﬁk, @), g (v, @) > %} =0.

Tlycrts N =\ eU N(S, k), Torna P(N)=0. Ecit e &NUN’
S =S8 .

u gy, y=F nas Bcex ye A)G, rie G — HEKOTOPOE OTKPHITOE
MHOXecTBO, a F < X 3aMKHyTo, To mjist moboro 6, & G u S Taxoro,
yro 0, = S < @, umeeM

g (6s, ©) = B(S, k)= F.

U3 onpenesenns MHOKecTBa {0} oTciola BHTekaeT, 4o £ (0, )&
e F ana Bcex 0= G n o & NUN’. Takum 06pasom, MHOKECTBO A
YZIOBJIETBOPSIET YCJIOBHIO ONpeleNeHAsl MHOKECTBA cenapaGe/bHoCTH

cayuaiiHo#d QyHKUHH. &
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§ 3. Hamepumbie cayyaiinbie QyHKuUUK

Mycts ©® u X no-npexseMy o00603HAa4yalOT MeTPHYECKHE NpO-
cTpaHCTBa ¢ paccrosHusMu r(8y, 62), p(x1, X2) COOTBETCTBEHHO,
g (0, @)— cayuaithas QYHKOMA CO 3HAaueHUsMH B X H ¢ 06NacTbio
onpeneaeHns O, @ — sneMeHTapHOe COGBITHE BEepPOATHOCTHOrO MNpo-
ctpancta {Q,©, P}.

JlonycTuM, uto Ha © onpeneneHa g-aarebpa MHOXeCTB &, CO-
nepxkallas GopeseBCKHE MHOXKECTBA, H Ha & — HeKoTOpas mnosiHasd
mepa m. Yepes o{f X &} o6osnaueHa HauMeHpLias o-ajare6pa, mo-
poxkaeHHas B © X Q mnpoussenennem o-anre6p & u &, a uepes
G{8 X ©}—ee momonHeHue OTHOCUTeJAbHO Mepnl 1 X P (cm.
ra. 11, § 2).

Onpenenenune. Cayuainas gyukyus g(0,w) HasvisaeTCA
usMepuUMOll, eCAU OHA USMEPUMA OTHOCUTEAbHO G{& X &}.

[To onpenenesnto cayuaiinass ¢ynkuua g(0, ) npu JioGoM
e © S-usmepnma. Ecau xe cayuafinasa QyHKUHst H3MepHMa, TO
B cuay teopembl ®y6urn g(0, ®) K-usmepnma, Kak QYHKUHA OT
6 P-mouTH A8 BceX . MHBIME CI0BaMM, ee peaju3alun K-u3Mme-
PAMBI C BeDOATHOCTBIO €IMHHUIA.

PaccMoTpuM Tereph YCJAOBHSA, ofecneunBailiye CymiecTBOBaHHe
A8 MAHHOH cayuafHOW (QYHKIMM CTOXAaCTHUSCKH 3KBHBAJEHTHOM,
uaMepuMoll 1 cenapabenbHOH QyHKIHH.

Teopema 1. ITycto © u X — KOMNAKTOL u Mepa m KOHEUHQ.
Ecau Oas m-nouru scex @ cayuainaa ¢ynxyus g(9, ©) croxacru-
YoCKU Henpepouléna, TO CYWECT8YeT usmepumasn cenapabervras cay-
wadnas pynkyus g*(0, o), CTOXACTUHECKU IKBUBAACHTHAR YHKYUL
£(9, o).

B cuay teopemui 1 § 2 nas dynkuun g(0, @) CyllecTByeT CTO-
XaCTHYeCKH SKBHBaJleHTHasi cemapaleabHas caywaiiHas (QyHKUUA
&(0, ). IMyctb I — MHOKecTBO cenapalenbHocTh GynKuua § (6, o).
Kax npexjae (§ 2), A(G, ®) obosnayaer 3aMblKaHHe MHOMXKeCTBA
sHauennit g (0, ®), koraa O npoGeraer Muoxecrso GNI, u A(0, 0)—
nepeceuenne BceX MHOMecTB BuAa A (S, »), rae S —npon3soJbHas
oTkpnitasi cdepa u3 V (§ 2), conepxamas 6. B cuny cenapaGesb-
noctn (6, w)e A(B, o) moutH HaBepHoe (T. e. npH o & N, rae
P (N) = 0). C apyroi# croponsl, ecin Gpysknus g’(0, o) rakosa, 4TO
g0, 0)==8(0,0) npn 6l u g 0)€d(b,0) (o0& N,
P(N’)=0), 1o g’(0, ) — Taxxe cenapabenpHas cayyaiHas QyHK-
wst (qemma 1 § 2). IToctpoum dynxuuio g*(6, @), o6ragamouyio
TONILKO YTO YKA3aHHBIM CBOHCTBOM, CTOXaCTHUYECKH SKBHBAJIEHTHYIO
dynkunn g (0, ®) U U3MEPUMYIO OTHOCHTENbHO 0-anre6pul & {f X ©}.

Pacnosoxum touku I B mocaenoBaTenabHocTs {0, 02, ..., On, ...},
¥ MYCTb rn == min{r (s, Xs), k, s =1, ..., n}. laa kaxjoro n no-
CTPOHM KOHeyHOe NOKPHTHe MHOXKecTBa © cdepamu ST, ..., S}‘n,

PalHyC KOTOPHX PaBeH rn/f, ¢ UEHTPAMH B TOUKAX 07. Ilpu stoM
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npeanonaraercsi, yTo 687 =0; npu j=1, ..., n, a oCTa/JbHLIE TOUKH
07 j=n+1, ..., i,) BoGpaHsl H3 [ NPOU3BOJBHO, JAHIL Obl CO-
oTBeTCTBYWILHE chepbl 06pa3oBLIBALH NOKPHITHE O.
— ~ . 2
IMosoxuM g,(0, ) =g (0;, 0) mpu j& Sk, k=1,2, ..., n(smn
chepbl He MepeceKalTcd, Tak uYTO I[PHUBeJeHHOe OmpeJesieHHe

i—1
KoppekTHO), # &, (0, o) =g (6}, ©), ecan 6 S} \ U St =

i=]
=n+1, ..., r,. 3aMeTHM, UTO G, (0,, ©)= g (0,4, @), 2,(8, ©)—
GopesneBCKas (yHKUHSH apryMenta O npn (QUKCHDOBAHHOM ® H
o {& X ©}-uamepuman ¢ynknusa mo mape aprymenros (6, ). Kpo-
Me TOro,

pl8, (0, @), (8, 0)] =0[5(6}, ©), (6, 0],

r(6f, ) <=, | (1)

npuyeM

Ecau noJoxHuTh
an (e)= P {(1): p[gn (ev (’))1 §n+p (e) (’))] > 8}{

TO B CHJy YCJOBH# TeopeMbl m-IOYTH 1/ Bcex 6 G,,(0) — 0 npu
a->oo nasa moboro & > 0. ITosTomy

(m X P){(®, o) plgn(B, 0), s (0, @) > e} =

= g G,,(8)m(d8)—>0 npu n— oo
(2]

s Bcex € >0, T. e. moCJAefOBATENbHOCTL Gr (0, ) $yHaaMen-
tanpna no mepe m X P. M3 Hee MOXKHO BBIAGIHTH MOANOC/AENOBA-
TEJBHOCTD gnk (8, ), cxonsmyiocs m X P-noytd BCIOLY K HEKOTO-

poit o{® X ©}-usmepumoii ¢yHkuun g(6, ®). MHOKecTBO TOUEK
{0, ®}, roe 3Ta CXOAMMOCTb He MMeeT MeCTa, o6o3naunm uepes K.
W3 nocTpoeHHUs CAeLYET, 4TO MOKHO cuHTaTh (0, )& K. OuennaHo,
gro npu (8, 0) & K g(0, o) = A(6, v). Hanee, ecin L — MHOKeCTBO
Touex O, B KOTOPbIX GYHKIMA g(0, w) He ABJIAETCS CTOXAaCTHYECKH
HenpepwiBHOil, To u3 (1) cienyer, uto npu 8e& L

P{g (0, o)+ £(6, 0)}=0. Bt)
TlonoxuM Tenepb
g0, 0)=g (0, o), eciu 6 =L nm ecn (8, 0) EK;
g, 0)=g(0, o), eciu 0L 1 (8, 0) & K.
®yuxuus g* (9, o) conagaet ¢ (6, ®) m X P-noutn 121 Beex (6, o),
u mostomy oHa &{8f X ©}-usmepuma. Hanee, g (8, o)=5(6, o)

npu 0 I, tak uto A0, 0)=A(6, ©), rie A*(0, w)— panee
~ onpefe/iennoe MHOXKeCTBO A (6, @), MoCTpoeHHOe N0 QyHKUUH g (0, 0)
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u muoxectsy I, n g'(8, 0)= A(B, w)=A"(6, ®). Takum obpa-
aoM, ¢ynkuus g"(0, ®) cemapaGespna. YuuthiBas (2), noayuaem
P{g"(6, ©) 7 Z(B, ©)} =0 115 Bcex 6 =06, 1. e. g (B, ©) u (9, ®)
croxacTHueckd skBuBasieHTHH. W
ITpuBeneM psn 3aMeuaHui, oGoGmalomux Teopemy l.
3ameuanue 1. B reopeme 1 tpe6oBanHe KOMNAKTHOCTH Npo-
crpanctB ©® u X Moxer 6T 3aMeHeHO Tpe6OBaHHeM JOKaJbHOM
KOMNAaKTHOCTH ¥ cenapabenbHocTH, leACTBUTENbHO, KOMIAKTHOCTb
npocrpancTBa X HyXHa 6blia TOABKO [ BO3ZMOXKHOCTH COCIATbCsA
na TeopeMy 1 § 2. Tenepb MOXHO cchliaThest Ha Teopemy 2 § 2. Tlpu
sTOM cenapabenbHOe H H3MepHMOe npeicTasiaeHHe g*(0, ®) GYHK-
pur g (0, ®) nprHuMaer, BooOlle TOBOps, 3HaueHHe M3 HEKOTOPOro
KOMIIAaKTHOTO TOMOJIOTHYECKOTO paciuiupenus npoctpancrsa X. Ha-
Jee, eCJH TPOCTPAHCTBO © JOKAJIbHO KOMIIAaKTHO M cenapaGenbHo,
TO €ro MOXHO NPeACTaBUTh B BHAE CYMMBl CUETHOIO YHcJa KOMMak-
ToB. K KaXXIOMy TakoMy ciaraeMoMy B OTZeJAbHOCTH NPHMEHHMBb
npelblAyLiKe paccyKAeHHs, OTKyLa CJaelyeT yTBepXKIeHHE TEOPeMH
¥ 115 obbvenunenus. Dosee Toro, npu stom Mepa m He o0si3aHa
6biTh KOHEUHOH, HOCTATOYHO, YTOOB OHa ObLIa G-KOHEYHOM,
3ameuanue 2. YrBepXJeHHe TeopDeMBl 1 HMeeT MeCTO I
TOro cayyas, Korga © nu X — eBKANL0BL KOHeYHOMEPHBIE NPOCTPaH-
ctBa n Mepa {m, &} ectb jaeberosa Mepa B 6.
3ameTHM Temepb, YTO HOKA3aTebCTBO TeopeMhbl I yNpoOCTHIOCH
6bi, ecan He TpebGoBaTh cenapalbeJbHOCTH HU3MEPHMOro NpeacTaB-
JEeHHsi 3ajaHHoil cayualiHoli dyskuuu. MHoxecTBo [ mpu aToM He
npuBaekanoch 6nl K paccmorpennto. VI3 cpolicts npocrpanctsa X
KCTNO0Jb30Banack Gbl TOJbKO MOJHOTA NMPOCTPAHCTBA.
3ameuanue 3. Eciin X — nosHoe MeTpHuecKoe MPOCTPaHCTBO,
-© — noKaJbHO KOMMakTHoe cenapabejbHOe NPOCTPAHCTBO, M — O-
KOHeyHast Mepa Ha o-aarefpe, coflepxalliell GopeseBCKHe MHOXKecCTBa
6, to cayuaiHas ¢yskuua g (0, ) co 3Hauesusamu B X, 6 86,
® & §, cTOXacTHYeCKH HelpepbiBHasA m-NMOYTH AJA BCex 0, cToxacTtu-
YeCKH 5KBHMBAJIeHTHA H3MepHMOH cJyyaiiHo#t QyHKIHH.
Chenyowmnii pe3y/abTaT, HMEIOLINHA BaXKHOE 3HAYEHHE, HEMOCPeN-
CTBEHHO BBITE€KaeT M3 TeopeMbl PyOHHH,
Teopema 2. MTycre E(0) = g (0, 0)— usmepumas cayuainas
Pynkyus, npunumaroujasn OelicTeuresvrvie snavenus. Ecau

[MI£©)1m(d0) < oo,
; 6
T0 O0an awboeo muosxcecrsa B &
S ME (0) m (d6) = M Sg(e)m(de).
B B

HocneJmee PaBeHCTBO O3HAYaeT NepeCTaHOBOYHOCTL 3HAKA Ma-
TeMaTHYeCKOro OXHAAHUSA H HHTErpaJa mno napaMmeTpy.
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§ 4. KpurepHu oTCcyTCTBHS Pa3pbiBOB BTOPOro poaa

Pynkuun G6e3 pa3puiBoB Broporo poaa.llycts §(f), f=la, b], —
CJAy4YaHHbI# NpOLECC CO 3HAYEHUSIMM B IMOJHOM METDHYECKOM [pO-
cTpaHncTBe X.

Onpeneaeunne Ecau c seposrnocrero 1 svibopoyunnie PynK-
yuu npoyecca 0as Kaxdozo te(a,b) umeor npedeavt caesa u
cnpasa, a 8 Touke a (b) npedea cnpasa {ciaesa), TO 2080pAT, 4TO
npoyecc He umeer paapeuisos 8TOpoeo poda Ha orpeske [a, bl

B nacrosimem mnaparpade nocTOSHHO NPeANO/Jaraercs, 4To Npo-
necc E(f) cemapabesen. MHoxecTBo cenapaleJbHOCTH Tpolecca
0603HauuM yepes /.

Onpeneneunue Dynkyua x =[(t), x= X, umeer na or-
peske [a, b] He menee m e-koaebanui (e > 0), ecau cywecrsynr
Touku ty, ..., tm, Q@< tbi<ti < ... <<l,<b, raxue, wuro
p(f(tr=1), f(tr)) > e, k=1,2, ..., m.

Jdemma 1. Jan 1020 4t066t pynryusa y = [(f) ne umera wa
orpeake [a, b] paspeisog sropoeo poda, Heobxo0umo U 0OCTATOUHO,
4T06bL 0a5 2106020 & => 0 y Hee Obi10 TOALKO KOHEHHOe HUCA0 g-KO-
aebanutl na [a, bl

Hokasareascrso. JocTaTouHocTb., JlOKaxkeM cymiecTBOBaiue
npegena f(t—0) pas moboro t e (a, b). IlycTs {t,} — nponssob-
Has nocjiefoBaTeJbHoCTh f, 1 f. MoxeT HaHTHCH TOJBKO KOHeuHOe
MHOKECTBO UHCeJ tu, (y < Mey1) TAKUX, UTO O (f(tn,), [ (tn,,,)) > &
CienoBatenbHo, HaunmHasa ¢ Hekotoporo m, p(f(f,), f{t.iz) <28
o751 Bcex m>=m, k>0, T. €. mOCJAELOBaTeJbHOCTD | (Z,) CXOMUTCA.
Orcloa BHITEKAET CYLIECTBOBAHHE f(t—O)=1;rPf(s). AHaJIOTHYHO

8

JIoKasbiBaeTca cylectBoBanue f(f 4 0) Ha [a, b).

Heo6xomumocts. [1ycts B HEKOTOPO# TOuke fp He CYyUIeCTBYeT
OJIHOCTOPOHHErO mpespena (Hampumep, npefena caesa). Torna nai-
IeTcsl TOC/AeN0BaTeNbHOCTh &5 f f, Takas, uro JJas Jo6oro n
sup p(f (), f(t2)) >¢€, 1.e. uncao e-koneGaHMll HeOTpaHH-
m>n

yeHno. K

3aMeTHM, YTO Ompeje/eHHe YUC/Aa e-Koade6aHHI TPHBHAAbLHO INe-
pEHOCHTCSL Ha cayualiHble QYHKUHH, pacCMaTpuUBaeMble Ha MPOHU3-
BOJILHOM MHOMKeCTBe NeHCTBHUTE/NbHBIX 3HAUeHHH .

B nanpnefmem, paccMatpuBas QYHKUUH 6e3 paspbIBOB BTOpOTrO
pona, Mbl He GyAeM passiudYaTth ABe (QYHKIHH, HMEIOIIHe B KaxJOH
Touke ! & [a, b] onuHaKoBble mpeaeasl ciaeBa H crnpasa. [losromy
€CTeCTBEHHO NPHHATH KaKoe-JH6O CTaHAapTHOE COr/alleHue O 3Ha-
yeHHSX BSTHX (QYHKuMi B Toyke paspeiBa. OG6Go3nayum uepes
Dla, b] = D |a, b; X] npocTpanctBo (PYHKUHH, 3afaHHBIX Ha [a, b],
€O 3HauYeHUAMH B X, He HMEILIUX Pa3pLIBOB BTOPOro poja U B KaX-
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goil TouKe ! & [a, b] onHocTOpOHHe HenpepbiBHBIX. [Toa0XHM

A, () =sup {min[o (F (¢'), [ (&), o (F @), F (&));
=<t <t<t<t+c, ', t, 1" <la, b]} +
+sup{p(f(®), f(a); a<t<a+c}+
+sup{p(F(®), f(0); b—c<t<b} (1)

Jdemma 2. [aa roeo urobor pynxkyus x = f(t) ne umera pas-
pbvleos 8Topoeo poda, Heobxodumo u 00CcTarouno, 4robot

lim A, () =o. @)

Hokasareavcrso. Heo6xonumocts. To, uTo gBa nocjegHux cJja-
raeMblX B npaBodl wacty (1) crpemsites k Hymo npud ¢-»0 pas
kaxjaofl ¢yskuuu e Dla, b], BrTeKaeT u3 onpeneneHus.

[Tycts ycnioBre (2) He BhmosHeHo. Torma HaHgyTCs TakHe IO-

4 /4 4 " /4 4

CAEAOBATENbHOCTH fn, I, Ip, UTO 1 <1, <ty, lh—1tn—0 u
o(F (&), F)) >e, o(F(£), f(ts)) >e ana mexoToporo e > 0.
MOXHO CYUTaTh, YTO £, CXOJMTCS K HEKOTOPOMY %, (ecaum 3TO He
TaK, TO MOXHO 3aMeHHTb NOCJel0BaTeJbHOCTb f, HEKOTOPOH CXO-
Jsimedca noanoc/eaoBaTeNbHOCTbI0). M3 Tpex nocsenosarenbHoCTEld
{f,',}, {ta}, {t:,'} o KpaiiHell Mepe JBe MMelOT GECKOHEUHO MHOro TO-
yeK, Jexallhx 1o OAHY CTOpoHY OT fy. Ecam, nanpumep, {t;} u {t.}
JIeXaT cieBa OT fy, 10 f(in)—>f(t—0), f(t;)—>f(t—0), 4yTO Npo-
TuBopeuut yeaosuwo p (f (1), f (ts)) > e. Anasornuen cayuail, xoraa
{t.} n {t;} umenT Geckoneuno MHoro 3HayeHHH, JeXallux rpasee
to. OcranpHBle CTyuan CBOASITCA K 9THM JABYM.

Hoctatounocts. M3 yenosust (2) caenyer, uto f(£) HenpeprBHA
cnpaBa B TOuYKe @ M caeBa B Touke b. Ecau 66 npu HekoTOpoM
ty < (a, b) He cymecrBoBaio f(ty - 0), To HamIach 6b nocsegoBa-
TeAbHOCTb £ | £ B € >0, naa kotopuix p(f(¢,), f(fn41)) > e, uto
nporusopeyut (2). Taxum o6pasom, cymectsyer f(f,~+0) npu Jo-
Gom #, & [a, b). Ananornuno cymectsyer (¢ — 0). U3 cooTHomenus
(2) cnenyer Takke, urto su60 f(fy)=f(f{a—0), nu60 [(fy) ==
== f(tp+0). Jlemma nokaszana. g

HekoTopsie HepasencTsa.

Jdemma 3. [Tycro §(t), t &[0, T}, — cenapabersubiil croxacruye-
CKkull nenpepbisHbll npoyecc co anaxvenuamu 8 X u cywecrsyer Ta-
Kaa HeoTpuyATEAbHA MOHOTOHHO 803pacTarwas @yukyua g(h)
u ¢pynkyus g(C,h)=0, h =0, uro

P{loE®,ct—h)>Cat]n

Y NloEE+n), E@)>Cet}<q(C. B (3)

G —_—n;o g(12™") < o, Q(C) =”§ 2%¢(C, T27") < oo, (4)
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Tozda dan ecex N >0
4 7 N N
P{, sup o) E()> Ny<P{p@0.51) >4 } +Q(5)-
Hoxasareascreo. Tlonmoxum

k—O,l,...,2 —1, n—0,1,2,.. ,

oo Qm—l
By=Aw-1UAu, Dy=[] [1 B (1),
D0=AooﬂDl-

B cuay cToxacTHYecKo#l HeNpephHIBHOCTH MOXKHO CuHMTaTh (CM,
teopeMy 3 § 2), uto MHOXKecTBOM cenapalenbHocTH [ mnpouec-
ca E(t) aBasiercs MHOXKeCTBO 4Hces BuAa k/2, k=0, 1, ..., n=
=90,1,2, ... Umeem

o 2Ty

PD< X X P{Bm}< X 27(C,T27")=Q(n, ), ()
rie Q(n, C)= Z o"q(C, 727™).

Uz D, BbITeKaET uto p(E(T), £(0) << Cg(T), 1 BHINOJHEHO OJHO H3
cobbitHit: man p (& (T/2), £(0) < Cg (T27Y), nim xe p (E(T), §(T2_1)) <
<Cg(T2—) B o6oux cayuasix

0 (5(0), £(T/2) < Cg(T)+ Cg(r27),
p(E(T/2), £(T) < Cg (1) + Cg (127").

BocnosbayeMmcs Tenepbh MeTOLOM HHAYKUMH. IlomycTuM, uTo Hepa-
BEHCTBO

o(¢(57) &(3r T))<Cg<r)+202g(z‘2“5) (6)

8=]

JloKaszaHo it m=n u aaa k, j=0, 1, ..., 27 upn npeanoJo-
KeHuH, uT0 Dy uMeet Mecto. [loKaxeM, YTO aHaJOTHYHOe HepaBeH-
CTBO HMeeT MecTO B st m =n -+ 1, Ilycth & u j— HeueTHble uHC-
na: k=2k + 1, j=2ji+ 1. Tak xak u3 D,y cirexayer, yto 0o
KpaiitHeH Mepe OJHO H3 HepaBEHCTB

o (s(ET). s(BET))<Cer2"),
(§ kl+1 T) §(2k]nj11 T))QCg(Tﬁ_(nH))
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BHIIIOJIHACTCHA, TO
o(2(5r 7). (7)) <Celrz™),
7

rae k' paBHO uuu k|, WA k- 1. AHajoruuno Haiifercs LeJioe j
TaKoe, 4TO

(55 7). (7)) <o,

YunTeiBas TeNnepb npennoyoXeHne HHAYKIHH, NOJYUHM
n+1

o(3(5 7). §(3r 7)) < Ce(0)+2¢ 3 2 (r2).

AnalornyHo paccMaTpuBaeTcd CAy4Yai, Korja k2 HJad j MOryT OBITh
qeTHBIMH. TakHM o6pasoMm, HepaBeHCTBO (5) J0Kasano AJS BCeX
m > 1. W3 cenapaGesbHOCTH mpolecca TOTAA Ciaefyer, YTO ©CJH
cobpiTe Do mpoucxoaut, To

sup{p (), £(), ¥, "= 0, T]} < 2CG
¢ BepoaTHocTeio 1. Orciofa caenyer, 4To
P(, sip 0G() 8> N<
<Q(45)+P{oCO.t0) >4} W

Jlemma 4. Ilycre soinoaxenvt ycaosus npedoiOyujeil aemMmbl,

Tozda
P{s,0®>c0([lea])}<([een] €).

G(n) = mf:jn g(12™), Q(n, €)= mzn 27q(C, 217™).

Hoxasareascrso. TIpoJonKHM X0 PaCCYKIeHHH npelblayulel
nemMer. ITycts cobeithe Dy, HMeeT Mecto. Bocnosmb3osaBuinch HH-
AyKuHeH, NOKaxeM, 4TO AJd JIOOBIX &k H m HajileTcsa Takoe LeJoe
Jnm (0 << jum << 2m+1), uTO

2 o). ([ + 2nim]T))<cn§g(T2'3), ®)
R G + ] 7). 85 7)<

h+m

<C ) g(r2™), )

§=n

20e
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npHyeM, Kak OYHKUHA OT m (n ¥ kB (HKCHDOBAHHI), BeJHYHNA
jnm2—(tm MOHOTOHHO He yGniBaer. Ilpm m =0 B KauecTBe jno
caenyeT BHIGpaTe Hyab, ecan p(E(RT2-7), E((k41)T2-7)) <<
< Cg(T2-7), u enunuuny, ecau p(E{((k—1)T2-"), E(RT277)) <
<< Cg(T2—). Ilpn npepmonoxenunn D, OZHO H3 3THX JIBYX Hepa-
BEHCTB 006513aTEJbHO HMEET MECTO. HyCTb jnm yXe BhIOpano. B xa-
YECTBE jnmyl CACLYET B3ATb 2f,m, €CAU

([ ). ([ ) <

< Cg (T2—(n+m+l))’

u 2j,,+ 1, ecou

o[+ 2], o [+ 2] <
<Cg (T2—(n+m+1)).

Taxolt BoIGOp BO3MOKEH, TaK KaK ORHO M3 3THX HepaBeHCTB, eCJiH
npoucxoanT Dp, 006A3aTeIbHO HMeEEeT MECTO; €CJAH K€ BBIIOJHEHB!
o6a HepaBeHCTBa, TO BHIOOp MeXKAY YKa3aHHBIMH 3HAYEHUSAMH
jnm ~+ 1 IpousBoeH.

ITepexons B cooTHowienusx (8) u (9) k mpenpeny npu m-—» oo,
IIOJYUYHM, YTO AJS KaxJA0H BBIGOPOUHON QYHKUHH, A KOTOpoi Dp
MMeeT MecTo, Halnercs Takoe T=1(0), 0 < v << T2-(D, urg

sup o (e(25 7). &(55 T +1)) <CG )

0§t<‘l¥

k+]

Sup p(g( on T'H)

'r<t<T2 (n~1

IMycty & [2-4DT, 2-nT] u 0 <<’ — ¢ << e. Hahnmercs taxkoe &,
uro (A—1)2"T < ¢/ <t"<(k-+1)2-»T. Ecn te|[t,t"], 10
aubo (Y, f)c[(k—1)2—T, (k—1)2»T 41}, an6o (f,t")<=
c[(B—1)2»T 4+, (k4 1)2-"T]. Ecan npu stom ¢/, ¢ u t” B3aATH
u3 I, To BHINOMHsAETCS MO KpallHell Mepe OJHO H3 HepaBEHCTB

pEE), EW)<2CG (), oW, EE)<2CG ().

W3 cenapalenbHOCTH npolecca BBITEKAET, 4TO OZHO M3 3THX Hepa-
BeHCTB OY/leT HMeTb MeCTO ¢ BEpPOSTHOCTBIO 1 AMs BCAKOH BHIGOPOY-
HOK QyHKuMH npouecca. ITosromy ua D, BEITEKaeT, YyTo ¢ BepOAT-
HoCThIO 1

8, (8) < 2CG (n).
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B cuay Hepasenctsa (5)
P {4, () >2CG (n)} <P (D,) <Q(n, C),

WM, YYHTBIBad, uto & = 2—»+DT, u MoHOTOHHOCTHL QyHKuui g (h)
u g(h), OKOHYATEIbHO NMOJyYaEeM

P (80> o ([l 2])}<e ([ 5] 0). @

YciaoBusi OTCYTCTBHSI Pa3pbiBOB BTOPOTO pOAA3, HCMOJb3YIOIHE
yacTHbIE pacnpejenenus npouecca. M3 nocnennedt neMMbl cpasy BHI-
TeKaeT caelryiowmas

Teopema 1. Ecau E(t), t=]0, T], — cenapabeabroiii croxa-
CTU1eCKU Henpepulenbly npoyecc co sHayeruamu 8 X, yoosrerso-
parowuil ycaosuam

Plio@W.Et—m)=CeMINlpEE+h, )=
9 =CeM}<<q(C, h), (10)
eoe

Zl g(127") < oo, 2 2% (C, T27") < o, (11)
n= n=

70 E(t) ¢ sepoarnocTvio | He umeer paspwisos eTopozo podaq.

loxasareascreo. ITonoxus B uepasenctee (7) C =1, ysudun,
4TO B YCJOBHsX TeopeMbl Ag (§) =0 no BepositHocTd npu € —>0. Ho
A (&), KaK QyHKIHA OT &, MOHOTOHHO yGbiBaer npH e | 0. [Tostomy
limAg(8) npu e->0 cyulecTByeT ¢ BepoATHOCTbIO 1 H pabeH
Hyja0. B

Cuaencreue. [Tycre na [0, T) 3adan croxacTuvecku Henpepols-
Holll caydaiinbLl npoyecc 8 WUPOKOM CMbICAE CO BHAYEHUAMU 8 NOA-
HOM cenapabesbHOM AOKOALHO KOMRAKTHOM RpocTpascTee X, «Tpex-
MepHble» 4ACTHble pacnpedeneHus KOTOpO2o yO08AeT8OPAIOT YCAO-
susm (10), (11). Toeda cyujecreyer wuexoTopoe npedcrasierue
3T020 npoyecca, He umerowee paspsvleos 8TOpPo20 poda.

Ycaosua OTCYTCTBHS paspbiBOB BTOPOT0 PoOJa, MCHOJb3YIOU{HE
YCJIOBHBIE BEPOSITHOCTH. B npenriayieil TeopeMe yea0BHE OTCYTCTBHA
PaspHIBOB BTOPOTO pOJa BHIPAXAJOCh 4Yepe3 CBOHCTBA YACTHBIX
(«TpexMepHBIX») pacnpefesednii cayyaiiHoro npoiiecca. IIpusenem
pesyabT1aThl HECKOJbKO HHOTO xapakrepa. OHHM MCIOJB3YIOT Hpel-
TIOJIOKEHHS, OTHOCALUHECH K YCJOBHBIM BEpOSITHOCTSIM, W INpHMe-
HHUMBI TOrJla, KOrja HMeeTcsi BaxkHasf HH(pOpPMaUHs O CBOACTBAX yc-
JIOBHLIX pacrhpelesneHUll mpoLecca,

Iyers {§:, t =0, T[}— HekoTOpBIA MOTOK O-asre6p. [Ipeanoso-
XKHM, yro npouecc §(¢f) moauuHeH notoky o-aare6p {%:, [0, T]},
T. e. npu kaxaom [ [0, T] cayuaiinbiii saemedt E(f) Fi-H3MepUM.
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; BBenem BeqHUHHY
ae, &) =infsup[P {p (£ (s), £ () >e 81
0<s<I<s+o0KT, 0=Q], (12)
rae inf Gepercs mo BceM moaMHoxecTBaM Q' (Q' & ©), uMelolUM
BepostHocTs 1. HeTpyano 3ameruTs, uTo cyllecTByer Takoe O,

P(Q%) =1, Q%< &, Ha KoTOpOM paccMaTpuBaeMas TOYHAsi HHKHAA
rpaHHIa JOCTHraeTcsl Tak, 4To

a(e, 8) =sup{P{p(E(s). £(1))=eTsk; 0TI+ 0T, 0=,

IMokaxem, uTo AJisi cenapabebHBIX mpoueccoB ycnosue a(e, §) =0
npu 6 —0 u g060M & > 0 o6ecrieynBaeT OTCYTCTBHE PA3PLIBOB BTO-
poro ponxa. Ilyers [c, d] — dukcuposanumit orpesok, [¢c,d]<[0,T]
v [ — npousBo/ibHASE KOHEYHas I0C/1e0BaTeIbHOCTL MOMEHTOB Bpe-
MeHH £, fo, oo, tn, SCCc<h<la<<...<<tp<<d Uepes
A(e, Z) o6osnauuM coObITHE: BBIGOpOuUHAs QYHKUMA CHy4aiHOTO
npouecca E(t) Ha [c,d]NZ umeer no KpaiiHell Mepe OJLHO &-KOJe-
6anue.
Jlemmab. C gepoarrocrsio 1

P{AE DISI<2 (5. d—c). (13)

JlokasatesbcT60. 3aMeTHM IpexXAe BCEro, uyTo B CHJY CBOKCTB
VCJIOBHBIX MaTeMaTHYeCKHX OXHAAHUH npu s <! << u

P{oE@) Ew)=2elBs} = .
=M{P{pE®) tW)=elT} T <ale,u—s). (14)

Beegem Tenepb cOGHITHSA

Be={0G() et <. i=12 .., k=100 L) > 5},
Ce={0@t), t@>F} Di=BNCi k=12,....n,
Co={pl) t@)>7}. |

n
Co6uiTisi B, HECOBMECTHMH, H €CJH NOJOXHTh D= U Dy, To
B=]
A(e, I) = Cy U D. JesicturensHo, ecan A(e, [) ©MeeT MecTo, TO IIPH
) e
HEKOTOPOM k BIiepBHIe BHINOMHsETCA HepaBeHcTBO p(E(c), E(t)) = 5,
T. €. OCYUIeCTBJsieTCss OZHO M3 cobmrnit By (k==1, ..., n). Eciu
npu 3toM D He uMeer MecTa, T.e. ecan o (§(f), g(d))<§-, TO

p(E(c), E(@) =0 (E(c), E(t) — p(E(te), ELA)) > %, T. €. HMEEeT MeCTO
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co6uitHe Cy. Takum obpasoM, A(e, I) < CyU D. Hmeem Teneps ¢ Be-
POATHOCTHIO 1

P {D:13:} =M {xp,|Bs} =M {M {x5,%c,|B:,} |Bs} =
=M {x5,P {Ca1F1,} | B} <a (5. d— ) M{xs, |3,

rie ¥4, Kak oGbluHO, 00O03HauaeT MHAMKAaTOp cobmrua A. Otciona
cJaenyetr

P{D|C’Ss}=ZP{Dk|%s}<a(%, d—c)M {Zxﬂkl&}<
by Py
<a(%$.d—c) (modP).
B cuny (14) P{Col%s}<a(%, d--c). TakuM 06pasom,

P{A(e, DISI<P{DIZ}+P{CISI<2(F.d—c) (modP),

uTO U HOKasHIBaeT JeMMY.
Jlemma 6. ITycre Ak (e, I) obosnauaer coboirue: E(t) umeer na
1 no kpaiineii mepe k e-xosrebanud. Toeda

P{A* e, DIg) < [2a (-4"-. d— c)]k (mod P). (15)

Hoxasareasvcrso. Ilycts B, (e, I) o6o3nayaer cO6bITHE: HA MHO-
xkecrBe (fy, ..., {;) Bolbopounasi ¢yHKuus mnponecca E(f) umeer
He MeHee k— 1 e-kose6Ganuil, HO HA (¢, ..., t,._l) YHCJIO &-KoJe-
Gauui Meﬂee k—1. Cobuitua B,(e,I) r=1, ..., n) HecoBMecCTH-

bl, H U B, (e, )=A*""(e, ) > A¥ (e, [). C mpyroft cTOpOHH, H3

A"(e, I)ﬂB (e, 1) ClleflyeT, YTO HA MHOXeCTBe (bt oo oy o)
uMeeTcs no KpafiHefi Mepe oxHO e-koneGaHue. CleZ0BaTeNIbHO,

A D ) (5,6 DNC, (e, D),

rae C,(e, [) osuauaer, uto §(f) Ha (fr, fri1, ..., tn) HMeeT no Kpai-
He# Mepe ofHO g-KoJeGaHue. [loatomy

P4, DISI< E P (B (e, DNC, (6, DITY (modP). (16)
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Hcnonbays cBoficTBa YCIOBHbIX MATEMATHYECKHX OXHMIA2HUH, [10-
JYYHM

P{B,(e, DNC, (& DI =M{M {15 o ik 551,55} <
< M {Xgr(e, 1)P {Cr (8’ I)I %tr} l %s} <

<2 (F.d—c)P{B (e, )T} (modP).

W3 nonyuennoro HepaBeHcTBa u (16) caexyer, uto

P{A* (@, DISI<2(F.d—c) ) P{B,(e, )T} =

r=1

=20 (%, d— c) P{A*(e, )|E) (modP),

OTKYZa H BHITEKaeT JOKasnBaeMmoe.
Teopema 2. Ecau E(t)— cenapabeasHoiti npoyecc u npu Ao~
b6om £ >0
lima (e, §) ==0, (17)
8->0

To npoyecc E(t) He umeeT pa3pei8os 8Topoeo poda.

IlocraTouno noKasaTh, YTO C BepOSATHOCTBIO 1 Kaxzpas BbIGOPOY-
Had (QyHKUHA E(f) MMEET TOJNLKO KOHEYHOE UHCJO g&-KOoJeGaHHi.
Iycrs [ — muoxecTBo cenapaGesabHocTd npouecca §(f). Ilpeacra-

00

BHUM ero B Buje [ = U I,, rae I, — MOHOTOHHO BO3pacrtawllas Mno-
n=\

C/eIOBATEBHOCTh MHOMXKECTB, COCTOSIIIMX H3 KOHEYHOro yHeaa 3Je-

meHToB. [lycte nano & > 0. Pasobeem [0,T] Ha m OTpe3skoB A,,

. T
r=1, ..., m, O1UHAKOBOH JJHHBbI TaK, 4TOOH 2a (%, -’—n—)=ﬁ < 1.
Torna

P{A*(e, INA) I} <P {A* (e, INA)| S} =
= lim P{Ak(e» InnAr)l%s}<ﬁk

otkyna P{A” (e, InA,)I%s}—-O (modP) u P{A%(e, INA)}=0.
Cneposaressao, P {A% (e, )} =0.

IIpuBeneM HeKOTOpLlE BaXKHbIe cnencmmx U3 JIOKa3aHHOH Teo-
pEMHBI.

Teopema 3. Cenapabeasnbii croxacTudecxku Henpepolanblil
npoyecc E(t), t<[0,T], ¢ Hesasucumbimu npupaujerusmu u co
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BHAHEHUAMU 8 AUHEIHOM HOPMUDOBAHHOM NPoCcTpancTeée X ne umeer
paspouieos T0poeo pooa.

JleficTBUTENBHO, H3 OMNpeleJeHHst NMPOLECCOB € HE3ABHCAMBIMH
NpHpalLleHHSIMH HMeEM

P{IE(s)—E@) =B =P{IE(s)—E(@) |=¢e} (modP).

C npyro#t CTOPOHBI, H3 CBOHCTBA PABHOMEPHOH CTOXaCTHYECKOH
genpepblBHOCTH (cM. Teopemy 2 § 1 ra. I) BhiTexaet, yTo

a(e,6)=sup{P[I§(S)—§(t)I>81; 0<Cs<CISCs+0< T}

cTpemMuTcd K HyJ1o npu § —>0 n mo6om € > 0. Takum oGpasom, yc-
aoBus TeopeMbl 2 Brinoassiiorcs. I

TeopeMa 2 faer cuJIbHBlE pe3yabTaThl H IJ151 MapKOBCKHX MpO-
11€CCOB.

Teopema 4. Ecau E(t), t [0, T], — cenapabearbroui mapkos-
CKULl NPoOyecc €O BHAYEHUAMU 8 METPUHecKom npocTpaucree X u
¢ sepoaTrocroio nepexoda P (i, x, s, A), ydosaersoparoujeti ycaosuro

ale, ) =sup[P{s, x,1, S, ()} r=X, 0K <Ls+0LT] >0

npu §->0, ede S, (x)— cpepa paduyca e ¢ yeHTPOM 8 TOUKe X,
S.(x)— ee donoanenue, To npoyecc E(t) He umeer paspvi8og 8TO-
poeo poda.

[TocsenHee yTBepxKIeHHe HENOCPEACTBEHHO BLITEKAaeT H3 Teo-
peMbl 2 W onpeleneHlsT MapKOBCKOro npouecca.

Peryasipusauus Bbi6opounbix ¢yHxkuud npouecca 6e3 pa3pbiBoB
BTOporo poja. Panee yxKe oTMevaJoch, 4T0, paccMaTpuBas (GyHKIHH
6e3 pa3pbIBOB BTOPOTO pOL2, OTOXIECTBASIOT (YHKUHH, HMeIOlHe
B KaXJIOM TOuKe OJMHAKOBBIE Npelesbl CIpaBa H CJeBa.

Hanomunm, uto ecau npouecc cenapabeseH, TO 3HaueHHs BHI-
6opounbix GyHKUME E(/) c BepoATHOCTHIO | ABJAAIOTCA Npelesb-
HBIMH 3HAQU€HHSAMH MNocJeloBaTeqbHOCTER E(f;) npu f;—>t 1 I
MHOXKecTBa cenapabenbHocTd. Eciu npu 3ToM mpouecc He HMeer
pPa3pLIBOB BTOPOrO pona, TO ¢ BepoATHOCThIO 1 E(f) mpH Kaxiom !
paBHo E(1—0) wmau E(f40).

Teopema 5. Ecau E(f)— croxacruuecku Henpepoisusil cnpasa
npoyecc G6e3 paapbleos 8TOP0eO poda €O BHAYEHUAMU 8 METPUYECKOM
npocrparnctae X, T0 cyujectTsyer axgusasenTrbul emy npoyece & (1),
eoibopounble pynKkyul KOTOpo2o Henpepuisnbt cnpasa (mod P).

Hoxasareavcteo., Cobutne A: npenen lim§(t+%) cylile-
->» 00

cTByeT aas kaxporo ¢ & [0, T]— umeer BEP(;HTHOCTb 1. TTonoxum

E ()= lim §(t+—:l-) B ciysae A B EF(f)=E(f) B cayuae A

n-»oo
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Hmeem

o0

go=sm= {oco.r0>}n4a,

ms=1

P (080} = lim P{(E®, ¥ () > )n4}.

C npyroi#i cTOpPOHH,

P{o@E® &>

m

=p{ 0 ol (1) >4}

k=l n

=z
—imp{ A {oeo e(+D)> 5 =

I

<nlix?oP{p(§'(f),§(t +',17)) > 717}

Takum o6pasoM, P{&'(¢) == £(f)} = 0. Ocraercs 3aMeTHTb, YTO Ha
muoxectBe A ¢yukuua & (¢) nenpepniBHa cnpasa. IR

§ 5. HenpepbiBHble MPOUECCH

Yca0BHS HENPEPLIBHOCTH mpouecca 6e3 pa3pbiBOB BTOPOro poja.
Kax u B npemblayllem naparpade, npeamnonoxum, 4to X — nosuuoe
MeTpHueckoe npocrpanctso, E(f), t &[0, T}, — cayualiHBIH mpouecc
€O 3HaueHHAMH B X.

Onpeneaenue. Ilpoyecc E(t), <0, T}, Haseisaerca He-
npepbIBHbLM, eCAU NOYTU 6Ce BblO0pOUHble (yrKyUL npoyecca He-
npeposrst va [0, T1.

JIns npoueccoB, He HMEIOUIMX Pa3pbiBOB BTOPOrO DPOAA, MOXKHO
yKa3aTb NPOCTOE JOCTATOUHOE YC/JIOBHE HeMPEephIBHOCTH.

Teopema 1. Hycre {tn, k=0,1,..., m,}, n=1,2,...,—
HexoTOpaA nocAedosareabHoCTs pasduenutl oTpeska 0,T], 0=t <

<tm< ... <tpm,=T uh,= max (tse — tn 1=1) —> 0 npu n~> oo,
I<k<m,

" Ecau npoyecc k(1) cenapabenet, He umeeT paspsieos eTopozo poda u
mn
kglp {P [E (tuk)’ g (tnk—l)] > 8} —0 npu A’n > 0, (1)

70 npoyecc E(t) nenpepolsen.
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Jokazareavcrso. OGosmpauuM uepez vy (0 << ve << o©0) uyneso
Tex 3HaueHui f, nas KoTophix p[E(f -4 0), E(f—0)] > 2e, a uepes
V(™ — YHCJIO TaKMX HHAEKCOB R, uTO 0 [E(fnn), E(far—1)] << &. Oue-
BHAHO, 4TO v, << lim v{». C apyrof cTOpOHHI, ;

n—>o

My = 3 P (p [t (ts), & (tus-] > o)

B cuny gemme Paty Mv, <M lim v < lim Mv{®. Urak, Mve =0,
n—y»oo n->oo

T. e. vo = 0 ¢ BepoaTHocThiO 1 npH Jio6om ¢ > 0. CienoBarenanHo,
¢ BeposiTHOCTBIO 1 E(f—0) = E(¢ + 0) npu moGom £. B cuay cena-
paGenbtocTH npounecca E(f)= E(ft—0)=E§({+0), 1. e. mpouecc
HenpepbiBeH.

[Tpumenum Teopemy 1 x mpomeccaM, yIOBJETBOPSAKOLIAM YCJO-
usam TeopeMbl 2 § 4. Ilycrb a(e, 8) ompenessercs COOTHOIIEHHEM

(12) § 4.
TeopeMma 2. Ecau npoyecc E(t) cenapabenen u
lim Mot(e. 9 __ @)
§>0

npu atobom € = 0, To npoyecc §(t) Henpepbigen.

Tak Kax npH BeINOJHeHHH ycaoBHs (2) npouecc E(f) He uMeer
paspeIBOB BTOPOTO DOAa, TO AOCTATOYHO IIPOBEPHTb COOTHOLIEHHE
(1). Yunrnias, uto P{p [E(tnr), E(fnr—1)] > e} << Ma(e, Afnp), roe
Atpr = tap — tpr—1, TOJYUYUM

My

M n
5" P oI5 (tas), & ()] > €} < (6 — @) max 2l g
=l 1<k<n nk

nmpu A, — 0. W
[pumensis TeopeMy 2 K MapKOBCKHM MpolleccaM, MoJydYaem
clelyrollee yCJIOBHE HENPephBHOCTH MapPKOBCKOro mpoiuecca.
Teopema 3. Ecau E(t)— cenapabeisnoul maprosckui npo-
yecc u

+PGs, 4,4, 5. (1) >0

npu 6 — 0 u awbom gurcuposarnom & > 0 pasrHomepHo no y, s, t,
0 << t— s << 6, To npoyecc (1) nenpepblgen.

3nech S (x)— nmomoanenue K cdepe Sg(x) ¢ DEHTPOM B TOUKE X
H paguyca e.

Ipoueccyt ¢ HesaBuCHMMBIMM TpHpameHnusimi. Teopema 1 Haer
TOJBLKO AOCTATOYHBIE YCJOBHS HENPEPLIBHOCTH CJAYyyadHOro Mpo-
Lecca. OxaspiBaercsi, 4TO - JJIg 4YaCTHOTO CJAydas TPOUECCOB C
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HE3aBHCHMBIMH TpPHPALIeHHAMH YCJIOBHS TeopeMbl | fBJAIOTCA Tak-
e U HeOOXOJUMBIMH. .
Teopema 4. Ecau npoyece E(f) ¢ Hesagucumoimu npupatye-
Huamu Henpepvigen, To ycaosue (1) svinoinsercs dia npoussonb-
HOl nocsedo6aresstocT {tns, K =0, ..., mp}, n =12, ..., pas-
6uenut orpeska [0, T], 0aa koropoti A, — 0.
Jloxa3aresscreo. Ilomoxum Ah:lt su%)<hp (), £(1,)]. B cuay

1~

HenpepbIBHOCTH mpouecca §(f), A,— 0 npu A— 0 ¢ BepoaTHOCTbIO 1.
[Tostomy Lim P{A,>¢e}=0. C gpyroii cropomnsl, ecau A, <4, TO
>0

P{A, > e} =P {supp & (tue), & (fne-1)] > e} =
=P {p[§(tn), E (o)l > 8} + P {p[E (), E(t)] <2} X

mn~1

XP{pEEn)h e >+ ... + klj} P{p[& (tae), & (tar-0] <&} X
XP{o[&(tam,)s E(tn. m,—1)] > 2} =

>P 8 <o) 3 Plols (), &ltui] > o)

A P
orkyna 3 P(p[E (tws), & ()] > e} < pigZ0 —0 mpn h—>0 &

k=1
Jio6om e > 0. W

Caencraue Cayuadnoui npoyecc E(I) ¢ Hesagucumvimu
npupaujenuamy rnenpepoiden To20a u ToAbKo T0204, Ko2da E(l) as-
A5eTca npoyeccom GPOYHOBCKO20 OBUINCEHUS C Henpepol8HbiM Cpeo-
num a(t) = ME(t) u Henpepoisroli Oucnepcuonnoll matpuyett B(1).

AT1o caeacTBHe BhITeKaer M3 TeopeMbl 4 u Teopembl 1 § 3 . L.

Ycaosue Koamoropoea HenmpepbiBHOCTH CAYy4ailHOro mnpotuecca.
Hokaxem ogHo yao6HOe mpsaMoe (T.e. HE HCIOJb3YiolUlee MPeano-
JIoxKeHHsi 06 OTCYTCTBHH Pa3pblBOB BTOPOrO poja) AOCTaTOuHOe yc-
JIOBHe HeNpephlBHOCTH cayyaiiHoro nponecca. OHO 0OCHOBbIBaeTCs
Ha yrnpolleHHOM BapuaHTe jJemMm 3 1 4 § 4.

Jdemma 1. Iycre E(t), t=[0, T], — cenapabeavubii npo-
yecc, yoO0BACTBOPAIOWLE YCAOBUIO: CYULECTBYIOT HEOTPUYATEALHAR
MOHOTOHHO Heybuisaroujan ¢ynkyus g(h) u Pyunxyus q(c, h),
h = 0, raxue, uto

Plo(+h),EQ) > Cer)}<q(C, h) (3)

G=2eg(@7T)<w, Q)= X29(C,27T)<ee. ()
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Toeda
P { sup__p(&(t), 1) > M}<Q (%) ®)

o<t <17
u

P{ sup_pC)5en)>C6 ([ 5]) )<
<([le5] €).  ®

20e

G(m)=n§mg(2'”T). Q(m, C)=n§m 2%q(C, 27°T). '(7)

Jas JoKa3aTeJibCTBA 3TOH JeMMbl AOCTATOYHO MOBTOPHTD B YNIPO-
HMIeHHOM BMIE pPacCyXAeHUs H3 [HoKasaTeapcts JjeMM 3 u 4 § 4.
OrpaHuynuMcst caMbIMH KPATKHMH YKasauusMu. BBomum coObitud

An={o(e(551). t(3 7)) <CeD}.
k=0,1,...,2"—1, n=0,1,2,...,

o 2P

# nosaraem D, = ﬂ ﬂ A,z Torna
n=m k=0

P{D,} <Q(n, C).
Hs D, Buitekaer, uto s Jiobbix {7 u t” us f
p (), 8 (1) <2CG;

ecnu ke, kpome D,, BeImosnHensl HepaBencrtBa 0 < " — ¢ << 2-77,
o p(E(Y), E(!))<<2CG(n). Paccyxkpasi Tak Ke, Kak H [pH
OKOHYAHHN [0Ka3aTeJdbCTBAa YNOMIHYTBIX JeMM § 4, moayuum Tpe-
6yemoe. Ilpu stom cienyer uMeTb B BUAY, UTO U3 ycaoBuit (3)
(4) BHITeKaeT croxacTuueckas HempepuBHOCTH mnpouecca E(f). M

Teopewma 5. [lycro swownoanenst ycaosus aemmor 1. Tozda
npoyecc E(t) Henpepbisen.

B kauecTBe yacTHoro cjayuas, xKorfa yciaosus (3) u (4) okasb-
BAlOTCH BHIMOJHEHHBIMM, PACCMOTPUM I[POLECC, YAOBJETBOPAIOUIUH
YCJIOBHIO

Mo [e (), UM< LI" =11, (8)

rie p>0, r>0. IMoroxum gh)=r", rae 0<r <r. Toraa

’ N\ - r—r’
o([ier ) <K, » O(fisgc]. ) <C0a " e K
¥ K, — Hegoropbie nmocrofHHeie. K3 TeopeMbl b BhITeKaer
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Cnencrsue 1. Ecau cenapabervnvud cayuainoui npoyecc.
E(t) yoosaersopsaer ycaosuro (8), TO OH HenpepbLEen.

IlpuBenem ewie onHO YyecaoBHe, obecneyuBaioliiee BHINOJHEHHE
npexnoaoxenuit (3), (4), 6onee obiee, vem (8). Ilycto

! .
Mp” [ (1), E(t + h)] <_|E+hhlllﬂ—" p<r. (9)
Ecan nonoxuts g(h)=|1gy[A{I”"", rne p <r’ <r, 1o nosyunm
¢=Yligle"|" <o, QO<= Lr < c.
—n I+r—r’
n=0 > cPlig. |27 T ||

Crnencrteue 2. Ecau cenapabeavnoiii npoyecc E(t) yodosae-
T8OpAeT cooTHOWerRUto (9), To OH HenpepbiseH.

lFayccoBol npoueccbl. [IpuMeHuM npeablayliHe pesyabTaTh
K OJLHOMEPHOMY cenapalbejbHOMY BelleCTBEHHOMY TayCCOBCKOMY
npoueccy E(f), 1[0, T], ¢ xoppeasuuonHo# ¢yukuueir R({) u
cpennum 3Havennem 0. PasHocrs E(f 4 h)— E(f) wumeer aucmep-

CHIO

IToaTomy

00 t?
2 -
PUEE+A—201> Cemy=—2= 7T ar
T a
rae oo = Cg(h)o~'(¢, h). Bocnonb3oBaBiich HEPABEHCTBOM
S et df <+ e (10)
[

KOTOpOe HEeTPpYAHO TIOJNYYHTb, NPUMEHAA K .HEBOI/I qacTH HepaBeH-
CTBa UHTECTPUPOBaHHE NO 4YaCTsAM, HOAYUHM

ot h -zt
— A L 202(¢, h)
PUE+R—EO> Celh) < 5= Tot e .y
Teopema 6. Ecau eayccos npoyecc ydosrersopaer ycaosuro
K
o (¢, h)QW, p>3, (12)

TO OH Henpepsleex.
Hokasaresscreo. TMonoxum g(h)==|In|A||™", rge p’ — moboe

YHCJIO, YJAOBJETBOPMAIOILEE HeEpaBencTBy I<p’<p—§—]—. Torpa
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MOXXHO MPHHATH
RTIOTT Lad

K’ — —
C,h)y=— K
q(C, k) ATATEES ,

u pansl (4) 6yayr cxoautbea. OTciona BbITEKaeT YTBEPMKAEHHE TEO-
pembl. W

§ 6. CyOmapTHHraibl HepepbiBHOIO AaprymeHTa

CyGmapTunranasl (CynepMapTHHraJlbel, MapTHHTa/bl) ObUIH BBe-
mennl B § 6 ra. I11. B Hacrosimem naparpade Gyzer nokasaHo, 4TO
[pH BeCbMa WIMPOKHX OPEANOJIOKEHHAX cyOMapTuHrafbl (a CJefo-
BAaTe/bHO, CYyNepMapTHHIaAbl U MapTuHrajibl) 06/a1al0T Hempephis-
HBHIMH cnpaBa mMoauduxauuavu. [Ipa stom Teopemsl o cyuiecTsoBsa-
HUH cenapabenbHOf MOAMGUKALNM HE OYAYyT HCMOJIb30BAHBL.

OTMeruM cuayvana, yto ycradoseuuble B § 1 ra. [I uepase-
€TBa IJsA cyOGMapTHHra/loB NOCNeNOBaTeabHOCTel 6e3 Tpyma mepe-
HOcATCA Ha cyOmaprudransl E(f), 8agaHHble Ha MNPOH3BOJILHOM
cueTHOM MHOXKecTBe S [0, 00).

Nycts {Jy, t = S} — HekoTOpPHI MOTOK 0-aJredp, C > 0.

Ecnu {g(¥), &, t =S} — cy6maprunran, 1o

sup ME™ ()
a) Pisupe () > C} < =2 )

6) nyctb v(la, b], S)—uuciao nepeceuenuit orpeska (a, b]
cBepxy BHH3 dyHkuuent f(f)= E({, w) na mHoxecrse { = S. Toraa

supME () — o)t
Mv([a, 8], S)< £=2 C H 2)

B) ecan mpu nexotopom p > 1 MY ()]" < o0,
Msup[e* 0 <¢”supMIe* (0] (3)

Hoka3aTeNbCTBO Takoe ke, Kak M B clydae, Korga S — nocie-
moBatenabHocts S ={1,2,...,n,...}

Paccmorpum cy6maprusran {E(f), §, t [0, o)}. [IpeanoJo-
KHM, 410 o COEPKHT BCe MHOKecTBa BepostHocTH 0. [loxaxem,
YTO MPH HOBOJBHO WIHPOKHX YCJOBHAKX CYHlecTByeT MOAM(HKANUA
npouecca §(f), BpIGOpouHble (PYHKUHH KOTOPO# ¢ BeposITHOCTBIO 1
HMeloT npenes cnesa (f > 0) u HenpepbiBHBL cnpasa AJs NOGLIX
t>0.

C 370#l uesabic BHIGEpPEM HEKOTOPOE  CYETHOE BCIOAY MJIOTHOE
Ha [0, o) mHOXecTBO S W paccMoTpuMm cyxeuue E(f) Ha S.
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IMonoxum
Noop={0: v((a, b], SN0, n] ) = oo},

Ly={e: sup& ()= oo, t= SN0, n]},
Ly ={o: inft ()= — oo, t=SN[0, ] }.

U3 nepaBenctBa (2) caenyer, uto P (Npep) = 0 naa 06X 1, a, b.
Taxk Kak

P(L2)< X Mlimv (— &, —m], SN0, n]),

m==}

TO B CHJIy TOTO XK€ HepaBeHcTBa (2)

o0 . i +
PLY<Y lim MEm? g,
m=1 k;)x

Hakonen, u3 HepaBencrsa (1) caenyer, ytou P (L;) =0. Ilycts

W= () uLi022),

rie a n b npoberaloT MHOXKECTBO palMOHaJbHBIX uHces]. Torma

P(N)= 0. Herpynuo teneps yBuaeTh, uto ecin o & N, TO B JI0-

6ol Touke ! E(S), s = S, nmeer npeneas cieBa E(f— 0) u cnpapa

E(¢ + 0). HeficreurenbHO, ecan Obl NPH HEKOTOPOM ¢ XOTS Obl OMMH

U3 3THX NpeNeJoB He cyllecTBOBaJ Obl, Hanpumep E(f— 0), To Be-

JuanEbl b’ =1img(s), o’ =1limg&(s) Oblau 6bl KOHEUHHIMH H He
s>t S>1

s>t
s<t s<t

paBHbIMM Apyr apyry. Ho Torna nns mpousBOJIbHOI mapul paiuo-
HaJbHLIX yucea (4, b) Takux, uto @’ < a << b << b’, uyuciao mepe-
ceuenui orpeska (a, b] npoueccom E(s), s S, s < {, 6bIo 6H
GecKoHEUHBIM, YTO MPOTHBOPEUYHT ycJoBHIO w & N. Tlosoxum nas
Jao6oro 1 =0 n(f)=E({40), eciu 0 & N, u n(¢f)=E(f) npu
o e N. Torna npu © & N oynkuust n(f) npu Kaxnom ¢ >0 ne-
npepbiBHA cnpaBa H uMeeT npenen ciaesa (n(f—0)=g(t—0)).

Beenem 0-anre6pel 4, ¢ =0, nosoxus Ty, = t&. Oxye-

s>

BHAHO, 4TO {§4, == 0} obpasyior noTok 0-aire6p, Fu comepxar
BCe NOAMHOXKeCTBA BeposATHOCTH 0 H 1 (f) Fi-usmepuma. ITokaxen,
uto {n(?), §us, ¢ = 0} — cy6mapTunran.

Tax xak mnoclen0BAaTENBHOCTE E(Sn), SI=Se==...= Sp =
= ..., Sp | S, DaBHOMEPHO HHTErpHPyeMa H CcXOAHTCA K 1(5)
B &1, TO B HEPABEHCTBE

fecaap<{emar, s,<t Beg.,
B

B
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MOJKHO TIepeATH K mpefeay npu n — oo. [losyunm

fneaP<{emar.
B B

Anaaoruuno y6GexpaeMmcs, 4TO B NPaBoil yacTH MNOCAEAHEr0 Hepa-
BEHCTBa MOXHO 3aMeHHTb §(f) Ha 1 (). [Tonyuum

fn@aP<{n@ar. (4)
B

B

drto pokasniBaer, uto {n(f), Ty, ¢ = 0} — cyOmaprunran.

Teopema 1. [lycro {E(t), &, >0} — cybmapruneaan,
S = T u Pynxyua a(t)= ME(f) uenpepvisra cnpaea 0aa scex
t > 0. Toeda cywecrsyer modupuxayus {n(t), §: ¢ =0} npo-
yecca E(t), svibopounsbie ynkyuu KOTOPOd ¢ eepo,qmocrbro 1 npu
xamdom t Henpepoulenbr cnpase u umeiT npedenvl caesa.

Hokasareasvcrso. JlocTaTouyHo NOKa3arb, 4TO paHee MNOCTPOEH-
mbiil npouece {n(¢), §: ¢ = 0} sBAsgerca MonHPHKaNHEH 3aNaHHOTO
npouecca. AnaJioTHIHO HepaBeHCTBY (4) noayuaem

Sg<s)dP\§n<t)dP V(t, B), t=s, BeS,
B

wim £(S) << M{n(?) |8}, s <t Tak xak Beanmuuna n(f) F;-usme-
puMa, TO

EOSMMOIB}=n@E=t(¢+0) (modP).

B cuny paBHOMEPHON WHTETPHPYEMOCTH NOCJAeN0BaTeNbHOCTH E(fn)
npu t, ¢

M &+ 0) — £ (0) = lim M2 (1) —§ () = lim (a(t,) — a () =0,

YTO BMECTE C NPeABIAYLIHM HEPaBEHCTBOM Haer
E¢+0)=E@)  (modP).

3aMeuanune YcaosHe Fi+ = T ObJI0 HCNOAB3OBANN TOJLKO
s TOro, yToObi HMeTh BO3MOXKHOCTH YTBepXKAaTh, 4TO 1 (f)—
K-u3MepHMas ciayyaiiHas BeauudHa. [loatomy Teopema 1 ocraercs
B CHJe, €C/IM 3aMeHHTb ycaoBHe §: = §4 clenyolinM: caydafnas
seanunna & (f -+ 0)= 11+m t(s,) Byusmepuma.

CanepcrtBue. HyCTb g(t) — cybmapTuHeaa OTHOCU-
TeAbHO NnOTOKQ O-areebp {F;, 0} 30e %, — nonoainerue o-ai-
2e6pot, noposcdennoil C/Lyttadubmu geaununamu (£(s), s << 1), cro-
XacTuvecKy HenpepuleHulll cnpasa:

Eﬂp{lg(f)—E(t+h)l>s}=0 VEe>0,t=0).
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Toz0a cywecrsyer cybmaprunear {n(f), &, ¢t = 0}, croxacru-
yecku 3KsusarentHoul npoyeccy E(t), ¢t =0, svibopounble pynk-
YUy KOTOpo2o ¢ BEPOATHOCToI0 | HenpepbiBHoL cnpasa u. UMET
apedeabt caesq.

Jis1 moKasaTeJbCTBAa HYXHO HPOBEPHTH, 4TO H3 YCJIOBHA CTO-
'XacTHYeCKOl HeNPEephiBHOCTH BbITeKalOT ycaosus TteopeMbl 1. Tak
kak E(f 4 h) npu A} 0 cxoasTca mo BeposTHOCTH K §(f), TO mis
Ka10ro { HalifleTcs 1MOCJAeI0BaTeNbHOCTD Iy, Iy | ¢, In € S, Takas,
‘yto E(¢f)=lim§(f,) (mod P). CaenoBarennbho, §(f 4 0) §;-usme-
‘pumo. U3 paBHOMepHO# uHTerpupyemoctu cemefictsa E(fn), n =
=1, 2, ..., caeayer, uto a(f)==ME({) = MIlimE(t,) =
= lim Mg (¢,) = lima(¢,), 1. e. a(t 4+ 0)=a(f). YuurbiBasa 3a-
MeuaHHe K Teopeme 1, mosyuaeM, urto npouecc {n(f), i ¢ > 0}
‘ABJsieTcs cyOMapTHHTrajJoM c Tpebyembimu cBoiictBamu. W

W3 reopembl 1 § b BeITeKaeT ciefymollas TeopeMa.

Teopema 2. Iycro {§(!), t = [a, b]} — cybmaprunean, ydo-
-BAETBOPAOWULL YCAOBUIO

n—1
lim 2 P{E(twre)) —E() | > e} =0,

m,f"ltnkﬂ"'nkl"o k=0

206 A=t <ty <...<tluwn=0"b. Tozda on obaadaer Henpe-
_puienoil modupurayued.



IT'TABAYV

JIMHEWHDBIE NPEOBPA30BAHHS CJYYAHHDBIX
NMPOUECCOB

B macrosilllell TJiaBe pacCMaTpHBAIOTCS JHHEHHBIE ONepaluy Hal.
cayyaliHbIMH Tiponeccamu. IIpuMepaMu Takux onepaulnf sBIAIOTCE
nuddepeHINPOBaHNEe U HHTErPHPOBaHHe MPOIECCOoB, NpeobpasoBa-
HUA ¢ noMouwblo AHddepeHIHANbHEIX H HHTErpajJbHLIX ypaBHEHHH.
3ajgava nporHo3a 3HaueHHs CAyvYafHHOH GQYHKUMH HJId 3afada BHI-
IeJeHHs T0Je3HOH KOMIOHEHTbl H3 HaOJIIOJIeHHbIX 3HaueHHH cCJay-
yalHO# (YHKIMH, NMpencTaB/siomlell coB0i0 CyMMYy NepenaBaeMoro-
CHrHaJa M HCKa)KaloILero «ilyma», 4acTo peliaeTcs B paMKax Teo-
pUH JIMHEHAHBIX NpeoGpa3oBaHMH CJAyYalHBIX NpPOLECCOB.

Hns u3ydyeHHs] BO3HHKAKOLIMX NPH 3TOM npobjeM paccMaTph-:
BaeTcsi THAbGEPTOBO MPOCTPAHCTBO CAY4YaHHBIX BEJHUYHH, 4TO MO3BO-
JsieT B psle caydyaeB MOJNYYHTh 3aKOHUEHHBIe M yAo6GHble AJS NpHU-
MeHeHHH pemienusi. IIpennosaraercs, 4To YuTaTesJb 3HAKOM C dJe--
MEHTapHBIMH TOHSATHAMH TEOPDHH THMJIbOEPTOBHIX NMPOCTPAHCTB.

§ 1. 'mab6eproBnl cayyaitHpie QyHKIHH

IMycrs {R, &, P} — BepoATHOCTHOE NPOCTPAHCTBO.

Onpeneaenue 1. luavbeprosvim npocrpancréom £a=
= P(Q, &, P) cayualubix seiuuun BePOATHOCTHOZ0 MNPOCTPAH--
créa (Q, ©, P) HA36i6ar0T MHONCECTE0 KOMRAGKCHOBHAUHbIX CAY-
uainoiy sesunun §=f(0), o &€ Q, 01a koropeix M|Z|?<< oo.

CkansipHoe npousBefienne B £ ompepessiercs (GpopmyJioi

(;’ n) = Mgﬁ) C’ n = 22-
B coorBercrBHM ¢ 3THM onpeneneHueM Hopma || § | cayuaiiHoit Be--
JIMYHHBI { paBHa
Iel={MigPy".

IBe cayuyaiiibie BEJHYHHB { H 7) OPTOTOHAJIbHBI, €CJH

€, n)=Min=0.
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Jlas peficrBuTeNbHOR cy4YaidHON BeauuyuHsl § kBagpat HopMbl | 12
coBmagaer ¢ MoMmeHToM Broporo mopsaka, |l {2 = M2, a npu
M; = 0 — ¢ mucnepcueit. Ecam § u n peiictBurenbHnl u M{ =
= Mn =0, T0 UX OPTOrOHaJbHOCTb O3HaYaeT HeKOPPeJHPOBaH-
HOCTb.

Onpeneneunne. Komnaexcnosnaunasa cay4alinas Qyuxyua
£(8) (6 = 0) razosaerca eurvbeprosol, ecau

Mg () < oo, 6=0.

Cunbbeprosy caydailHylo GYHKIHIO MOXKHO PaccMaTPusaTb Kak
3alaHHYI0 Ha O QYHKUMIO CO 3HAUeHHEeM B THIbOEPTOBOM MPOCTPaAH-
crBe Lo

0—>2(0)=Ff(0, 0) =P,

B wuwacrHocTH, Kora © ecTb MPOMEXYTOK HelCTBHTEIbHBIX YHCEN
(a, b), ruab6eproBy cayuadHyio QYHKHUIO C/AelyeT paccMaTpUBaTh
KaK HEKOTOPYIO JIMHHI0O B THJAbOEpPTOBOM mpocTpaHcTBe £y H 3a-
muck § = §(0), 0 =(a, b) siBaseTcs nmapaMeTPHYECKHM ypaBHEHHEM
3TO#l nuHUM. B Hacrosmle#l rsaBe PacCMAaTPUBAIOTCHA TOJNLKO TH/Ib-
6epToBbl ciayuaiiHble QYHKIHH, TO3TOMY CJIOBO «Td/bGepToBa» 4acTo
OyneT ONyCKaThCd.

[lycts Ha © 3agaHa HeorpuuaredbHas ¢Qynkuua ¢(0), npuHu-
Maroulas CKoJb YTOZHO MaJible HOJOXHTENbHbIC 3HaYEHHS.

Onpenenenue. Cayuaidnas sesuduna n € £, Hasoi8aerca
cpedueksadparuieckum npedesom (KpaTtko — C. K. npedesom) euab-
6eprosoil cayuaiinoid pynkyuu §(8) npu $(8)—0, ecau §(8)—n
npu P (0)— 0 8 cmbicae cx00umocTy 8 2urbbepTogom NPOCTPAHCTEE
Po, T.e. ecau Oan atobozo g > 0 Haiddercs Takoe § > 0, uro -

Min—2@®F<e
drs acex O raxux, uto 0 << P (0) < 6.
B uacrtHOCTH, ecii © — MeTpHUYECKOe MPOCTPAHCTBO C METPUKOH

r(0;, 02), To pyukuua £(0) uasbiBaerca cpedHexsadpaTudecKu He-
npepbienoll 8 Touke By = O (c. K. nenpepoiaroll), ecau

MIZ(0) —2(B) F—>0 mpu r(By, 6)—0. (1)

Onpeaeneunue. Kosapuayued B(0:, 02), (01, 62)e< 62,
2unrvbeprosoli cayqatinot Qyukyuu {(0) Hasbieaercs seAuduHa

B (6, 05) = ML (8:) £(8,) = (2 (81), £(8,)). @)
Jdemma 1. Haa toeo 4robsr caydainas ¢pynkyus §(0) umeaa
. k. npedea npu p(0)— 0, neobxodumo u G0cTATO4HO, 4TOGbL CY-
wjecrgosaa npedes lim B(0y, 02) npu ¢ (01)+ ¢ (02)— 0. Ecau 910
ycaosue cobarodaerca u n =1.i.m.;(6), ro
$(6)->0
MinP= lim  B(8, 6,). 3
v (6)+Y (6;) >0
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HoxasaTelbCTBO 3TOH JIeMMbl HECJOXHO H MOXeT G6hTh ony-
LIEHO.

Caencreue. [as c K nenpepvissocTu [(0) 8 Touxke 0, He-
ob6xo0uma u OOCTATOUHQ HenpepvisHOCTy Kosapuayuu B (08, 0,)
g Touke (Bg, Oo).

Heo6xoauMocTb BEITEKaeT K3 JIEMMbl 1, a JOCTaTOYHOCTH NpO-
BEPSETCSH NPOCTHIM NOXCUETOM,

3amevanne M3 c.x. HenpepusHocTH §(8) B TouKe Oy BbI-
TeKaeT CTOXaCTHYeCKasl HENpepLIBHOCTb (0) B Toi ke Touke. Iei-
CTBHTEJILHO, B CHJY HepaBeHcTBa UebbllieBa

P{12(8) —2(60) | > e} << Mlcw);ueew_

Ecau §(0) c. k. HenpepbsiBHB Ha © (T.e. B Kaxigo#l Touke O), 1O
5TO He O3HauaeT, uro BHI6ODOYHBle QYHKIHU C BepoOATHOCThIO 1 He-
npepeiBEH Ha O. [elicTBuTesbpHO, 145 mnporecca Ilyaccona umeeM
MIT(t + h)— C(?) | 2= MAh 4 (AR)?, HO BBIGOpOUHBIE GYHRIHU {(f)
¢ NMOJIOKHTEJBHON BepOSITHOCTbIO PA3PLIBHHL.

WccnenoBanne Truab0epTOBBIX CAYYaHHBIX OYHKOHE ¢ olmel
TOUKU 3peHHud sBJsercd 3ajgaueil uccaenoBauss (QyHKUHH B 0OOBIU-
HOM CMLICJI€ CO 3HaYeHHAMH B THJAbOepTOBOM mpocrpaHcree. Hc-
N0JIb30BAHNE KOBAapMalii{, PAaCCMOTPEHHE Da3/JIMYHBIX THIIOB CXOJIH-
MOCTH, NpPHMeHeHHe CNelNUuHYECKHX TEOPETUKO-BEPOATHOCTHLIX [10-
HATHH TpPUAAeT 3ajauaM aHadu3a cAYYalHBIX (QYHKUUH HeKOTOphle
OCOBGEHHOCTH.

Hurerpuposanne. Ilycte {O, A, m}— nonnoe cenapaGenb-
HOE METPHYECKOE INPOCTPAHCTBO ¢ GO-KOHEYHOH 1HOJHON Mepoi,
{£(0), 6 = O} — runpbepToBa ciayuaiinas ¢ysaruus. Ecin koBapua-
uust B(0;, 62) HenpepeiBHA B Touke (0, 0) m-moutn njas Bcex 6, TO,
B cuay JemMbl L nm Teopemnt 1 § 3 ra. IV, nas §(0) cywecrsyer
CTOXAaCTHYECKH 3IKBHBaJEHTHasi, HadMepuMmas U cenapabesabHasi cay-
yaiiHas QyHKUMS. DTO 3aMedaHHe NMOKa3blBaeT, HACKOJAbKO OTpaHH-
YMTEJbHO NPHUHATOE Bhimle AonylleHue. K3 teopemwr 2 (ra. 1V, § 3)
HENOCPEJICTBEHHO BBHITEKAET CJIElCTBHE.

Teopewma 1. Ecau

S B(6, 8) m (d6) < oo, (4)
e .

TO ¢ gepoarHocToo 1

{1z@ Pm@e) <o
-]

M{12© Bm(@0)={ B, o)m@o). 5)

e e
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Caencrsue. Ilycte f;(0), i=1, 2, — pyuxyuu u3
Z2(0, ¥, m) u soinoaneno ycaosue (4). Toeda ¢ sepoarxocrsio 1
CYWECTBYIOT UHTe2pAAbL

ne="{ 1:(0)2(6) m (d0),

8
npudem 8 cury reopemor Pybunu

Mn,i =M { {100 72850088 m (@0, m (d;) =

8 9

= { {1160 B(®1, 8 8 m (d0,) m (d0y).
0 6

CaenaeM HeCKOJBKO 3aMedaHMil 10 NMOBOAY ONpENeJEHHS HHTE-
TPAJOB OT CAy4YalHBIX YHKIUH.

3ameuanue l. [Tycrs BoinosHeHo ycioBue (4) u m(8) << oo,
“Toraa uHTerpan

{z@ mas) (6)

2]

I H3MEPHMON caydadHol ¢(yHKuuu §(0) onpemesnen H KoOHEuUeH
< BeposATHOCTbIO 1 s Kaxpol peanusauun [(0). Ilpu ompezeie-
HHUH HHTerpasa (6) MOXHO NMOCTYNHTb HeckoJbKO HHaue. HMuterpad
(6) MOXHO ONpefe/HTh KaK C. K. Npefes JeGeroBbX HHTErpaJabHbIX
cymMMm Jas §(0). Herpynro yGenuThbest, 4TO 310 OompejesieHHe COBIa-
Aaer ¢ oObiuHbIM. JlJ11 ZOKasaTeNbCTBA JOCTATOYHO OrPaHUUYHTHCS
HEOTPHIATE/IbHBIMA C/IyYaHHBIMH BeJanunHaMH. [lo ompexeseHuo
uuterpasa (6) ectb npefeJ npu a — oo '

{2, ) m(a0),

(-]

TAe [n(0) — MOHOTOHHO HeyOHIBalOllasg NOCAELOBATEIbHOCTb CJY-
yafHBIX (QYHKIMH, NPHHHMAIOIUX KOHEYHOe YHCJIO 3HAYEHHH H Ta-
Kdx, uto lim £, (8) = §(0) VO & 0. Umeem

M| §2(©)m (@0) — {2, (a0) m (a0) r<M {120)— 2.0V P (a0).
e (] -]

Tax Kak 0 << §(0)— §n(8) << L(0), T0 B cuay teopemn JleGera
S Z (8) m (d6) = 1.im. S ¢, (8) m (d9).

(2] (2]

Sameuanue 2. Paccmorpum cayuaiinwiit npouecc {¢(f),?! <
< [a, b]}. Unrerpan

b

femar

a
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4acTo onpeneNfanT KakK C. K. npeae/ HHTerpajbHblX CYMM

k;z(t,,k) Alps,

Atnk——"tnk'—tnk—l’ a=t,,o<t,,1< [T <f,m=b.

Jna cymiectBoBaHHA C. K. mpefesta 3THX CYMM B CHJY JeMMbl
HeoOXOANMO H JOCTaTOYHO CYIeCTBOBAHHSA Mperesa

n m n m
ngg (tuk) Atnk k2=:'1€ (tmk) Aty = kgl =, B (tnky tmr) Atnk Al(mr

npu n, m-»>oo0, T.e. HHTETpHpyeMOoCTH 1o PnMany o¢yHxkunmw
B(t, s) (a <t s <<b). Takum o6pa3om, HaHHOe ONpeleseHHe HH-
Terpajia siBasierc 6ojiee y3KMM MO CPaBHEHMIO C NepBOHAYaJbHHIM,.
HO 32TO OHO HE CBSI3aHO C TMOHSITHEM H3MepUMOCTH fpolecca. Jlerko-
y6enurtbcs, UTO, KOrZa NPHMEHHMO TNoc/JefHee ONpefieseHHe HHTE--
rpaia, oHo npusoiuT {mod P) K TOMy e pe3yJnTaty, uTO H HC-
XOJHO€,
IeiictBuTensHO,

b n
M| §c@dt— Y 2t Atue
k=]

a

2

n n L tnr
=Y | Bt.9—B¢ tw)—Bltw 9+
Emtr=11, poy by, -
4 B (ot tar) dEdS <2 Y Qur =0,
kel pe=|

rae Qi — Kode6aHue GyHKIHN B (4, ) B IPIMOYTOJbHUKE [y p—) S
<t<tnkv tn,r—l<s<tnr' .
3ameuanue 3. Ilog HeECOGCTBEHHBIM C. K. HHTErpajoM

S;(z) dt (mm Sg(z) dt) @y

- 00

YCJOBHMCSl TIOHHMAaTh npefes

N N

Lim. {z@at (l.i.m.Sg(t)dt).

N->oo

-N a

Insa cymecTBOBaHMS 3THX HHTErpajoB B CHAY JeMMb | Heo6xo-

AUMO U JOCTATOUYHO CyuleCTBOBaHHe Npeae/ion '
N N

N N
 Jim _SN ij(t, s)dtds (N’ lim w§ §

’

B, s)dt ds) .
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D10 omnpenenesne HECOGCTBEHHBIX WHTErPajoOB B HEKOTOPBIX cJay-
qafx okasbiBaercl GoJee [MHPOKHM, YeM MOHMMAaHHE HHTErpajob
(7) kak uurerpaiop JleGera ot ¢ymkuuit [(f) npn (HKCHPOBAH-
HOM .

3akon Soabmux uuced. [lycts {§(f), ¢ = 0} — uamepuMmblil ruib-
6epToB NMpOLECC ¢ HHTErpupyeMoll KoBapualued Ha KaXAOM KOHed-
HOM mpomexyTke. Bynem rosoputs, uto {{(f), ¢ = 0} ynosserso-
psAeT 3aKoHy GOJIBUIHX YHCeJ, eC/id B OMpELEJeHHOM CMBIC/Ie

T
;—Sg(t)dtac upy T — oo,
0

U3 nemmbl 1 BhITEKaer, 4TO s CyLLleCTBOBAHHA CPEAHEro
T

Lim. - S z () dt
0

T->o0

HeoO6X0AHMO U JOCTAaTOYHO CYLLECTBOBAHHE Mpee/a

T T T T
lim M—}—Sg(z)dt—#SMdt= lim 7 | { B, syatas.
I, T' > 3 3 T, T =>» 3¢

I[a.nee, NJisT BBHIITOJIHEHHUA paBEHCTBA

T T
. 1 1

HeoO0X0oAUMO H JOCTaTOYHO, ytoOBLl BBLINOJHAJOCH COOTHOLICHHE

T
. 1
T,lrlﬂm_ﬁ'—g(SR(t’s)dtdS:O' 18)

rie R (Z, s)— KoppensunonHasa GyHKIUHA npolecca.
HerpynHo 3ameTuTh, 4TO

TT 2 TT T/ T/
(R 9atas <{ (Rt saras (R, 5)ads.
90 00 0 0

Tlosromy paBeHCTBO (8) MMeeT MecTo TOrJa H TOJBKO TOrAa, Koria
T

T
lim —‘—S SR(t, s)dt ds =0. )
0

T2
-0 3
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Jsis craumonapHoro mpomecca B LIMPOKOM CMBbICJe R(t, s)=
= R (¢t —s). Tak xak

TT T

1 1 | ¢}
= Ru—garas =L (roy(1 = L) a,

00 ~T

TO NOJy4YaeM CJAeNyOUIHHA pe3yabTar.
Teopewma 2. Ecau L(f)— cmuuouapubtu 8 WUPOKOM CMbLCAL
npoyecc, To 04 BLINOAHEHUS PABEHCTEA
T

nm-—S;(t)dt_M:(t) (10)
Heobxo0umo u Gocrarouno, 4Tobbi
T
| f
Jim - STR(t)(l—iT—')dt=0. (11)

B uacraocTtH, ycaosue (11) BommosHseTCH, ecan cpepHee 3HA-
YeHHe KOPPE/IALHOHHON QYHKUHH PaBHO HYJIIO:

T
1
-7 ds=0.
T-}oo 2T SR(S) $
Bripasum yciosue (11) uepes cnektpanbuylo ¢yHKOMIO 1pO-

necca. Mimeem
T

%—STR(I,‘)(I '”)dt_ S F (du) -

-

...!L/ﬁﬂ

OTKyIa

T )

1 t 2(1 — T

F (R0 ()i {2050 iy
-7 —

~r(oy+ | 20l gy,

rie F(A)= F(AN\{0}), {0} — mHoxecTBO, cocrosiiee H3 OLHON
Touku u = 0. Herpynno Bugerb, uro npu T — oo mocregduil uH-
TerpaJj cTpeMHTCs K HyJi0. [Tostomy :

T

Tﬁ_{&%_STR(t)(l — Yy ar=r (o). (12)

Taxum o6pasom, umeer mecto
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Teopema 3. Jlaa CTAYUOHAPHO20 8 WUPOKOM CMbiCAE NpPO-
yecca pasencrso (10) umeer mecto To2da u ToabKo TO20a, KO2OQ
T e20 cnekTpaavHas QyHkyus Henpepoisrna 8 Touke u = (.
Huddepenunposanne. I[lyctv {L(f), t=(a, b))}, —oo < a <<
<< b << -+ o0, — rub6EpPTOB cayualHHH npouecc.
Onpenenenne. Cayuadnoui npoyecc {{(1), t =(a,b)}, c x.
" Qupdpepenyupyem s Todke 1y (Ouppepenyupyem 8 cpeduem K8ao-
parTuvecKon), ecail cyuecreyer

¢ =1im £OXHZEE. -y g4 he @, ).

Cayuaiinas seausuna ' (t)) nasviéaercs c. K. (cpedunexsadparutie-
ck0i) npou3sodwnoli cayualinozo npoyecca 8 Touke Iy

Jlerko naiTh HeoGXONMMBle H JOCTAaTOYHbIE YCJOBHS C. K. AH(-
depeHIpyeMOCTH cyuaiiHoro mpouecca. Tak Kak

M Ello+h)—C(t)  Llhot+h)—E(t) __
h hy

=—h:T {B(to+ h, t,+ hy) — By, to-+hy) — Bto+h, 1) + B (t, 1)},

TO B cuay JeMMb 1 14 c. K. AuddepeHnHpyeMOCTH mnpouecca
&(f) B TOuKe f;, HeOGXOAMMO H IOCTATOYHO, 4TOOBI CYLIECTBOBaJa
o6obuieHHas CMellaHHas NPON3BOJHAR ‘

2B {1, 1)) -
EO lpprmy,

B (ty+ A, ty 4+ ki) — B (ty, to + k1) — Bty + h, tp) + B (1, {5)
hhy *

= lim
© kb0

Us ¢ k. nuddepesunpyeMocTH nponecca B TOYKe ! H HepaBeH-
CTBa

[M (v — L= ) <

cienyer

’ t+ R —Z() |22

ML’ (1) == Mz (1), (13)

npyueM NPOM3BOJHARA CNpaBa CYlIeCTBYeT.
Ecan npouece &(¢) c. k. nuddepennupyem B KaxIOH TOUKE
untepsaia (@, b), To npousBonnas ¢’ (f) o6pasyer runplepToB cay-
yaiinbiil npouecc Ha (a, b).
Teopema 4. Iycre {L(t), t=(a, b)}— euarvbepros cay-
Halinbld npoyecc u 0606 eHHAR NPOU3BOOHAR

3B (t, t')
otor ey
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cywecreyer npu Kawdom 3nauenuu t &(a, b). Toeda npoyecc (1)
c. K. Quppepenyupyem na (a, b) u
n . 0Bt 1)
BC/C, (t’ t ) —_ ot ot ’ (14)

dB (i, t') (15)

Byg(h, 1) =224

20e By (¢, t')= ML (t) ¢’ (t') — xosapuayus npoyecca t' (), a
B;f;((;‘, t'y=Mt' ()¢ (') — s3aumnan  rosapuayus npoyeccos ¢’ (f)
u ().
B nokasaresbcTBe HyxAawTCA Juib popMyanl (14) k (15). Umeem
Byt 1) =ML (t) =
=1imM§—(T’)( C(f+hh)—§(f) ) — |jm Bt A ) =B 1) )
h->0

h>0 h
dB (¢, t')
Culef0BaTesIbHO, NPOU3BOAHAS Q57 CYWeCTBYeT ¥ B3aUMHAas

koBapuauus npomeccoB L'(f) u {(f) maercs dopmynoit (15). Ha-
Jee, .
lim MG ) —C@NEE+LR—E@) __

BCIC/ (t’ t') = -
B & >0 h'h
— qim BUtAE AR =B R) B+ h )+ B (L)
B, k>0 ht’ )

Orciona BBITEKaeT CyLIeCTBOBaHHE OGOGIIEHHOH BTOPON NPOU3BOA-

Ho#
0B (t, t')

at ot’

(B ycsioBud TeOpeMbl NPENOoJarajocb TOJMbKO, YTO 3Ta MNPOU3BOL-
Has cymectsyer npu { = ¢’) u gopmyaa (14). B

Ecnmu mpouecc {(f) crauHoHapeH B IUHPOKOM CMBICAE, TO
B(t, )= R{(t —t') u us TeopeMbl 4 BHITEKaeT

Caencrsue 1. Jasa c. k. Oudpheperyupyemoctu crayuonap-
HO20 g wupokom cmbiche npoyecca () (te=T) Heobxodumo u
docrarouno cyuecTosanue 0600ueHHOL 810p0U NPOU3BOOHOLE KOp-
peaayuonnot ¢pyukyuu R(t) npu t = 0. Ecau 3to ycrosue soi-

hoareno, T0 cyujecrsyer 06006U,eHHAS NPOU3BOTHAS d—inﬂ(—t)
d2R (¢)
RC’C' (tO’ tO + t) = dtz( ’

Ryp(to+1, t) =Ry (f) = dlfu(t) .

Anasnoruusnsle pE€3yJAbTaThl HMEIOT MECTC H A C.K. NPOH3BOA-
HBIX BBLICIIHX NOPSALKOB.
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CaenctBue 2. Ecau L(t), t (— oo, o©), — npoyecc, cra-
YUOHAPHDBLIL 8 LULPOKOM CMbLCAE, U

g 12F (du) < o,

2de F — cnexTpasvras Mepa npoyecca, 1o npoyecc {(t) c. k. oug-
peperyupyem, npoyecc (L'(f), {(t)) crayuorapen & WUPOKOM
CMbICAE U €20 MATPUYHQAS KOPPEAAUUOHHAS Pynkyus R(t) umeer
8ud

§° & 12F (du) ‘i" e iuF (du)
_ §oe—i'tuiu]7 (du) §°e“"F (du)

£ |

Pasnoxenne cayyaiiHoro npouecca B OPTOTOHAJbHBIE PHALbL.
Tyers {(¢), ¢ & [a, b]} — nsMepumbiii c. K. HeNpPEPbIBHBIN rUIbOED-
ToB npouecc. Ero kosapuauus B(f;, f3) gBAfeTCA HeNpepbHIBHBIM
HEOTPUILATELHO ONpE/ieIeHHbIM AAPOM B KBajpare [a, B8] X la, b).
Cor/1acHO TeOpHH HHTETpPaJibHBLIX ypaBHeHuil anpo B(f), fz) Moxer
6biTh Pa3iOXKeHO B PABHOMEPHO CXOAAIlUHCHA PAM TO CBOUM COG-
CTBEHHBIM QYHKUHAM @r (£):

B, ty) =n; Aa®y (8) @, (f2),

rue
b b
ra ()= Bt 9)9,(5) s, (oo dt =3,

npuyeM COOCTBEHHLIE YlCIa An IOJIOKHTEJLHHL.
TMonoxnm

b
t={t0e@a

a

Dror HETErpa’s cyuiecTsyer (reopema 1), H B CHJY CAENCTBHS H3
TeopeMb! 1

b b
ML= { Bt 90,0 0n () dt ds =2,8m,
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T. €. NOC/IEN0BATeJIbHOCTb CAYYaHHBIX BEMHUHH §, (n=1, 2, ...)
fIBJIsieTCs OPTOroHa/bHoH. [lasee,

b
Mz (®)E, = | B 5) 9n(s) ds =240, ().
Otciona caenyer, 4To

2

M|z —kg B4 (¢)

—B =2 X BOM 05+ 3l o) F =

=B, t)—kgxmk(t)fbo

NpH 7 —> 0o PAaBHOMEPHO 1O { B CHAY TeopeMbl [uHH.
Teopema 5. Hamepumoui c.x. nenpepvisublli eusbbepros
npoyecc {(t), t < [a, b], moscer 6viTo pasroxcen 8 pad

£ =5 b (0, (16)

cxodauwjutica 8 £o npu kawdom tela, bl. B arom pasirovcerun
Ex — OpTOCOHAALHAA NOCAED0BATEALHOCTS  CAYHQUHbIX — BEAUHUH,
M|Er|? = M, A — cobcrsennble uucaa, gy (t)— cobereentsie pyux-
yuu Kosapuayuu npoyecca.

3dameuanue Ecau npoubecc £(¢) rayccos, TO €ro c.K. npo-

H3BOAHAsl H HHTErpajsl BHAA Sf(t)g(t) dt ABASIIOTCS rayCCOBBLIMH

a

cayyaidiHbiMu  BesiHuMHaMu. [lostomy, ecim §(f)— BeluecTBeHHBI
rayccoB mpouecc u MZ(f) = 0, To kosduunents & psiga (16) ss-
JSAIOTCS HE3aBHCHMBIMH TayCCOBBIMH BeJUuHHaMH H psan (16) cxo-
INTCS C BEPOATHOCTHIO 1 npu KaxaoM £, ’

HeACTBUTENIbHO, HE3aBHCHMOCTb BEJNHYMH §, BBITEKaeT M3 HX
OpTOrOHaJIBHOCTH U rayccoBocTd. Has cxomumoctu psga (16) ¢ se-

oo

posTHOCThIO 1 HocTaTOuHO, 4TOOH cxomuacs psag . M (E.ps (1)) =
E=l

= Zkkl(pk (). Ho yxe ynoMuHasoch, uTo 3TOT pAA CXOLUTCA
k=1

(u ero cymma paBua B(t,1)).

B kauectBe mpumepa pPacCMOTPHM pasJiOKeHHE B OPTOrOHAJb-
HBIE psii mpouecca OPOYHOBCKOTO MABHXKEHHA Ha orpeske [0, 1.
Tpu stom §(0)= 0, M(f) =0, DL(t) = ¢, B(t, s)= ML(¢)5(s) =
= min(f, s). Co6crennrle yHcIa U QYHKUHH sapa B(f, s) Jerko
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Haxoasitca. s ypaBHeHHA
1 1 1
An®,(f) = S min (f, s)@,(s)ds= S 5P, (s) ds + S g, (s)ds

0 0 ?

umeem @n(0) = 0. Huddepesuupys mo ¢, moayaum A, (f) ==
1
== S 9, (s)ds, orkyna @, (1)= 0. IloBropHo nuddepenuupys, npuiem

t
K ypaBHeHHIO A,@) ({)==—q,(f). Hopmupopanubie peumienus no-
c/leqHero YypaBHEHHs, YAOBJETBOPAIOLIME TPAHHUHBIM YCJIOBHAM
q,(0)=0, ¢, (1)=0, umeior BHA

tp,,(t)=f\/-§sin(n+-é-)nt, An'l= n+—é~)2n2, n=0,1, ...

Taxkum oGpasom,

- = sin (n+ «é—) wt
C(t)='\/2 Zgn T~ (1n
foyeer (n + -2-) n
rie E, — NOCAefOBATENBHOCTh HE3aBHCHMBIX TraycCOBBIX CJydafi-
HbIX Benuuud ¢ napamerpamu (0, 1). Ilpu pukcuposanHoM ¢ 3TOT
PSIA CXOAHUTCS C BEPOATHOCTBIO 1.

Ilpyroe paanoxeHnue nponecca GDPOYHOBCKOrO JABHUMKEHHS MOXKET
ObITh MOJNyHeHO caenyioiiuM obpasoM. ITosoxum E(¢) ==§(¢)—t5(1).
Torpa E&(f) — rayccoB mponecc c¢ KoBapuauued By(f,s)=
==min(¢, s)—1fs n ME(f)=0. CobcTBeHnble uucaa u (QYHKUHU
aapa Bi(f, s) HaxoAATcA TaK XKe, KaK #H B NpelsayuleM cayyae. Mol
IPHXOJIHM CHOBAa K YypaBHeHHIO A @) (f)=— @, (f) ¢ rpaHHYHBIMU
YCHOBHAMH @n(0) == @n (1) = 0, pemzeHus KOTOPOro HMEIOT BHA

0, () =4/2 sinnnt, A;'=n’a’, n=1,2 ...
Takum o6pasom,
a(t>#§(t>—tc(1)=v§2§nﬂ,;ii,
n=

tae &, (n=1, 2, ...)— HODMHUPOBAHHAS MOC/JAEROBATE/AbHOCTL HE-
3aBHCHMBIX ayCCOBBIX CJIYYARHBIX BEJHYHH, IPUYEM

1

Ea=42 S £ (f) sinnat dt.
iy .
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Tar xak MZ(1)=1, MZ2(1) =1,
MeL (1) =+/2 { M@t — £ (1) 2 (1) sinnnt dt =0,

0
TO, TMOJNOXKHB £y =={ (1), nosyunm

— = H ¢
Lty =15 + /2 23—7“— (18)
n=
rae &, &1, ..., En, ... HE3aBHCHMBl H HMEIOT HOpMaJbHOE pacrpe-

nenenne ¢ napamerpamu (0, 1). Xapakrep cxomumoctu paga (18)
TaKOB Xe, Kak 1 y pana (17).

§ 2. CroxacTHueckHe Mepbi H HHTErpassl

B pane BONPOCOB BakKHYI0 POJb HIPAlOT MHTErpajbl, 3amHCH-

BaeMbie B Brae
h

{roaze, (1)

a

rae f(#)— samannas mecayuaiinas bynruus, a t(f)— cayuainnit
nponecc. Peannsanmmu npouecca (f), Boo6uie roBODS, SABJSIOTCH
(YHRIMAMH HeOTPaHHYEHHON BapHallM¥, W HHTerpas (1) Hennas
nonuMath Kax uHrerpan Cruartbeca nam JleGera — Cruatbeca, cy-
IeCTBYIOIHA NOYTH MJISI BCEX peasH3amuil C(?). Bce xe u B 3TOM
crydae unrerpan (1) MoxHO ompenenuTh TakuMM 06pasoM, uTOGH
OH 06s1azan CBOHCTBAMH, MPHCYLIHMH OBBIUHOMY HHTErpagy.

B nacroswem naparpade naercs onpepenenne n paccMarpu-
BAIOTCS CBOWCTBA HHTErpaja, COOTBETCTBYIOUIEro HHTErPHPOBAHHIO
no cryvaiiHoi Mepe. Takue MHTerpasnbl HasHIBAalOTCH CTOXACTUYE-
cKuMLL,

[lycts {Q, ©, P} — BepostHocTHOE NpOCTPAHCTBO, Py ==
= 2Z2(Q, &, P), E— HeKoTOpPOe MHOXECTBO H M — nosykoaBIO
noamuoxecrs E. Tlpeanonoxum, uto xaxmoMy A & M mocrasiena
B COOTBETCTBHE KOMMJIEKCHO3HAYHasi ciyyafiHas BeJHYHHA t(A),
YAOBNETBOPSAIONIAS CICAYIOUIUM YCIOBHSIM:

DA e2, (2)=0;

2) £(AUA) =2(A) + 2 (Ay) (mod P), ecnn A\ NA, = ;

3) MZ(A)Z(A)=m(A N Ay),

TRe m(A)— HeKoTOpas GYHKIHS MHOXKeCTBa Ha M.

Onpenenenne 1. Cemeilicréo cayuainox eseruuun {¢(A),
A =M}, ydosaersopaowee ycaosusm 1) —3), 6yden wnasviears
SAeMENTAPHOU OPTO2OHAALHOE CTOXACTUYECKOd Mepoll, g m(A)—
€e cTpyxryproid pyrxyuel,
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CBolicTBO OpPTOTOHAJILHOCTH CTOXACTHYECKOH MEpbI BhIpaxaercs
ycaosueM 3): ecan A 1 A = &, 10 Beqnuunu {(A1) u §(Az) opro-
[OHAJIBHHI. :

Hs ompenenenuss m(A) ciaenyer, YTOo OHa HEOTPHUATE/bHA:

mBA)=MI|;(Q)F=0, m(D)=0,
u apauTuBHA; ecad A (1A= &, 10
mA UA)=M[{(A) + L (A) =
=m(A;) 4 m (D) + 2m (A, 1 Ag) = m (A,) + m(Ay).

Takum o6pasoMm, m(A) ssasiercd npeamepoil (ra. II, § 2) wa M.
O6o3naunm uepes Lo{M} knacc Bcex NPOCTHIX QYHKUHH f(X):

F=Xews, (0 AP k=L2...n

The n — Jo6oe UMCJIO0 H ya (X¥)— HHAHKATOp MHOKectBa A.
OnpemenuM croxacTuyecKuii wuHTerpan or ¢yHKuHE f(X)E
& Zo{M} 1o snemenrapuoil croxactHuecko#l mepe {(A) dopmysol

n={iwe@)=3 ar®). ®)

k=]

Tak kak M — NOAYKOJbBLO, TO JI0GYI0 napy byHkumui uz Lo {M}
MOXKHO HPEACTABHTb KaK JUHEeHHble KOMOMHALMK HHIHKAaTOPOB O~
HUX # TeX e MHOoxects uz M. [Tostomy, ecnu f, g = Zo{M}, 10

n

nonoxuM, 4to f(x) maercs dopmynoir (2) u g(x)=k;l dkxAk'(x),

npuuem Ax (1A, = Jnpu k = r.
U3 oproronaneHocTd §(A) caeayer, 4ro

M({rwe@n (g@tEn)= Z cad: (4)
k=1 :

[peanonoxuM, YTO NpeaMmepa M YHAOBJETBOPSET YC/IOBHIO IO-
NYaINUTHBHOCTH H MOSTOMY MOXeT OBITb NPOJOJIKEHA [0 MOJNHOH
vepnt {E, B, m}. Torna Lo{l} ABjseTcA JUHEHHBIM MOAMHOXKE-
ctBoM ruJIbbepToBa npoctpaHcTBa Fa{m}= L {E, B, m}. OGo-
sHaunM Fy{M} sambikanue Lo{M} B La{m}. .

PasenctBo (4) Moxer OBITH NEPENHCAHO B CACAYIOIEM BHIE:

M{rwien (e@t@={10etmen  ©

aas mo6ok naps GyHruui f(x), g(x) us Lo{m}.
Bpepem Temeph JHHENHYR0- 060JM04Ky Lo{l} cemelictBa cayuai-
mbix Beamunn {{(A), A &= M}, 1. e. MHOXKECTBO CJIYyYalHBIX BEAHUYMH,
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TIPEACTaBUMEIX B BuAe (3), W mpocrpaHcTBo Po{(}, sBasiomeecs
sambikanneM Zo{(} B rHIbGEPTOBOM NPOCTPAHCTBE CIyYyalHBEIX Be-
quune Z2{Q, ©, P}. 3ameruM, yto coortHowenue (3) ycraHapJn-
BaeT H3OMETPHUYECKOe cooTBeTcTBHe N = Y(f) Mexay Zo{M} u
Zo{t}. D10 cooTBETCTBHE MOMKET GBITH NPONONKEHO IO H30METPH-
YECKOro COOTBETCTBHA P MeXAy L2{M} u L1{t}. Eciu n = ¢(f),
[ = Z2{M}, ro nonaraem no onpeaeseHno

n=b()={ (2 (6)

H Ha3blBaeM CAYYaHHYIO BEJNHUYHHY 1} CTOXACTUHECKUM UHTE2PAAOM
dyuxou f(x) no mepe {. Otciona caenyer :

Teopewma 1. a) Haa npocrod ¢ynkyuy (2) 3naverue cro-
xacru4eckozo unrezpara daercs gopmysroi (3);

6) Oan atoboix [(x) u g(x) us ZL2{E, B, m} umeer mecro pa-
aercreo (5);

2) [0/ () +BeIt@n=a{fwe@n+p{ewian

r) 048 npoussosvrotl nocaedos8aTesbHOCTu (yuKkyuil [ (x)es
= LoAE, B, m} raxod, uro

fii = Em@g >0,  n—>oo, (8)
BbINOAHALCTCA COOTHOUWICHUE
S F (%) 2 (dx) = Li.m. S £ (x) £ (d).

3ameuanue. B uwacrnoctu, ecim f™(x)— mpocreie ¢yHK-
1UHH,

mﬂ-
f("’(x)=kzlcg‘)x%n)(x), AMeEM, n=1,2,...,

4 (8) BHIIOJHEHO, TO

mn
{2y =1im. Y e (ap).
k=1
CyuiecTBoBaHHe MOC/JENOBATENIbHOCTH INPOCTHX (QYHKIHUH, amn-
TPOKCHMHPYIOIINX NPOH3BOJIBHYI0 GyHKuMIO f(¥)e Lo{E, B, m},
BEITEKaeT U3 OOLIMX TeopeM TeOPHH MepHl. TakuM oGpasoM, cToXa-
CTHYECKHH HMHTErpaj MOMXKHO PaccMaTpPHBaTh Kak C. K. npefeJ Had-
JexKalliX HHTErpaJbHBIX CyMM.
O6Go3nauum uyepes Py Kaacc Bcex MHOXKecTB A & B, mis KOTO-

puix m(A) << co. Onpenenum ciydaiinyo GyHKuHO MHOXeCTB L (4):

F)={xa(0 g (dn) = (¢ (. ()

A
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Ona o6sagaer caenyOLUMH CBOACTBaMH:
a) L(A) ompeneneHa Ha KJacce MHOXecTB By;
o0

6) ecin A, =By, n=0,1,2,..., A= A,, 4NA = npu
ne=1

ks=r, >0, r>0, To L(A)=2.Z (4,) B cMHCJIe C. K. CXOXH-
n=]

MOCTH;
B) ME(A)E(B)=m(ANB), A, Be%B;
r) L(A)=¢t() npu AesM.
Onpenenecuune 2. Cayuatinas ¢pyukyus mnoxecrs f, ydo-

saeTéopaOUan ycrosuam a), 6), B), HA36IBALTCA CTOXACTU4ECKOU
0pTO20HAALHOU Mepod.

CBoMiCcTBO T) 03HauaeT, YTo §(A) ABIAETCA NPONONKEHHEM >Je-
MeHTapHOH croxacruueckofi mepnt §(A). Takum o6pasoM, MBI nMeeM
CIeqyIOLLYI0 TeopeMy.

Teopewma 2. Ecau crpykrypras (ynkyus ssementaprold cro-
xacruueckot mepot {(A) noayaddurusna, To L(A) moxcer GviTo npo-
doaxcena do croxacruueckoli mepor L (A).

3ameuanune. Tak kak Ly{l}= Z:{f}, 10

§ Foz@n = F0Z .

B coorBercTBHM ¢ 3THM DaBEHCTBOM YCJIOBHMCH B JajibHeHIIeM
OTOXKIGCTBJAATh CTOXACTHYECKHH HMHTerpa/ IO 3JieMeHTapHo# opTo-
rogajapHoit Mepe {(A), crpyKTypHad GyHKUHR KOTOPOro HOJyallH-

THBHA, CO CTOXAaCTHYECKHM HHTErpaJjOM MO CTOXaCTHYECKOH mepe {,
onpeneNeHHOl cooTHomieHHeM (9).

CpeJyiaeM HeCKOJIbKO 3aMedaHHH MO NMOBOAY ONpefeJeHHSI CTOXa-
CTHYECKOro HHTerpasa Ha orpeske npsaMod. [lycre E(£)
(@ << t << b)— npouecc ¢ OpPTOrOHaJbHHIMH NPHPAIIEHHAMH, T. €.

ME@) —EE) E@) —EF)=0
aia qobnx Lhie(a, b), 4 <<t <<tl3<<tl, c.K. HenpepuBHHIA
cJjieBa:
MIE@W) —E@E)P—0 mpn stt.
Fity)=M[E(t)—E(a) P

H3 oproronasprocTH npupamiesufi npouecca E(f) caenyer, uro
npu fy > I

Fl)=M|Et)—E()+EE) —E@F=F(@)+MEWE) —EEDE,

Tlonoxum
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orkyna F(t)= F(t) u F(t)=li;rtlF(s). Takum o6pasom, F(t)—
s

MOHOTOHHO HeyGblBaiOllas HempephHIBHAs cjaeBa (PYHKLusL. Iycrs
I — KIA4CC BCeX MONYHHTEPBANOB A ==[l}, £;), a <t < f, < b,
Lt B))=E(t)—E(h), m(ty, t))= F(t)— F(t)). Torna M —
NOJIYKOJIbLIO MHOKECTB,

M Ay Q_('A_J =m (AN Ay),

£(A)— sneMeHTapHasi OPTOTOHAMBbHAS CTOXaCTHYECKAs] Mepa, CTPyK-
TypHas QYHKUHA KOTOPOH [OMycKaeT NMpPONOIKEHHe [0 Mephl. Ta-
KHM 00pasoM, MOMHO ONpeleldHTb CTOXACTHYECKHI HHTErpaJ
CruiTbeca ¢ NOMOIIBIO PaBeHCTBA

b

b
froam={rozw,

a a

B KOTOpOM § (f)— nponuecc ¢ OPTOroHaNbHEIMH npupameHusamMy. dror
MHTErpaj CyIecTByeT IJs MNPOM3BONBHOH GopesieBCKOR (GYHKIHH
[(t), t =la, b), nasa xoropoit

b

{170 rF @) <o,

a

rae F(A)— Mepa, cooTBercTBYyIOMWAs MOHOTOHHOI oyuxunn F(¢).
AHaslornyHo onpenenenye cTOXacTHUECKOro HHTerpaJja no Bceil nps-
MoOft (— oo, 00), ,

JloKaxeM HECKONIbKO NpeJIOXEHHH O CTOXACTHYECKHX HHTe-
rpajnax.

ITycts §(-)— oproronanshas croxacriueckas Mepa CcO CTPYK-
TYPHO! OYHKUMeH m, sBasioOUWelics NOJHOH Mmepo#t na {E, 8}), H
g (x)= Ly{m}. Ionoxum \

rA={1u0ewi@), Aes.
Torna
MLATB) = (%4 ()1 (9 g Pmlde) = 120 P rm ().

ANB
Ecou na B ssectn Hosyio Mepy

HA) = (18P m(dx),
A

To BHauM, uto A(A) Gyzer opTOroHaJbHOR CTOXacTHUECKOM Mepolt
€O cTpykTypHO# yHKuMEh [(A4).
lemma l. Ecau f(x)& La{l}, 10 f(x)g(x)e= Ly{m} u

fimren={rmeweun.
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JlokasareabcT0. YTBepKAECHHE JEMMbl OUEBHAHO IJISi NPOCTHIX
Feo), fx)= Zk: Ceka, (x), A, =B. [lanee, eciu fr(x)— dyHnamens
TaJbHas [OCTeNOBaTebHOCTh NpocThiX GyHKUHE B Pa{l}, TO

|§ 72002 @) = (fusm @A @[ = (1720 = Frrm (D P L0 =
=110~ Tsm W Pl () P (),

T.e. fo(¥)g(x) sBaserca ¢ynnamentambholl B Fy{m}. ITepexons
B paBeHCTBE

{ a2 tan) = (1. g ()2 (@)

K Tpefeay MNpd A —> 0o, MOJAYyUHM YTBEPKACHHE JIEMMH B 00ileM

cayudae.
Jdemuma 2. Ecau Ae=9,, T0

c()={ 22 5. (ay.

3amertum npexje Bcero, uto g(x) =0 na mHoxKectBe [-Mepul 0;

Takum 06pasom, —5%5 == oo (mod [). Hanee,

(x)
S __IZA(;;T:» l(dx)= S T‘gT]f)T [ g (x) P m(dx)=m(4) < co.

CaeioBaTejbHO, MOXKHO BOCIHOJIb30BaThcs JeMmoi 1:

S g—(lﬁ %a (9 2 (dx) = S g‘(l’;)“'XA (x) g ()¢ (dx)=¢(4). W

IMycte T — KoHeuHHII MaIH GeCKOHEUHBIH OTPE30K Ha NPSMOl JH-
Huu, B! —o-anre6pa noamuoxects T, naMepumbix no JleGery, [ —

Mepa Jlebera. \

Honycrum, uto g(%, x) B' X B-uamepuma, g(t, x)e L, {I X m}|
u g(t, x)e= ZL2{m} npn npoussoabnom f{e& T. PaccmoTpum croxa-
CTHUECKHH HHTErpal

e = at, DL @x. (10)

Tpu kaxznoMm ¢ OH onpejiesieH C BEPOSATHOCThIO .
Jlemma 3. Croxacruueckuli unrezpas (10) moxro onpedeauro
Kax ¢ynkyuo or t Takum obpasom, 4Tobbr npoyecc E(I) Ooia u3-

MepUuM,
Hoxaaareavctso. Ecau

glt, ©)=2] cXp, (O %a, (1), (11
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B.=9!, Ave®, 10E() =2 cexs, ()L (4s) aBasierca B! X G-us-
MepuMO (QyHKuHe# nepeMenHnx (f, ), =T, o =Q. B o6ieMm
cJydae MOXHO NOCTPOHTh MOC/EeA0BATEeNbHOCTb NPOCTHIX (PYHKIHH
gn(t,x) Buga (11) m rakmx, uto

(12t n—2utt, DPm@nat>0 mpu 1o,

ITycts &n(f) — mocieloBaTeNbHOCTb INPOLECCOB, NOCTPOEHHBIX
no dopmyae (10) npu g == gn. Torma cymecrByer npouecc E(f)
TaKo#, YTo

SM]E(t)~§n(t) Pdt—0 mpu n— oo

n E(¢) aBasterca B' X G-uamepumoit dyuxumedt or (¢, ). C apyroit
CTOPOHHL,

IMieo —e.rPar =12t 9~ ., ) Pm(dx) a0,

OTKyna caenyer, uto M|E(f)—E(¢) |2 = 0 noutu mas Bcex £ IToso-
KHM
& () ____{ £, ecnn P50} =0,
§(), ecm P{E@#:@)}>0.

Tlpouecc &'(¢) nsmepum (rak kax &'(f) oramuaercst or 8! X &-usme-
pumoit GyHKUHH § (f) Ha MHOXKecTBe Mepnl ) M CTOXacCTHYECKH 3K-
Busajented E(¢). W

B nanbHefinieM, paccMaTpHBasi Npolecchl, ONpejefseMbie CTO-
XacTvyeckuMH MHTerpajamu Buaa (10) m ynoBieTBopsioliue paHee
TiepeyHC/JIeHHBIM YCJOBHAM, OyIeM NpeanosaraTh HX H3MepPHMBIMH.

Jlemma 4. Ecau g(t,s) u h(t)— OGopeaescrue pyrkyuu,

b oo b

S {120, 5 patmds) < o, S]h(t)lzdt<oo, (12)

a —o a

{— oproeonanrvras croxacruueckas mepa na {#',8'}, ro

b oo o
fro (et 9t@sar= | alo)z@s), (13)

&0e
)

g (s)= S h) g, s)dt.

]
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HokasareavcT6o. MatemaTnueckoe OXxujaiie Kpajpara MoayJs
HHTerpaja B JieBoil yacTu paseHnctBa (13) paBsHo

b b oo
{§n (tom( { 21, 92 ) m(ds)) dt, dty =

aa —oo
2

(2] b
- S Sh(t)g(t, s)dt| m(ds) <

b oo

<{in@ra §|g(t,s)12dtm<ds).

a

JIlas MaTeMaTHYeCKOTO OMKHAAHHA KBaJpaTa MOAYJS B NpaBoi
yacTh pasenctBa (13) HMeeM HepaBEHCTBO, yKa3aHHOe BO BTOpOH
cTpoyke mnocnelHero cooThoirenusi. CjegoBaTeNbHO, npaBas u Jle-
Basi yacTd paserctBa (13) HenmpepLIBHH OTHOCHTEJBHO TPENENBHOrO
nepexojia Mo NocieNoBaTeNbHOCTAM gnr (£, §), cxonamumes B Z2{0},
rae @ — npsamoe npousBefeHue JeOerosoil Mephw Ha Mepy m B MO~
aoce [a, b] X (— oo, 00). Hanee, Muoxecteo dyHkuuit g(f,s), ana
koTopsix (13) BepHO, JMHeHlHO H COJEPXKHUT BCe (QYHKUHH BHAA
Z crXay () Xa, (s). CaenosaTenbHO, OHO COAEPHHUT BCE QYHKUMH H3
Z,{0}. B

S3ameuanue. Ecau ycaosusa semmor 4 6binorHeHbl 048 KAK-
Ooz2o kouedHozo orpeska (a,b) u cyujecTsyer unTeZpas

oo b
{rwet, sdt= lim Sh(t)g(t, s) dt
—o t3Txa

8 cmoicae cxodumocru 8 Ly{m}, To

{ro (et sz@at= { nie@s), 9

ede

]

hig= { )t s)a.

-—00

JloxazaTeJbCTBO HEMOCPEACTBEHHO BHITeKaeT M3 TOTO, UTO JeBas
yacth paBeHcTBa (14) sABjseTcd c. K. NpelesioM JEeBOH 4acTH pa-
BeHcTBa (13), M H3 BO3MOXKHOCTH Iepexolla K npefeny noj 3HaKOM
CTOXACTHYECKOro HHTerpasa B mpasoll yactu dopmyaw (13). W

PaccMorpuM Temepb 06oOHieHHe NpeAbAYLIHX pe3y/abTaToB Ha
BEKTODHHEIE CTOXacTHuyecKHe Mepbl. OrpaHuyMMCs NPOCTEHIUHM CJIY-
yaeM MHTErPUPOBAHHS CKaJAPHHIX (QYHKUMHA, Majo uyeM OTJIHYAIo-
ILHMCHA OT HHTErPMPOBAHHS IO YHCJIOBHIM CTOXAaCTHYECKHM MepaM.
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[lyets Z oGosHauaeT HEKOTOpOe KOMINIEKCHOE BEKTOpHOe Ipo-
CTPaHCTBO pa3MepHocTH p. Ilast mpocToTh 6yleM cyuTaTh, yTO He-
KOTOpbI# GasHC B 3TOM NpOCTpaHCTBe (uUKCHpoBaH. JlonycTHm, urto
KaxaoMy A & M nocrapiieHa B COOTBETCTBHE BEKTOPHAA CAyyafiHas
penuunna §(A) co sHauenuamMu B ZP, [(A)= {t'(A), L2(A), ...
...» LP(A)}. Yepes |L(A)| o6osnaunm HOpMy BekTopa {(A),

[E @A) P =k§ 2% (A) P

Ilpeanonoxum, urto

D MIZQ) P < oo, L(D)=0; _

2) LA UA)=¢(A) +L(A) (mod P), econ AN A= T;

3) MZ;’Q(AI)U(Az)=m;‘(Al N4,), AdeM i=I1,2; kj=
=1,..., p.

CemeficTBO cayyafiHeiX BekTopoB {{(A), A =M} Gynem Hasbi-
BaTb 34EMEHTAPHOU BeKTOPHOU CTOXACTUYEeCKOL (0pPTO2OHAALHO)
mepod, a marpuny m(A)={mk(A)} =M (D)L (A) — crpyxryphod
marpuyed,

Ormernm, uto, Kak QyHKIHA OT A; H A, MaTpuua m(A; NAy)
o6/ajaer CBOACTBAMH KODPPEJSIIIHOHHOM MAaTpHILI BEKTODHOH CJay-
qaitHoit gyHkuuu. Kpome toro, ecan A;NA; = &, To

m (A UAs) =m(A) 4+ m(Ay).

Orclona crenyer, yTo QHaroHaJjbHble 3JeMeHTHl MaTpHlbl m (A) fB-
JaswTcsa npeaMmepamu. Kpome Toro, U3 HepaseHCTBa

EASIERVZASEA (15)
Limp @) <{Zmt(d) Zmj(a)}", (16)

caenyer

#, 3HAYHT, QYHKUHH MHOXKECTB m} (k, j=1, ..., p) nMewT orpa-
HHYEHHYIO BapHauuio Ha A.

P
IMonoxuM my(A) = Spm(A) ——-kZ mE(A). Us (16) caenyer rakxe,
-1

my "y
uTO ecsH rZ_lmo(Aﬁ’)—*O npu N-—»oco, TO H r}_:llmf(Aﬁ’)I»O-

Otciona BHTeKkaer, 4TO (YHKUHH m}' (A) MoryT 6HTb NPOROJKEHBI

A0 CueTHO ajAHTHBHBIX (YHKUMA MHOXecTB Ha B, ecan (yHKUUA
m, (A) nonyapnutuBHa Ha M.

lanpHeAuleM MaTpPHuHble (YHKUHM, TOJyueHHble NyTEM
Takoro npOJO/IKEHHUSI H3 CTPYKTYPHOH (YHKUHM 5JEMEHTapHOK



268 JIMHEPIHBIE TMTPEOBPA3OBAHUS CJVUAMHBIX NMPOUECCOB rmn v

OPTOrOHA/IBHOM CTOXACTHYECKOH Mephl, GyAeM HasbIBaThb NOAOX U~
TEALHO OnpefeseHHbIMU MATPULNbIMIL MEDOMU.

Brime B o6o3Hayano nomosxenue o{M} oTHOCHTENBHO NMPOLOJ-
XKeuHol saeMeHtTapHoll Mephl mg(A). IlpocToTHl pagm Ajls HpPOLOJ+
JKeHHHl (PyHKUHH m}‘, m, H MaTpHUE m Ha B COXpaHUM MepBOHA-

yaJpible 0603HaueHus, IpHYeM B JgajabHeHmeM OyldeMm cuuTarh, 4YTO
mo(A) nonyannutuBHa Ha I, '
Onpenenum Ha ZLo{M} croxacTHUecKHi HHTerpas ¢ MOMOLILIO

dopmynH
n={1@en=7 et (A, (17)
k=1

n
ecan [(x) =k};l Cika, (x), A, &M (k=1, ..., n). 3Hauenuem 31010

MHTErpajda ABJfeTcs ciaydalHplfi BekTop (cToNfen) €O 3HAYEHHAMHA
B Z°. Uepes £} (f) o6o3mauuM COBOKYMHOCTb BCEX CJydafiHbIX

BeKTOpoE 1 BuAa (17). Ecom g (x) =kZ dkxAk (%), To
=1

M (§rwzan ((ewe@n))= Z cxdsm (Bs),
YTO MOXKHO 3alHucaTh B BHIEC -
M({r0zen(feme@n))={rmetm@n. a8
Orcrofla ciiefiyeT paBeHCTBO
M|{rz@af =1 @pman, (19)
Beenem B Zo{M} ckansgpHOoe NpousBeneHue
(, &)= 1 (0 g0 mo(ax).

®opmyaa (17) ycraHaBaHBaeT H3OMETPHUECKOe OTOOpameHHe 1 ==
= ¢ (f) npocrpancrea Lo{M} na ZF{¢}, eciu B £H{¢} craasp+
HOe TPOM3BEJEHHE 3JEMEHTOB 1 M T Onpeieasercs Kak Mnjn,
3aMblkaHHe NpPOCTPaHCTBA cayyahinbix Beanunn ZH{¢} oBosnauum

vepes &5 {t}, a nonosuenne Zo{M} — uepes L {M}.
Ananorvyno HepaBeHcTBY (16) BLIBOLMTCH HepaBeHCTBO

(it rjmt @ <{{1f@mi@n §1F@1m@n )™, @0
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rre |mj}|(A) — abcomoTnasi Bapnauust ¢ysHkuuu mf. M3 nepasen-
crBa (20) BhITeKaeT cylleCTBOBAHMe H HENPEPHIBHOCTb HHTErpaJa

{10 g Cymf (ax)

KaK QyHKIUOHaMa oT [ u g B La{mo}.
Hcxoas u3 aroro, usomerpuueckoe coorsercTBue 1 = ¥ (f) mpo-

crpanctBa Zo(M) na £ (L) Moxer GbITb NPOAOJKEHO A0 H3OMeE-

TpHUECKOro coorBercTBHA (M} na Z5{¢}. Ilpu srom cayualiHbIf
BEKTOD 1] Ha3biBAIOT CTOXACTHYECKHM HHTErPajoM H IHHIYT

n={1z,

e f(x)e Lo(my).
AHaJIOTHUYHO TNOHATHIO CTOXACTHYECKOH Mephl B CKaJISPHOM
clyuae MoxeT OBITb ONpelejeHa BEKTOpHas CTOXacTHYeCKas

mepa ¢ (A).

| § 3. UnTerpanvHbie mpejacTaBAeHHs CAYUAHHBIX QYHKUMI

Hcnosb3ys pesyabraThl npelnplayluero mnaparpada, MOXKHO IO-
JyuaThb pasjM4YHble MNPeACTaBJeHHs] cayuadHblX (yHKIMHE ¢ 1no-
MOINbI0 CTOXACTHUECKHX HHTErpaJos.

Ilpeanonoxum cHayajsa, 4TO p-MepHas BeKTOpHas cJayvafinas
¢ynknus £(0), 6 = O, moxer GHITb NpelcTaBleHa B BUle

£0) = {20, 0z, (1)

rae {— croxacTuueckas Mepa Ha H3MepHMOM npoctpanctse {X, B}

CO 3HaueHHsIMH B Z” W cTpyKTypHOH martpuueit m(A) (Mbl HCNOMb-
3yeM 3aecbh o0o3HaueHus OpeablAyllero mnaparpada), g(0, x)—
cKasiAipHasi GQYHKUHS H NPH KaxIoM 0 < O

g(G’ X)E'?Z{mO}=g2{X: %, mO}: mO(A)=Spm(A)'

B cuny dopmynm (18) § 2 xoBapuauuonnas maTpuna cayuaino
¢yuxnuu E(0) umeer BUJA

B(®:, 6)=Mg(8)&" (8)={ (0, )@ Hm(@, (@
a us (19) § 2 caeayer, uro
| Mz* (8)& 0) = { ¢ (61, )28 2) mo (dx). (3)

Hanomuum, uto {X, 8, m,} — npoctpancrBo ¢ nosanoit Mepoi,
Z3{mo} — ruib6EPTOBO NPOCTPAHCTBO B-HIMEPHMBIX KOMILIEKCHO-
S8HAUHBIX (PYHKUMI ¢ mMo-HHTETPUPYEMBIM KBaApaToM.
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Yepes &F2{g} oGosHaunM 3amblkanue B Ly{mo} JauHelHOR 060~
JIOYKH, MopoxaeHHo# cucreMoit ¢yuxuui {g(0, x), 8 = 6}. Toraa
ZL2{g} ectb auHellHOe 3aMKHyTOe MOANPOCTPaHCTBO F2{my}. Ecan
ZFo{g} = L2{mo}, 10 cucrema ¢yukuuii {g(8, x), 8 & O} Ha3bl-
Baercs noJaHol B Lo {mo}.

Mycrs {£(0), 6 = O} — ruspGeproBa caydyaifiHas ¢YHKUHSA CO
sHaueHHAMH B ZP, Po{E}— MHOXKeCTBO Bcex cC/aAy4aillHbIX BEKTOPOB

n

n=2Xct®), n=12.., 6&6, (4)

rle ¢, — NPOU3BOJIbHEIE KOMIUIEKCHBle 4ucia, H ZLa{E} — 3ambika~
uue ZFo{E} B cMmblcie cpelHell KBaApaTHYECKOH CXOXHUMOCTH CJy-
yalHBIX BEKTOPOB.

Onpenenenne. Cemedcrso cayuainvix 8ekropos {n,, o €
s A}, n, = Z2{Q, &, P}, nasvigaerca noduunennvim ciyualinod
Qynxyuu {£(8), 6 = 0}, ecau n, = Lo}, a = A.

Teopema 1. Ilycte kosapuayuoxnas matpuya Cayainod
pyuxyuu {£(0), 8 = O} Odonyckaer npedcrasaenue (2), ede m —
noAoMuUTeAbHO onpedeseHnas matpusnas mepa Ha {X, 9B},
g(6, x)e= Ly{my}, 0 =8O, u cemeiicreo {g(0, x), 6 = B} noaxo
8 Ly{X, &, mg}. Toeda &(0) npedcrasuma no dopmyase (1), zde
{¢(B), B &8} — nexkoropas CTOXACTU4ECKAR OPTOLOHANGHAR 8EK-~
TOpHAA Mmepa, ROOuUHEHHAs cayualHnod ¢ynkyuu E(B) co crpyk-
TypHoll ¢ynkyued m(-), u pagencrso (l) svinosnaerca ¢ 8epoAar-
#Hoctero | npu kascdom 0.

Hokazaresscrao. Kaxnol nuHelHOR KOMOUHALMY -

P =2 cig O %), 02 =6, (5)

NOCTaBUM B COOTBETCTBHe CJaydYaHHbI BexTop M, n = ¢(f), ¢ mo-
moutbio cooTHowenus (4). Uepes Fo{g} obo3HauuM MHOKECTBO
¢yukuuit sana (5). Onpenenum B Lo{g} ckansapHOoe Npou3BeldeHUe
C TIOMOIUBIO COOTHOIIEHUS .

(Fiy 1) = { F1 () Fo ) mo (). (6)

‘CootsercrBue 1 == P(f) ABAAETCA H30OMETPHUECKUM OTOOpAKEHHEM
Zo{g) na Zy{t}. CrnenoBaresbHo, OHO MOXKET ObITb MPOROJIKEHO
10 H3oMeTpHuecKoro otobpaxenus Lo{g} na Z2{t}. Eciu B= 9,
10 Yp(x)= Lo{mo} = £L>{g) B cuay noasoTn cemefictBa (YHK-
uuit {g(8, x), 06 = 8}. INosoxum §(A)= Y(ya). Toraa {(A) sas-
JIAeTCs BEKTODHOH CTOXaCTHUYECKOH Mepoff n ee CTPYKTypHasa (yHK-
lHA COBNAgaeT ¢ m:

ME(4) 8 () = { 1, O %, O m (@) =m (4,01 4).
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Onpenenum Tenepp caydakuylo ¢yHknuio &(0) c noMouwbio croxa-
CTHUECKOro HHTErpana

@) ={ 206, ntv.
Tak kak
M (8) 2" (4) = { 26, M) x4 () m(dv),

TO H3 HM30MeTPHUHOCTH cooTBeTcTBHA M =1 (f) cienyer paBeHcTBO

Mz ©)E 0)={ £(6, ) 2T, 5 m (d).
Orcioga nosayuaeMm

MIE(6) —E(6) P =
= ME* (6) (6) — ME" (8) £ (8) — ME" (0) € (6) + ME*(B)E(8) =0

yTo M JoKasbiBaeT TeopeMy. M

ITpuBeneM psan NPHMEPOB Ha NpPHMEHEHHe N0Ka3aHHOH TeOPeMHI.
Pann KpaTKOCTH YCJAOBMMCS 10 KOHIa Hacrosiuero naparpada nn-
caTh «CTaIHOHAPHBIH NPOLECCy BMECTO «CTALMOHAPHBIN B IIHMPOKOM
CMBICJIEY.

KoppensuHonHas MaTpulla CTaHOHapHOTO M C. K. HENPepHIBHOTO
npouecca MoxeT GHITh mpeicrasjeHa B Buge (cMm. § 5 rr. 1)

Rt t) =Rt —t)= | et t=tF (du), ™

- 00

rne F(-) — HeoTpHNAaTeJbHO ONpelejleHHast MaTPHYHAA Mepa
(cnekTpasbHasi Martpula mnpoulecca). Bripaxenne (7) saBagercs
yacTHEIM caydyaeM (2), B KotopoM ¢yHKUHH g(0, X) COOTBETCTBYIOT
eivt, § «> {, x — u, npHYeM COBOKYNHOCTb PyHKUIHH {ei¥!, — oo <
<< u << oo} sapasfercs noaHoH B Fo{m,}, rae my— mobas orpa-
HUYeHHas Mepa Ha npaMofl. Takum oGpasoM, mpuMeHHMa Teopema 1
U MBI TIOJYUaeM CIeLVIOUIHH pe3yJbTar.

Teopema 2. Bexropuoui crayuoxaphbll c. K. HenpepuleHbill
cayuatinol npoyecc E(f) (— oo <<t < o0), ME(?) = 0, donyckaer
npedcrasienue

)= { ¢z (du), ()

2de [ (A)— 8eKTOpHAA OPTOZOHAALHAS CTOXACTUHECKAs mepa Ha B,
noduunennasn &(t). Mewdy L2{t} u L2 {F}, 20e Fo(-)= Sp F(-),
CYuiecT8YeT U3OMETPUUECKOE COOT8ETCTUEe, Npu KOTOPOM

a) () <> &, L (A) > x4 m);
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0) ecau ny<> g (W) (=1,2), 10
v ={ @i

U
Mo ;= { ¢, ) 8,6 F (w).

Dopmyna (8) HOCHT Ha3BaHHUE CAEKTPAALHO20 PASAOXCEHUS cTa-
LHOHAPHOTO npouecca, a Mepa t(A)— croxactuseckol cnekTpasb-
#oti mepel npouecca. M3 Teopemst 2 caenyer, uro

Mz(4) g (A)= | Flaw=rFana), ©)
ANA:

T.e. F(-) sABJsiercss CTPYKTYpPHOH (yHKNUEH BEKTOPHOH cTOXacTH-
yecKoi Mepst §(-). ‘

3ameuanue 1. Huaa awboro n < Zo{E} umeem Mn = 0.
B wactHocTH, fis Jo6oro A & B Gyner M{(A) =0

3aMeuanune 2. Ecau ME(¢)= a 5 0, TO npenslaylLyio T€0-
PeMY MOXKHO NPHMeHHThb K npolieccy E(f)—a. C apyro#f cTopoHHI,
npeicTas/iesre (8) MOXKHO COXPaHHTb ¥ B oOileM cJaydae, ec/]H
K {(A) moGaBuTh Mepy, COCDEIOTOYEHHYIO B TOYKe # == (), mo Be:
JUYHHE PABRYIO 4.

B kauyecTBe npuMepa IMpHMEHeHHS TeopeMbl 2 BhuiBexem ¢op-
myay KoreapnnkoBa — lllesHona nas oAHOMEpHOro chay4yaHHOrO
npouecca, CNeKTpajibHasi Mepa KOTOPOrO COCpPefloTOYeHa Ha KOHeY-
HoMm uutepBane [— B, B]. Pasnoxum ¢ynkuuio et Ha HHTepBaJIe
[—B, B] B pan ®ypre. Umeem
fuf __ Z sin (Bt — nin) effBiu

e Bt —nin

Ne=t — 00

Psan B npaBoki dactu nocaenHed (GOPMyJbl CXOZHTCSL PaBHOMEDHO
mo « Bo BCAKOM oTpeske [—B’, B’), B’ << B, u umeer orpaHHueHHbIe
YACTHBIE CYMMBEI, @ IOTOMY CXOJAHTCH H B Qz{mo} B cuay usomop-
¢usma npocrpancts Lo{me} u L2{E} umeem (B cMHCIE C. K. CXO-
JHMOCTH)

o0

=y, o (L) (10)

f=- oo

Takum o6pa3zoM, 3HaueHue caydaiHod dyHxkuuu £(f) B awbo# Mo-
MGHT BPEMEHH ! OZHO3HAYHO BOCCT2HABJHBAETCA IO ee 3HaYeHHSIM
B pPaBHOOTCTOSII{HE MOMEHTH BpeMeHn mn/B, n =0, 1, 42,
Jas crauuoHapPHBIX BEKTOPHBIX HOC/AeA0BaTedbHOCTER En, 1 ==
=0, &1, 2, ..., MOXHO cPOPMYJIMPOBATL TEOPEMY, NOJHOCTHIO
anajoruunyio teopeMe 2. OT/IHUHE COCTOHT B TOM, YTO CIEKTpajb-
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Has Mepa MOC/IeJOBATEJbHOCTH COCPENOTOYEHA HA MOJYHHTepBaje
[—n, m), a He Ha BceH BelECTBEHHOH NpPAMOH, Kak B clyuae mpo-
gecca ¢ HelpepHIBHBIM BpeMeHeM (cM. TeopeMmy 1 § 2).

M3 TeopeM 1 u 2 § 2 BoiTekaer cienyoouliee oGoGuieHne Teo-
peMbl 2 O CHEKTPaJbHOM DPa3/OXKeHHH OJHOPOIHOTO C.K. HempepbiB-

HOro ToJsl.
TeopeMma 3. Bekroproe 00HOpOOHOE C. K. HenpepviHoe noae

CE(X), x = &M, mooxcer 6biTo npedcrasaeno 8 sude
t=a+ | etwor(dn), a=Mg(),
%m

20e [ — BEKTOPHAA OPTO20HAALHAA Mepa Ha B™, nOOYUHEHHAR HOAO
g(x). Mexwcoy Lo{t} u LofFo}, Fo(-)= Sp F(-), cywecrayer uso-
MeTputecKoe cooTeeTcTsuUe, nPL KOTOPOM

a) L (x)«>ettam);
6) ecaw ;<> g (), =Ly}, gy L{F}, i=1,2, 10

= | g @t(du),
%m
Mnn;= | g, &) F (du).
%m

Cneacrsue. Ecau oduopodﬂoe nosre E(x) (ME(x)=0)
(cKaaaproe) umeer 0epaHUUEHKbLL CREeKTp, T. e.

Bl Bm
Riy={ ... [ etwor(du),
-B —Bpy

TO OHO OOHO3HAYHO onpede/meTCﬂ CBOUMI 3BHAYCHUAMU 8 TOUKAX

1 m
pewsersu {x, = (5, %"2—2, ) =0, k1, £2, ... }no
Gdopmuyre
m
k 1 m
& (x) = sin (Ber? — mn) (“" RGO
() na(n‘zf ) I;[:[ Bpx® — nnk Bm (11)

8 KOTOpOU cymmuposanue npouaeodurcn 1o BCEB03MONCHBIM YeAo-~
Hucnexnsim geKTOpam n u pad 8 npasol wacTu npu KAwAoM x cxo-
Outca @ cpeduem Ksadparuueckom.

PaccmorpuMm eme cmekrpanabHoe PasJIOXKEeHHe C.K. HempephB-
HOTO H3oTpOMHOro ABYMepHoro caydaiiuoro noss. Ha ocHosanuu
Yopmyant (10) § 5 ra. I KoppensuuoHHAs (YHKUUS [OA HMEeT
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BHA

o0

R (o, %) =R (p)= | Joup) g (d), (12)

0

TIe X ¥ X3 — TOUKH MJOCKOCTH, p — PaccTosgnue Mexay HuMH. Ecau
(rs, 8;)— noJsipHble KOOPAMHATH TOUKH X; (i==1, 2), T0

p= ,\/r? + rZ—2rr,cos (6, —6,).

Hcnonbsys GpopMyay clroxenus s GyHKnuH Jo

To (up) = k-Z—oo Ty (ury) Ty (urp) % Gi=0,

nepenuem ¢opmyay (12) B une

o <IN - -]

Rip)="{ { 7y (ur) e, ur) eivog (duy e (av),
0 =oo
rae e(dv)— Mepa, cocpefioToueHHasi B Toukax k = 0, 1, £2, ...,

npuyem e({k})= 1. B cury Teopemn 1 njockoe, H3OTPONHOE, OA~
HOPONHOE ¥ C. K. HempephiBHOe mose E(x), x = re?® (Mg(x)=0)
HOTYyCKaeT NpeACTaBJeHHe BHAa

g = Y e Iy ()t (dw), (13)
ke —o0 0

rie {n — NOCAef0BATENbHOCTb OPTOTOHAJNBHBIX MeXAy coboH cToxa-
CTHUECKHX Mep Ha npsimoli [0, oo).

§ 4. Jluneiinsie npeo6Gpa3oBaHus

[peacraBuM ceGe HeKOTOPYIO cucreMy X (npubop HaH yCTpoid-
cTBO), NpeldHasHAYeHHYIO0 IJis NpPeo6PalOBaHHsI CHTHANOB ((YHK-
uui) x(f), 3aBucsmux oT Bpemenn f. DyHKUHs, KOTOpas HOJXKHa
6uiTh npeo6GpasoBaHa, HasbIBaeTCss QyHKkyuel Ha 8x00e CucTembl;
npeo6pa3oBaHHas GYHKUMS — PyuKkyueld Hu 6b1x00e unu peaxkyued
Ha BXOARYI0 (QyHKIHIO. MaTeMaTHuecKH BCsKas CHCTEMa 3allaeTcs
KaaccoM @ «IoMycTUMBIX» (QYHKUMH Ha BXOAEe H COOTHOIICHHEM

BHIA
2(O)=T (x12),

rie £ == X(8)(— o0'<< § < oo)— ¢pyHKLHMA Ha BXOHE, X(s)= D,

a 2(f)— 3HaueHMe QYHKIMHM Ha BHIXOJEe B MOMEHT BpeMeHH I
CucreMa ¥ HasniBaeTca AuHelHOd, ecau: a) KJacc ROMYCTHMBIX

dyugunit & auneen; 6) oneparop T yAOBJAETBOPAET DPHHLMNY CY-
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MepHo3UIHY

T (ax; + Bxz | £) = aT (x; [£) + BT (x, |1).

Beenem onepanuio casura Bpemedn Sy (— o0 << T << o) ¢ no-
MOUIBIO COOTHOUICHUS

X () =S (x |f) = x (£ + ).

OHa onpeaeseHa Ha MHOXecTBe BCeX (QYHKUMHA nepeMeHHO# [
(— oo << ¢ <C 00) u quHedtHa. Cucrema I HasbIBaeTcs 00HOPOOHOL
80 8pemenu (Mmu TPOCTO OOHOPOOHOW), eclH KJAacc AOMYCTHMBIX
QyHKUHHE 2D HHBAapHAHTEH OTHOCHTEBHO oOmepatlud casHra Sy,
ST@ = @ H

T l)y=T(x[t+7) nma T (Sx|t)=S.T (x|,

T. € ecJH NpeobpazoBaHue I NepecTAHOBOYHO C Omepaiiueil CABHra
BpeMeHH Sy (— o0 < 1 <C 00).

[Tpocrefimium mnpuMepoM JIHHEAHOTO NPeOOPa30OBAHUA MOXKET
CIYXKHTb Npeob6pa3oBaHue BHAA

o0

2(f) = S h(t, s)x(s)ds, N

- OO

AN KOTOPOro KJacc NOMYyCTHMBIX GyHKUUA DD 3aBHCHT OT CBOHCTB
$yuruun A (¢, ). [Iycts Ha Bxoa cucrembl mocrymaer ¢pyuruus 6.,
rae 6, — @yukums Hupaka. Torma z(f) = h(f,s). Takum o6pasom,
GyHnkiHio h(f, s) caenyeT HHTEPNPETHPOBATH KAK PEAKUHIO CHCTEMbI
Ha §-pyHkumo B MOMeHT BpemeHu S. B cooTercTBuH ¢ 3tUM A (L, s)
Ha3bIBAETCH UMnyYioCHol nepexodnoti pynuxyued cucremol. Ecan cu-
cTeMa X OJHOPOAHA BO BpeMeHH, TO POPMaLHO

h({t, a—c)=T (8g-c | ) =T (S0, 1) =S, T (04| =h(t + ¢, a),
HJ/1H, 3aMEeHHUB @ Ha C U ! HA { — C, IOJIYyYHM
h{it—c, 0)=nh(t, o).

Oyukuus h(f)= h(t + ¢, c) HasbiBaeTCsH UMNYA6CHOL nepexod-
#ot ynryuel o0Hopodnol cuctemot.

Taxkum o6pasom, AJsl OAHOPOAHOH CHCTeMBl ypaBHeHue (1) npu-
HUMaeT BHJ,

=)

z()= S h(t —s)x(s)ds. 2

-_— 0

Onepayus B npasoii yacTd cooTHowenus (2) HA3biBAETCH CBEPTKOL
byrkuuit h(f) u x(2).

Ecnn dynkuusa Ha Bxoge cHCTEMBI OT/IHYAETCA OT (QYHKUHMH Ha
BbIXOJle TOJNBKO CKaJsDHBIM MHOXHTesqeM (mpeoGpasosanne T He
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MensieT GopMbl CHTHaJA)
T(Fi)=Af() (=00 <t<oo),
10 [(f) HasmBaercs COGCTBEHHOL pynryuetli, a A — co6CTBEHHOLM
sHavenuem npeoGpasosanus T. [ljisi OLHOPOIHBIX BO BPEMEHH CH<
CTeM ¢ HHTErPHPYEMOH HMIYJbCHON MepexoaHod yHKimed QyHK-
uuu eitv (4 — no6oe NEHCTBATENBHOE UMCIO) ABJSIOTCS COGCTBEH-
HBIMH. J1efICTBHTENbHO, BCe OrpaHHUeHHbIe H3MepuMble YHKIHH AB-
JAI0TCA NONYCTHMBIMH H
o x
{r@—syemsas= { A(s)emit-9 ds = H (i) e,
—00 -_—0
rae
o0
H(uy= { h(s)e-isuds (3)
— ‘ |
— npeo6pasopanne Pypbe MMNYJbCHOH MepEXOLHON (QYHKIHH, B
asieTcst COGCTBEHHBIM 3HaueHHeM npeobpasosaHusl.
TakuM 06pasoM, OTHOLIEHHE PEaKIWH CHCTEMbl Ha MPOCTYIO rap+
MOHHYECKYI0 GYHKHHIO e?¥! K 3TOH QYyHKUHH

i
H (i) =T 10

eiut, )
He 3aBUCHT OT BpeMmenn. ®yukuus H ({u) HaswiBaeTcs 4acToTHON
XQPAKTepuCTUKOl CHCTeMbl HJIH K03puyuentom nepedadu.
MoXKHO HecKOJbKO HHAUE HHTepIPeTHPOBaThb YACTOTHYIO Xapak-
TEPHCTHKY- CHCTeMBl (2), paccMaTpuBas HHON KJjacc IOMYCTHMBIX
dynxunit. ycts x(¢) uHTerpupyema. B cuay teopembr ®PyGunu

o oo o0

S lz(f)]dt < S S |h(t—s)| 1 x(s)|dsdi=

= fix@1ds {1001t < o,

T. e. GyHRUuA Z(f) Takxe nHTerpupyema. PaccmorpuM npeoGpaso«
Banune ®ypbe O¢yuruun z(¢). Ilpumenas teopemy Py6uHH, HOIYy+
YHM

(o]

2 ()= S e~z (f) dif =

-— (0
o
-—0

S e~ =94 (t — s)e~*4Sx (s) ds dt = H (iu) % (u),

= S e'*sx (s) ds.
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CJiiefloBaTenbHO, OTHOUIeHHe npeoGpasoBarua Pypbe OGyHRUUHH
Ha BHIXOZle K mpeobpasoBanuio Pypre QYHKUHH HA BXOAE HE 3aBH-
ciT OT QYHKIHM Ha BXOJe CHCTEMBl H DaBHO €€ YaCTOTHOH Xapak-
TEPUCTHKE!

B ¢opmyse (l) peaklusi CHCTeMbl B MOMEHT BPeMeHH ! 3aBH-
CHT OT 3HAUeHHH YHKUUMH Ha BXOZe KaK B MOMEHTH BpEMEHH
s <!, TaK B B MOMEHTH BpeMeHH § > f{. B ¢usuueckux ycrpofi-
cTBax, OJHAKO, HeT BO3MOXKHOCTH mNpeABocxuTuTh Oyayuwee. Ilo-
TOMY JJi HUX

h(t, s)=0 mpu (<s. (4)-

CootHouleHne (4) maswiBaercs ycao8uem Quauveckoll ocyujecreu-
MOCTu cucreMbl. /s cucTeM, YAOBJETBOPSIOWIMX ycaoBHio (4),
¢opmyana (1) mpunuMaer BuI

2= { nt 9)x(s) s, (B)

-—00

a eCJIM cucreMa OJHOpOAHa, TO
t

2(t)= Sh(t—s)x(s)ds=Sh(s)x(t-—s)ds. 6)
1]

- 00

Eclu Ha BXOJ CHCTEMBl NOAA€TCs (YHKIHS, HAYHHAS C MOMEHTA.
Bpemenu 0 (x (s)= 0 npu s < 0), 10

t
2 (f)= S h(t—s)x(s) ds. M

0

I/Isyqaﬂ TaKHe CHCTEMbI, BMecTO NpeoO6pa3oBaHus (Dypbe yno6uo-
NIOJIb30BaTbCA npeoGpasosaHneM Jlanaaca

z(p)={ vtz (1) at. )
Q

Hs ¢opmyan (7) caenyer, uto _
C EE=H@E@), Ep)={erx@at 9y
0

npu Rep = a, ecin ¢yuxkuun e~*h(tf) n e~*x(f) abCoMIOTHO HH--
TerpUpyeMHL.

IlepefineM X OCHOBHOH TeMe Hacrosiilero naparpaga-— kK JH-
HelHLIM npeo6pasoBaHHsIM CIyuaifiHBIX IIpouneccoB. B ocHOBHOM.
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paccMaTpUBalOTCsH OJHOPOJAHbIE BO BPEMeHH NpeoOpasoBaHHA CTa-
HHOHapHBIX npouecco. ITo noBoay GoJsee obuiero caydass Mbl orpa-
HHUHMCSl TIPOCTHIMH 3aMeYaHHAMH.

Mycts &(f)— uaMepuMbiil rHALGepPTOB mpollece (— co<<f<C 00)
.c Kopapuauueit B({, s), npuueM o¢ynkuus B(f, f) unrerpupyema
o { Ha KaKAOM KOHEYHOM HHTepBaJe, TaK Xe Kak M (yHKUUA
{A(s, £)|* npu ¢uxkcupoBanHom s. Toraa c BepoaTHOCTbIO 1 mpH
J00bIX @ H b cylllecTBYeT HHTerpal

b

t={re 9t6)ds. (10)

‘Onpefeaum HeCOGCTBEHHBI HHTErpajs OT — 00 {0 00 KaK C. K. [pe-
JeJl MHTErpajioB MO KOHEYHBIM MPOMEXYTKaM HHTErpHPOBaHHUA:

oo b
S h(t, s)E(s)ds = Lim. Sh(t, s)E(s) ds.
“ g

Jas cywecrsoBaHust 3TOro mnpefena HeoOXOAMMO H JOCTaTOYHO,
4TOOBL HHTErpaJja

oo oo

| |86 s)BG, )BT s)dsids,

—00 —00
.CYLIECTBOBAaA KaK HecoGCTBeHHBIA MHTerpasd Kol Ha NJIOCKOCTH.

Ecnu on cywecrsyer ais < T, 10 [(f) aBasercs ruibGepTOBLIM
.cy4aiinbiM npoueccom Ha T ¢ KoBapHalue#

B(t, t;)= S S h(t,, s)) B (s, Sz)h(tg, $;) ds, ds,.

[Tpepnonoxum tenepsb, uto §(f)— cranyoHapHHI# npouecc B mu-
"POKOM cMbic/ie co cneKTpaapHoii Mmepoit F(du) m ME(f)=0. 3Iro
TpeanoJoxenue OyAeT COXpaHeHO A0 KOHI@ HACTOSILEro mapa-
rpada. Uarerpan

n@={ rt—98()ds (1)
.CyllecTBYeT (B paHee ONpEXENEHHOM CMbICAE) TOTKA H TOJBKO
“TOT/[8, KOrAa CyulecTByeT HHTerpaj
{ {re—s)R(—s)rT=sds) dsy=

——00 =00
1S [+ o0

= S S h(s;) R (s, — s1) i (s,) ds, dsy,

-—Q0 —00
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rae R (#)— xoppensuuonnas ¢ynxuus npouecca. JIas storo, B cBOIO
ouepenb, NOCTATOYHO, 4TOOH ¢yHkuua h(¢) O6wmaa a6coaiOTHO uH-
TerpupyeMoil Ha (— oo, o). B 3TOM cJayyae, BOCHOJbL3IOBABIIHCH.
CNEKTPaJbHbLIM NPEACTaBJEHHEM KOppeNsuuoHHOH ¢yHkunu R (1),
NONYYHM CJelyiollee BhHIpamMeHHe AN KOPPeNSIHOHHOH (yHKIM®
Ryq(t, t2) npouecca n(f):

Rolt, t)={ § bt —s)R (s, — s) AG =5 ds, dsy=

=S S Sh(t,—sl)e‘“‘-"l‘sﬂh(tg—-sz)dsldng(du)=

=00 ==00 ==00

= [ ere-tou @) PF (@) =R, (1, — 1).

Takam o6pasom, mpouecc 7(f) Takxke SBASETCS CTAOHOHAPHBIM
B IWIHPOKOM CMEICTE.

Onpeneanenne. Han npoyecca t(t) npeobpasosanue T ua-
svisaerca Oonyctumvly uibTpom (uau, npouje, GuALTPoOM), ecauw
ono 3adaerca gopmyaod (11), 2de h(t) abcoatoTHo unrezpupyema:
Ha (— 0o, 00) u uMTezpupyema e xsaopare Ha AO6OM KOHEUHOM
uxTepBANEe UAU ABARETCA C. K. npedesom nociefo8aTresbHOCTU Ta-
Kux npeobpasosanuti (8 Z,{t}).

YcioBHe CXONMMOCTH NOCJENOBATEJIBHOCTH NpeobpasoBaHMIT
(11) nu(#) == T,(E|f) ¢ MMNYJbCHHIMH NEPEXOAHHIMH (YHKIHAMH'
h.(f) w gacroTHEIMM xapaxkTepucrukamu H,(iu) cocTour B cle-
Aylouem:

0o

Min, () =@ F= | Hyliw) — Hp Gu) PF () >0 (12)

- 00

Opu n, m—> oo.

1o o3nayaer, uro mocaenosatesbHOCTL H, (itd) ¢yumameHnTan bl a
B Zy{F}. Ho rorma cymecrByer npenea H (iu)= Lim.H, (iu)
(8 Z2{F}), KOTODHI Ha3BIBAIOT 4ACTOTHOL XAPAKTEPUCTUKOL npe-
Oeabrozo guavtpa, u eciu 1 (1) == l.i.m. n,(¢), 10

Ry()= | et H (1) P F (du). (13)
O6parHo, kakoBa 6bl HH Obiia Oynkuus H(iu)e Z.{F}, ee

MOXHO annpoKCHUMHMPOBaTb B CMBICJAE CXOOHMOCTH B Po{F}
ynxnnamy, sBasiomuMucs npeo6paszoBanuaMi Pypbe aGCOMIOTHO:
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HHTErpupyemnix ¢yukuuii. Takum o6pazom, GuabTpbl ynro6no 3ana-
BAaTbh YaCTOTHLIMH XapaKTePHCTHKaAMH.

Teopema 1. Jaa 1020 urober pyuxyun H(iu) 6oira wacror-
Hoil xapaxTepuctukotd Oonyctumoeo purvTpa 0aa npoyecca E(t)
€0 cnekrparvrot mepod F, nHeobxoO0umo u Oocrarouno, 4roboL
H(ivye P1{F}. Koppeaayuonnas pynkyus npoyecca Ha 8bixole
uavTpa ¢ wactoTHod xapakrepuctuxoi H(iu) Oaerca opmy-
a0t (13).

Ecii BCIOMHHTH 3HEPreTHYECKYIO HHTEPNPETAUHIO CHEKTPalib-
Hofi ¢ynkuuu, 10 u3 dopmyan (13) caenyer, uro |H (iu)|? noka-
BHIBAET, BO CKOJIBKO Pa3 YBEJHUMBAETCS JHEPTHS MPOCTHIX rapmo-
HHYECKHX COCTABJAAIOIIMX Npolecca ¢ YacToTaMH B HHTepBaJje
(4, u -+ du) npu NpOXONKAEHUU yepe3 GHIBTD.

Teopewma 2. Ecau npoyecc E(t) Ha 6xole PuarsTpa c ua-
CTOTHOU xapakTepucTukoi H (iu) umeer cnekrpasbrHoe npedcras-
JAenue

e ={ ¢t (dw), (149

0 npoyecc n(£f) Ha soixode guabTpa umeer 6ub

o

()= { e"“H ()t (du). (15)

—_00

HefictButenpHo, ecau GuIbTp HMeeT abCOJIOTHO HHTErpupye-
‘MY HMIYJbCHYIO MEPEXOAHYI0 HYHKUHIO, TO ’

oo oo

n () = S h(t—s)E(s)ds = S ™ H (iu) £ (du).

00 -

Iloka3aTesibcTBO B OOlleM cJaydyae MOJYydaeTcsl ¢ MOMOLIBIO Mpe-
TMeTbHOTO Nepexona Nmo mnocjiepoBaTtenbHocTaMm H, ({u), cxopsimmumcest
x H(iu) B Z2{F}. B

[Tycts W (f)— mpouecc Ha BHIXOHe (uabTpa ¢ YACTOTHOH Xa-
paktepuctukoit Hy(iv), Mnp(f)=0 (kK =1, 2). Haiinem B3auwu-
HYI0 KOppensnuouHyio GyHkuuio mponeccoB n(f) u ng(f). M3 uso-
mopopusma mnpoctpanctB Fo{t} u ZL{F} HnenocpencTBeHHO cie-
ZyeT, 4To

o

Rip(®)=Mn, (¢ +9)n, () = | e"H, (i) Fy @) F (dw).  (16)

—o0

TIpuBeneM HECKOJABKO NPUMEPOB (QHABTPOB M WX TACTOTHBIX Xa-
- PaKTePHCTHK. ] ' :
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1. TlonocoBoii GuabTp mnpomyckaer (He H3MEHSA HX) TOJNBKO
rapMOHHYeCKHe COCTaBJsIONIHE NPOIECCOB C YaCTOTaMM 4, JJsI KO-
Tophx a <<|u]l<< b, a > 0. YacroTHas XxapaKTepHCTHKa OGUJbTpa
paBHa H (iu) = yq, &)(%) -+ %=b, —a)(#), U OHUIABTDP sBASETCA AOMY-
CTHMBIM JJIs1 NPOU3BOJBHOrO Hpouecca. MMnynabcHas mnepexomHas
¢yHKuuA Haxoxures no gopmyse Pypoe:

—-a b
h(t)=%{(g + S)e”uduz Siﬂbt;siﬂ at .

-b a

2. OuabTp BLHICOKHX YaCTOT NMOAABJAET HU3KHE YACTOTHI, HE H3-
MeHss BHICOKUX. Ero uacrornas xapaxrepucruxa H (iu) =% u> ) (#),
a MMIYJbCHAA NepexoaHas GyHKIHS He CYLIECTBYET.

3. Paccmorpum omnepanuio ¢ X. Anp¢epeHNHpPOBaHHSA CTaLHO-
HAapHOTO B INHPOKOM CMEIC/Ie mponecca. HJs CylHecTBOBAHHA C. K.
NpoU3BOJHON Tmpomecca E(f) pocrarouno cymectBoBaHus R’ (0)
(§ 3, cnencreue 1). 310 ycaoBHe 3KBHBaJEHTHO TpeGoBaHHIO (TEO-
pema 4 § 5 ra. I)

S 12F (du) < oo, : ' 17y

C npyroii CTOPOHBI, €CJAH 3TO YCJOBHE BHLINOJHEHO, TO npu A — 0
ethe — | .
T T (8 Z,{F})

M B COOTHOILIEHHH

T ihu
JL LIS TONE S etn £ = L p ()

— 00

MOXHO TepefiTd K npeneay npu A — 0 Nox 3HAKOM CTOXacCTHYECKOro
uurerpana. CJhenoBaTenbHO,

¢ () = S it (du). (18)

TaxkuM o6pasoM, onepauud AnddepeHUHPOBAHHS COOTBETCTBYET
GUABTP ¢ YAaCTOTHOH XapaKTEPHCTHKOH iu, KOTOPHH fBJsAeTCH AO-
NYCTHMBIM IJISi BCeX CTALlHOHapHBLIX NpPOIECCOB, Y/OBJETBOPSAIOMIUX
ycnosuio (17). MmnyascHas nepexofHas ¢(yHKLIHS He CYLIeCTBYET,
HO ¢HJIBTP MOXHO paccMaTpHBaTh Kak npefetbrbli (¢ —0) aasa
GHUALTPOB C HMIYJbCHEIMH IEPeXOAHHIMH (yHKnUAMU he({)= 0

npu |t|=e u h(t)=— Sger;t npa |#| << e, KOTOpHIM COOTBET-

4 sin? 35-

CTBYIOT YaCTOTHhIE XapaKTCPHUCTHKA — Tne?
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4. Onepauus casura spement. Tak Kak

o0

gt+s)= | ey (au),

-— 00

r0 onepauun casura Bpemenu I, T (E|f)=E(¢! + §), coorBercr-
BYeT YacTOTHaf Xapakrepucruka H (iu)= eivs, ImnyibcHan nepe-
XolHast QYHKUHUSA He CYIIeCTBYeT.

5. lndpdepennnanbibie ypaBHenusa. Paccmorpum ¢uibTp, omnpe-
JAedsieMblit HHEAHBIM ZHGdepeHUHaJbHLIM ypaBHEHHEM C MOCTOSH-
HbIMH KO3 pHuHeHTaAMHU

L= Mg, (19)
£ae
dn dn—l
L=a—m+a—fsr+ ... +a,
dam dm—l
M=b-22 0, St . 4 by

Ypasuenne (19) umeer cmbica TONIbKO Toria, Korga mnpouecc E(f)
m pa3 c. K. pudpodepenuupyem. Torapa bl umem n pas c. K. gug-
«pepeHIHpyeMblil CTallHOHapHBIA npouecc 1(f), yAOBJAETBOPAOLINHA
(19). Ipeanoaoxum, uto (19) umeer crauuonapHoe pemenue. Ero
‘MOXCHO NPEACTABHTb B BHJE

n@)={ e ().

- Q0

TIpumensaa k npoueccam E(f) u n(f) onepaunu M u L (coorser-
CTBEHHO), NOJyYaeMm

o0 0

S e L (in) H (in) ¢ (du) = S e M (i) ¢ (du),
THe L(iu)=k20 a, ()" %, M (iu)=l;0bk(iu)m°", oTKyAa, ecan L (iu)
He HMeeT BelleCTBEHHHX xopﬂeﬁ,

H (iu) = ()

L (iu) *

OG6parHo, ecan mpouecc E(f) m pa3 c. x. nuddepenuupyem,
M@uyeLy{F}, LGiu)#0 (— o <u < =), To npouece

(20)

n@)= | o A (g

-—00
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n pas C. K. nuddepenuupyem M yIOBJETBOPSET YpPaBHEHHIO (19)..
Takum oOpasom, npu yciaoun M (iu)e Zo{F}, L(iu)= 0 cyle--
CTBYeT E€IMHCTBEHHBH (HJIBTD, COOTBETCTBYIOLMA AH(PepeHnHab-
HoMy ypaBheHHo (19). 3amernM, oIHaKO, 4TO MOMHO ONpeNEJNHTD-
pemenue ypasuenus (19) u B Gonee obmux cayuasx. Jomycrum,
yTO MHoroujeH L(iu) He uMeeT BellecTBEHHBIX KopHelt. ®uantp-
¢ 4acCTOTHON xapaktepucruko#t M (iu)/L (iu) cymectsyeT u Ge3 Tpe-
6oBanua M(iu)e Z,{F}; nocratousno Tpe6oBaThb TONBLKO, UTOGHE

M (iu
7—((1’11—)) Egz {F} [Mocnennee BumoaHseTCH BCerjia, Korna creneHp n-

MHorousleHa L ne menbme m. TakuMm o6pasom, npu n == m duabTp:
C 4acTOTHOH xapakTepucrrkoit (20), sHameHaTeslb KOTOPOro He 06-
pallaercs B HyJb NPH AEHCTBHTENBHHIX 4, SBJSIETCH AOMYCTHMBIM
AJis1 NPOU3BOJIHOTO IpOLECCca Ha BXOJAe, H INPOLECC Ha BHIXOAE:
(QuIbTPa MBI OTOXJECTBJISIEM CO CTALMOHADHEIM pelIEHHEM YpaB-
Henns (19). OrpamuumBasich no-npexsemy InQdepeHUHaNTbHBIME
YPaBHEHHSIMH, IJIS KOTOPHIX MHOrowieH L (X) He HMeeT YHCTO MHH-
MBIX ~ KODHeH, BBINEAHM H3 IPOGHO-PAlHOHANLHOM  (YHKIHM
M(x)/L(x) nenyio uacts P(x) (oma orauuHa orT HYJS, ecin
m 2= n) 4 OCTaTOK PasJIOXHM Ha npocThie Apo6u. Toraa

L(iu) - " km] s=| (m_p;)s k=] se] (iu—-p;’)s ,

m-n

rre P(iu) = kzo dy (i) (m>n) u P(iu)=0 (m<n), Rep, <0 u

Repy >0, p, u p” SBASIOTCS KODHSMH MHOTOUYJIeHa L(x)==0.
T k 3 k
aK Kak

1 — 1 ds—l OSOeple—lut dt — i_ﬂ_ eplo—iut dt
(iu — p)® (s—1) aps™! : § (s=1
. (Rep <0)
0
1 !
g == | gomee e ®ep>o),

- 00

To npouece n(¢) Ha BHXOZe (GHJABTPA MOXKHO NPEACTABHTL B BHIE

m-—n

n= 2 dt®0+ (st —n G @ar + (st +1G (-7,

R=( 0 0
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TIAE
n’

lk ’
P o !
GO =)\ 2 | ¢>0),

k=1 \sg=|

” lk
. cII ts »
GO =—Y| Y 5] ¢<o.

k=] =]

3aMeTuM, YTO ecau MHorowleH L (X) uMeeT KODHH C MOJOKH~
“TeJIbHOH JeHCTBMTENBHOH YacTbio, TO COOTBETCTBYIOWMHA GUILTD
-pU3HYECKH HEOCYIeCTBHM. '

§ 5. PU3HYECKH OCYIECTBUMbBIE (HILTPBHI

B nacroauem naparpade paccMaTpHBaeTcs CJAeLYOIHHA BONPOC:
KAKHe CHeKTpabHble (QYHKHWH MOTYT OblTh IIOJYYEHBI HAa BBHIXOZAE
Ppusndeckd ocymecrsumoro ¢uiabTpa? Ilpy stom Ha Bxome ¢QuabTpa
paccMaTpUBaeTCA B HEKOTOPOM cCMbIcjie MOpocTefiuull cayqaiinsiii
npomuecc.

ITponeccnl, paccMaTpuBaeMble B HacTodlleM mnaparpade, Hens-
MEHHO MNpEeANOJaraloTcsi OJHOMEPHBIMH H CTAlMOHADHBLIMH B LIMPO-
KoM cMmbicse. [losTomMy c/IOBO «cTanmuOHapHBIA» HHOTHA, a CJOBa
«B ITHPOKOM CMBIC/Ie» NMOCTOSIHHO OYAYT ONMyCKaThCs,

Haunem c¢ paccMOTpeHHsSI CTAUHOHApHBIX NMOCAELOBATEJNbHOCTEH.
Mg ne 6yneM NepeHOCHTb Ha NMOCJAEJ0BATEJbHOCTH BCEX OINpesee-
HHH M 3BPHCTHYECKHX COOGpaxKeHHH, NPUBENEHHBIX IJs1 MPOIECcCoB
€ HempepbiBHLIM BpeMeHeM, XOTs OyIeM I0Jb30BATLCSI COOTBET-
crByoilel TepmunoJoruei. Ilpexcrasum cebe cucreMy, y KOTOpoH
COCTOSTHHE HA BXOJAE H BBIXOHE PErHCTPHPYETCS TOJBKO B LeJouHC-
JEHHble MOMEHTHI BpeMenHd { = 0, 4=1, &2, ..,

ITycts Ha BXOA cHCTEMBl B MOMEHT BpeMeHH 0 MOCTYmMJI exH-
HHYHBIA MMOYJbC. Peaknyio cHCTEMbl H4 3TOT UMIOYJABC B MOMEHT
BpeMeHH f{ 0003HAUMM uepe3 a;. Ec/lH cHcTeMa He MpenBOCKHILAeT
Gyayuwero, T0 @; = 0 npu ¢ <C 0. Ec1u cucrema ogHOpoaHa BO Bpe-
MEHH, TO PeaKHHsl CHCTeMbl Ha eJHHHUUHBIH HMIYJbC, MPUNONKEHHBIH
K CHCTeMe B MOMEHT BpEeMeHH S, paBHA Gy Peakius JuHeHHOH
OIHOPOAHON M (DH3HUECKH OCYIECTBHMOH CHCTEMBI B MOMEHT Bpe-
MeHH { Ha TMOCAEeJ0BaTEJbHOCTb UMOYJIbCOB E, (— o0 << n << o)
Oyner

t 0

n@= % a-k@m)=23 ak{t—n). (V

=0

Tlponece, ompenensemuii dopmynaofi (1), HasbiBawT npoyeccor
CKOAb3AULE20 CYMMUDPOBAHUS.
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[TpeanonoxuM, yto E(n)— HeKOppeJHPOBAHHAA -MIOCAELOBATE.Ib-
HOCTb CJy4YalHbIX BeJHYHH H

Mi(n) =0, ME(ME(m)=20umm (— o0 <n, m< o)
Haszosem ee crandaptrofi. OHa HMeeT MOCTOSHHYIO CIEKTPaJbHYIO
[JIOTHOCTb.

- Has c. k. cxoguMoctd panxa (1) HeoGXOAMMO M JOCTATOYHO,
4TOOH -

ngol a, B < oo. @)

Ecau 310 ycaoBue BHIOGJHEHO, TO mponecc m(f) Takxke CTalHOHA-
ped "

Mn(®)=0,  Ry()=2 tussdy. 3)

Kakue ke noc/Ie0BaTeNbHOCTH MOTYT GBITB TaK#M 06pPa30M MOJY-
YEeHBI?

Jlemma 1. Laa 1020 uT0b6l cTayuonapuas nociedosqres-
HOCTo 1 (n) Obira peakyued usuuecku ocyuwjecteumozo GuabTpa
Ha CTAHOAPTHYIO NOCA008ATEALHOCTL CAYUAUHbLY BeAudtH, HeoO-
x00umo u 0ocTarouno, 4rober nocaedosarenbHocty v (n) umeria ab-
COMIOTHO HENnpepbleHYlo CNeKTPALbHYIO Mepy u ee CHneKTPAAbHAA
naotrocTs f(u) donyckara npedcragaesiie

FW=1gCP, gC=2be™ Sib,F<c. (@

n=0

Hoxasareavcréo. Heo6xomumocrts. IlycTh mnocsenoBaTesqbHOCTD
npezncraBsuma B Bule (1). ITonoxum

iy 1 - - iny
g ()= Vﬁn};oane : (5)
Torga no gopmyie INapcepans
L) 41
Ra()=Y i@y = { "1 g(c") P du,
=0 -1t

T. €. NOCJeA0BaTeNbHOCTb 1 (1) HMeeT abGCONIOTHO HeNpepLIBHELI
CIeKTpP ¢ MJIOTHOCTBIO f (1) ==| g (ei¥) |2

* Hocrarounocts. ITycrb m(n)— NOCAEI0BATENBHOCTL C KOPpe/d-
UHOHHOK (yHKUHeH ' ' : : '

Ry(t)={ ¢"f (u) du
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u f(u)=|g(e™)|% rae g(e'*) onpenengercs COOTHOIIEHHAMH (4).
TlocnenoBarenbHOCTh 1 (N) HMeeT CHEKTpaJbHOE NpelCTaBleHHE

n

n(w) = § " (du).

bt

Ha o-asre6pe GopeneBCKHX MHOXKECTB OTpe3Ka [—u, m) nocr-
POHM CTOXACTHUECKYIO MEpY

g

1
I . du).
E(4) = S o W)
Torza

n

Mz (1 EB) = | XA(“)XB(u)mf(u) du= - | a
iy ANB

T.e. E(A) sBaseTcs OPTOroHaJbHOH MEPOH CO CTPYKTYPHON ¢YHK-
uueit [(ANB), rane I — mepa Jle6Gera. Mcnoabsys Jemmn 2 n 1
§ 2, noayunm

T

nin) = §emig (= | e /2w 2 @ (dw) =

hat
0

== Z '\/_2—7? Ek it el in—=h) ug (du) = i at (n — k),

k=0 -1 k=0
rue
a,=/2 b,y tln)={ "t (du)

-

MW G =55 | erommudu=a,,

-N

Takum o6pasom, E(n) saBasercs CTaHAAPTHOR NOCJAELOBATENb-
HocThio.

IlokazanHas JieMMa faeT NpPOCTOH OTBET Ha MOCTABJEHHBIT BO+
npoc. Ho sToT oTBer B 06leM cayyae HeAOCTAaTOYHO 3(Q@EKTHBEH,
TaxX Kak OCTaeTCsd HeSACHLIM, KOTJa CHeKTpasbHas MJOTHOCTL MOMKET
6LiTh npeacrasiena dopmyaon (4).

Hafinem ycnoBms, npu Koropeix f(#) Homyckaer mnpeacrabie-
HHe (4). OGosnaunm uepes H; Mmuoxecrso Bcex ¢ysruHi f(2),
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asaauTHyeckux B kpyre D = {z: |2| << 1} u Takux, yto

IH@F=lim {1 (-e?)Pap < oo.
-x
Ecau f(2) = Zoanz", 10 f(re!®) = ), a,r"ei™, 1. e. a,r" ABAsIOTCH
n=

n=y
ko3pduuuenramu Pypoe dynkuun f(re®). B cuay pasencrsa [Tap-

cesans
n

S [ f(re®) P do=2xn Z [a, Eron,

-1 n=0

Orcioaa BuAHO, 4TO f(2)< Hy T0raa u TOMILKO TOT'MA, KOrga
00
Y la,F < oo.
n=0
CnepoBarenbo, ans Kaxaod Gynkuun f(2)e Hy Mmoxuo onpene-

JuTh pAd f(e'®) = ). a,e!™, cxomsAumiica B ZLa(l), rae | — nede-
n=9_

rosa mepa Ha [—n, n). Oynxuus f(2) (]2 << 1) sBoccranasiusaercs
yepe3 pyukuuio f(e%) no popmy.ae Ilyaccona

. 1 :
Heety = § e P, 0, 0 au, ®)
-7
rae
1 —r? - nigin O~
P(r, 0, u)y= T—2rcos(@—u) +rt Z rintein 0=,

n=—00

Hoka3aTeqbCTBO 3TOrO YTBEPKACHHSA HENOCPENCTBEHHO BHITEKAET W3
pasencrsa [Tapcesans.

B reopun ¢ynkuuii aokassisaerca (cMm. M. W. [Mpusanos [1]),
aro ecau B Qopmysne (6) ¢yukuus f(e’®) unrterpupyema no Jie-
Bery, To NOYTH I BCex § cyuiecTByer

lim f (re®®) = [ (e®).
rat

?Iyﬂlxumo) f(e'®) nasmiBator epanuunsim snauenuem dyuxuun f(2)
(zj<1). _

Teopema 1. Ilycro f(u)— neotpuyaressran u unrecpupye-
#an no Jlebeey pynxyun na [—n, n). Haa tozo 41066 cyujecrso-
8xaa pynkyua g(2)s Hy rakaa, 4ro

fw)=1g(")P, @
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Heo6x00umo u 0OCTATOYHO, 4TOObL
f14

[ 1inf@idu < oo ®)

-
o
. n
Jlokasaresvcrso. Heob6xomumocts. Ilycrb g(z)——nzganz s H,

u (7) umeer MecTo. MOXHO CUMTaTh, UTO g(0)=%= 0 (B NpoTHBHOM
ciyuae BMECTO g(2) MOXKHO paccMOTpeTb 27™g (2), rone m — kpar-
HoCTb HyJs 2 == 0 QyHKuHK g(2), u nonoxuth |g(0) | =1). ITycts
O<r<lmnu A= {u |g(rev)|<1}, B={u: [g(re)|>1}.
Torna '

a4

{ 1n1g(e®y |l du={1n] g (re") 1du—

—1 B
23

— (1l g(re™ | du=2{Inlg(re") 1du— { In| g(re") 1 du.
A B -7
Us dopmyan Hencena Butekaer, uto npu f(0)=1

1 iu . - r .
+ S In|}(e") ldu=1n [[ 7 >0,
-5 k=1
rae z, — Hyan Oyukuuu f(2) BHyTpu Kpyra |2|<Cr. Cuaenosa-
TEJBHO,
T

{1 1g0e i au<2 (inlglre) 1du< {12 (e Pdu<

-3 B B

11 -
< S lglre®)Pdu<<2ny [ a,P.

[pumenss aemmy @ary, noJayunm - "
13 n

{ 1in g du= { tim|In|g(re")]ldu<

- —nrl

n -]
<tim { In|g(re™)||du<2n Y’ [a, P,
rAl Zg n=y
YTO M JOKa3biBaeT HEOGXOAUMOCTb ycIoBHA (8).
Jloctatounocts. [TycTh ycnoBne (8) BhINOAHEHO. DYHKUHSA -
kY
v(r, 6)=-21—n S lnf(u)P(r, 0, u)du

-5
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ABJsIeTCs rapMoHuyeckoil B Kpyre D ={z: |z| << 1}. U3 nepasen-
ctBa Hencena caenyer

v(r, 6)<ln{§lﬁ S f@)P(r, 6, u)du}.

-

O6GosnaunM uepes @(2) aHaauHTHUecKylo ¢yHkuuio B D ¢ pefi-
1

o = @ (2)
cTBUTENbHO yacTtbio v(r, 0). [Tosoxum g(z)=e? . Torpa

2t
| g (rei®) P = eRe®(@ = go 9)<% S f)P(r, 0, u)du

-3
H n

T
freemras<{i7@ldu<oo.
- Rati’

limo{r, 0)
Takum ofpasoM, g(R)=H, H li;n| g(re®) P=ert! = f(8)
ral

nouTu Bcloay. Teopema poxkasaHa.

3ameuanue l. Kak BHTeKaer u3 J0OKa3aTeJbCTBa TEOPEMHI,
¢yuxuus g(2) moxer OblThb BbiOpaHa Tak, 4toOnl npu 2 = 0 oHa
6blJ1a NOJNOXKUTEJNbHON U He uMeJia HyJel B D.

Bameuanune 2. Oyuxknus g(2), CyLleCcTBOBaHHE KOTOPOH
yCcTaHOBJEHO TeopeMmoit 1, ompejensieTcss He €AUHCTBEHHBIM o6pa-
som. Ho ecan g(2) ynoBJeTBOpSiET YCACBHAM

a) g(r)*# 0,z D, 6) g(0)>0, . i
TO OHa €JIMHCTBEHHA H, CJIeJOBAaTENbHO, COBIajgaeT ¢ HalJeHHONH
HaMH.

Heficteutesbho, ecau g;(2) (i = 1, 2)— nBe Takue ¢yHKUUH,
TO 11:(2)=—§—12—% aHaautiudia B D, He ofpanlaercs B HYyJb U Ha
rpanune D no moaymo paBHa exuHune. Pynkunus In ¢ (2) sasasgercs
aHasuTHyeckoll B D, u Ha rpanuune D ee neficTBHTeNbHAst 4acThb
pasaa symwo. CaexoBareibHo, In+p(2)= ik, ThZe £k BelleCTBEHHO.
Tak xax In(0) BemecTBeHHo, TO InP(2) = 0.

ConocraBisg JemMMy 1 u Teopemy 1, noayuum cienymiollee yT-
BepXKJeHHeE.

Teopema 2. Has To20 urobor nocaedosaresvrocTo 1 (1)
Mo2aq GuiTe npedcTasiena 8 sude

oo o0
n)=2 att—n), 2la,P<oo,
n=_ n=0
ede E(n)— HekoppeaupoBaHHAs nOCAeF08ATENbHOCTb, HEOGXOOUMO

u docrarouro, 4Tobbl M () uMera abCOAOTHO HenpepovléHyio CheK-
TPAALHYIO MEPY, @ ee CNEeKTPAAbHAA NAOTHOCTS [ (1) yoo8AeTEé0pHA
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Tpebosanuic

S Inf (u)du > — oo.

Oycrs Li(x), Co(x), x & X, — e ruapbeprossl caydalisble
dyurnun, Yepes Zo{l;} o0603HaunM 3aMKHYTYIO JuHEHHYI 0060-
JIOUKy CHCTeMBl cayuaiublx Beanuun {f;(x), x = X} B Z».

Onpenenenune Ecau Zo(L)= Z2(le), 10 cayuainag
pynkyus §(x) nasvisaerca noduunennot Lo(x). Ecau oce Ly(L)) =
= P(L2), T0 &1 (%) u Lo(x) HA36I8QIOTCA IKEUEANCHTHOIMU,

3aMeuanune. Kak BbiTeKaeT M3 H0KazaTeanCTBa JeMMsl I,
[oC/en0BaTeIbHOCTH E(n) U 1 (n) 2KBHBAJEHTHEL

TTokaxeM, XKaK MOMKHO BBHIPasuTh K03hUINEHTH @, B ONepaniu
CKOJIb3411er0 CYMMHDPOBAHHSL Yepe3 CIeKTPaNbHYI0 MJIOTHOCTL [ (i)
NOCTe0BATENBHOCTH 1 (£).

Bpenentas npu JQoKasaTelbcTBe Teopembl | Qyukuua ¢(z) q8-
JasieTca aHaJuTHueckol ¢yukuueid B D, peficTBUTeJbHAn 4acTh KO-
TOpol HMeer rpanuyHble sHayenud Inf(u). Ciaenosarespro, 10
$opmyae Illeapua

n
ek

9@ =2 | @

k4

2 . ©)
y4

it —

Paznaras ¢yHKUHIO g(z)::exp{-%-q)(z)} B CTemeHHOH pax

g(z)——-anz", NOJAyYdM CJeAyloLMe 3HaueHHd JJjaa  Ko3dou-
n=0

IIHCHTOB Qg
a,=1/2x b,.

C apyro#i CTOPOHH!, BhIpaKeHHe ANA g(Z) MOXKHO mpeobpaso-
sarth cienylomum obpasom. Tak Kax
fu iu i
e 2 2ze”
iu+ =1 + Ziu 1 + 2 Z zke—iku,
et —z 1—ze &=l

TO

n o0
g(z)=exp{z% S lnf(u)du—f-—;;dez'k},
2 k=1
e *

dy, = S e In f (u) du.

-
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ITonaras

19 oo oo
P=exp{% S Inf(u) du}, exp{Q—ln—dezk}=Z cr2® (cg= 1);

-1 k=1 k=0
MOMYYHM

RZ) = Pk;) Cké .
Takum o6paszom, .
a, =+/2nPc,. (10)

[lepeiinem K npomeccam c HenpepwBHBIM BpeMmedeM. O6o6iie-
HUEM OlNepalluk CKOJb3AIEr0 CYMMHDOBaHHSI Ha cjydafimble Opo-
LieCChl € HENDEpHIBHEIM BPEMEHeM MOXKEeT CJAYKHTh Ollepauus, cra-
Bflllasi B COOTBETCTBHE CJaydaiinoMmy mnpoueccy &(f) mpomecc m(f),
t e (— o0, ), no ¢opmyJe

oo
n={a@) d@—s. (11)

[}

Bynem nasmBaTh npomecc ¢ OPTOTOHAJNBHEIMH TNpPHPaIEHUSAMH
E(f) cTaHIapTHBIM, €CJAH

Mg()=0, MIg(@+h) —E@)F=h

B coorBercTBUM ¢ TeM, uTo OBIIO cKa3aHo B § 4 o croxacTruue-
ckoMm uHrerpajte Cruirbeca, mpoueccy £(¢) COOTBETCTBYeT HEKOTO-
pasi croxacTHuecKkas optoroHaJjbpHasi mepa &(A) Ha o-aareGpe MHO-
KeCTB, H3MCpUMHX 1o JleGery. DTy Mepy Takxke OyAeM HasblBaTh
cTandapTHotl cToxactTu4eckoll mepot. Jljsi CylieCTBOBAHHS HHTe-
rpaia (l1) Heo6xommMo M HOCTaTouHO, 4yTOOH a(f) Gblia H3Me-
puma o JleGery u

S|a(t);2dt<oo.
0

3ameTHM, 4TO CcTaHZApTHHI npouece §(f) He c.X. AudpepeHnEpyeM.
Onnako oTHOUIEHHS

’ gt A)—E (¢t
gA(tk)z ‘a(k+1+A) g(k) , A=tk+1—tk,

IpH BCeX fx M CKOJb YTOARO MaJblXx A oproroHaJjeHH. TakuMm obpa-
30M, (PUKTHBHYIO TPOHM3BOAHYIO &' (f) cilenoBano 6Bl paccMaTpuBaTh
KaK mpomecc, 3HaueHHs KOTOpPOoro B Jio0Gble BA MOMEHTA BpPEMEHH
OPTOroHaNBHBI, a HX JAHCTepcHsl OeckOHewHa., ITOT (UKTHBHBIA
lpoltecc 4acTo BBOAAT B PACCyK/JAEHHS U Ha3bIBAIOT OeAblu UiymMOM.
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TouHoe ompepesneHne 6esoro IyMa JaeTcd B paMKax TeOpHH 006-
ofmennblx ciayyafinbix npoueccos (M. M. Teapdpann u H. . Bu-
Jeukud [1]). CumBoanuecku ¢opmyay (11) MoxHo 3amHcaTh
B Bujze .

n)={ alt—9)¥ ) ds

-— 00

U HHTEePOPeTHPOBaTh 7 (f) KakK peakuuio (H3MYECKH OCYLIeCTBH-
mMoro ¢unabTpa Ha Geablit wyM. Mmnyabcnas nepexoxnast QyHKunus
sToro (uiabTpa paBHa Hymo npu << 0 u a(f) opu £ > 0. OrMme-
THM, Y4TO BCe AGNYCTHMBbIE AJs mpouecca &' (f) pu3HUeCKH OCYIIecT-
BHMbIe GuabTpnl Hcuepneisarotes Gopmyaon (11). IeficrBuTenbHO,
BCAKHMH JONYCTUMBIA (PH3HYECKH OCYILeCTBHMBHIH (uabTp mo ompe-
nenepnio uap umeer Bua (11) woIm ABAsieTcd NpeneabHBIM AN
duabTpoB Takoro BUAA. YCJIOBHE C. K. CXOLUMOCTH (GHJILTPOB BHLA
(11) ¢ UMNOYJbCHHIMH TIepeXOZHBIMH QYHKUUAMU a,(f) cocTouT
B CJAEAYIOLLEM:

Slan(s)——an,(s)les»O npu n, n’ — oo,
4]

Ho ecan 310 ycioBHe BEINOJMHEHO, TO cyuiectByer lLim. a,(f) =
= a(f) (orHocuTesbHO JeGeroBoit meph Ha (0, c0)) H

Lim.n, ()=Lim. S a,(s)de(f —s) g a(s)dg(t — s).
0 0
Takum ofpasom, nmpefenbHbil nepexon B ¢uibrpax suza (11)
pacuiapsieT Kiacca QUIBTPOB.
Gopmyny (11) MoxHO mepemncaTh CAELYIOIUM 06pasoM:

oo

n(t):Sa(t—s)dg('s), a®)=0 npu t<O0.

—00

CaenoBaresbHO, KoppelsdlUHOHHas (yHKIHA mpouecca m(f) pasHa

=)

R({H= S a(t+s—uwa(s— u)du,

handle v

HJIH

=]

R(t)=§a(t+s)&‘(s“)ds. (12)

2]

Jemma 2. ZJasa 71020 uTObBL CT(L{IJOH(ZPHblu (8 wupokom
cmoicae) npoyecc m(t) aBasaca peaxyued ¢uauwecku ocyuyecrgu-
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Mo20 QuabTpa Ha noduunennuii npoyeccy Oeavul wym, Heobxo-
dumo u JocTarouxo, urobel npoyecc n(t) obradasr abcoaoTno He-
npepoleHOL CREeKTPaAbHOL Mepoll u e20 CNEKTPAAbHAA NAOTHOCTH
f(u) donyckara npedcrasrenue

fw)y=1h(iu) B, (13)
20e
h(zu)—_-Sb(s)e—iuSdS, S 15 (s) Pds < oo. (14)
0 ¢}

Hoxasareascrso. Heo6xogumocts. Ilycrs mponece w(f) momy-

o

S a(s)e-isuds,
0

ckaer npexacrasiaenne (11). Honoxuwm A (iu) = L
A/2n
B cuay pasencrsa [Tapcepans
ROy=\at+s)a@ds= | ew|n(u)pds,
0

—00

T. €. CHEKTD Inpolecca abCcoMoTHO HENpEphIBEH M CIEKTpaJbHad

miaoTHOCTh uMeet Bug (13), (14).
Jocrarouynoctb. [lycTh BBHIIOJHEHB YCAOBHST JeMMbl. PaccMmo-
TPHM CIIeKTpaJbHOE NpelCcTaBJleHne npoiecca 1(f):

()= ¢t (w),

M CTOXACTHUYEECKYIO Mepy

T X4 (4)

pa) = § 22 ¢ (aw. (15)

—00

Croxacraueckuii uurerpan (15) mMmeer cMBICHA AJS TPOH3BOJBLHOTO
Xy ()
OrPaHHuEHHOTO GOpeJeBCKOTO MHOXKecTBa A, Tak Kak 74(1.—”5-5

= %Z,{F}, rae F — cunexkrpaJbHas Mepa npoliecca

F ()= S | (i) P du.
A

Jlerko 3ameruth, 4to p(A) SABISETCH OPTOrOHANBHOH MepOH,
upuyeMm
Mu (A)pB)= | du.
ANB
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ITonoxum

e—iut; — —iut‘

+
()~ (6) =— = | T () (16)

OueBuHO, uTO croxacrmueckuit murerpan (16) cymecrsyer. Ciay-
yajinas QyHKumusa wETepBana §(A)= E(t:)—E&(4), A =1[h, £), aB-
JsleTcsi 3JEMEHTapHOH MepoH, COOTBETCTBYIOLUEH CTaHRapTHOMY
nponeccy. HeiicrBurenpHo, ME(A)== 0. [lajee, HCrOAb3ys paBeH-
crBo Tlapcesans aas uHTerpatos Oypbe, NOAYUHM

du=

00
1 S e—-iutz . e—-iut, eiuh . eiut;,
-—00

ME (A)E (Ae) =57

—iu iu
= { 1,01, at=1(a,0),

rae A =[t, k), Ao==1{t5,14), !-— neberosa Mepa Ha npsamoi. Ha
ScuoBauun JeMMmul 1§ 2 1 dopmyan (15) noayuaem

o0

)=\ e“h(i)n(dw). (17)

-0

3aMeTduM Tenepb, YTO €CJIH

h(iu)=—j§§- S a(s)e’™ ds, rme S la(s) Pds < oo,
TO

0

§ nwpd= | a(=sds). (18)

— 00

DeficTBrTensHO, TaK Kak npoctpanctBa Fa{p} u Lo{E} usoMopHLI
npocrpancrBy Ps{l}, rie /.— JeGeropa Mepa Ha NpsAMOH (— oo, ),
H npeo6pasopanne Pypbe He MEHFET CKaJsPHOTO MPOH3BEAEHUSA
B Z2{{}, 10 dopmyny (18) nocraTouHO HPOBEPUTH [IJs MPOCTHIX
¢yuruuit. Ilycrs a(f) = Z ckxAk(t), rae Ap — HHTEpBaJ (MJH TOJY-
uaTepBaa) (@, br). Torna

(o]

tuby eiuak

[ aazn=—= § Yat—Ft—unw,
k

- 00 —o0
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yTO FBJIACTCA HacTHbIM ciyuaem (18). Hrak, dopmyna (18) ycra-
noBsena. M3 (18) BmiTekaer, uto
o0

S e"th (iu) du— S a(s)dg (t — s), (19)

-0

TaK KaK yMHOXeHHe Mephl §(-) Ha e™! B cuay dopmyan (16) npu-
BOAHUT K CABHTY apryMmenra ¢ynkumuu E(-) Ha £ Hs (17) u (19)
MOJIY4HM

Vor

Ilycre 3amana cnekrpasnsbHas miotHocts f(u) npomecca n(f).
BosnHKalOT caenylomue Bonpockl. Korga cnekrpasibHas MJIOTHOCTb
nonyckaer npeacrasiaenue (13), (14) (wim, xak rosopsr, akro-
pusauuio)? Kax naiitn no ¢yskuuu f(#) ¢ynxumio h(iu) (a cie-
10BaTeIbHO, H QyHKuMI0 a(f))? OTBeTH Ha 3TH TEOPeTHKO-(HYHK-
IHOHA/MbHBIE BOINPOCE MOXHO NOJYYHTh, CBEISI MX K yXKe pPeIleH-
HBIM BOIpOCaM A/ clydasi (akTopusauu¥ (QyHKUME Ha OKPYKHO-
cTd. BBelgem mnpeoGpasobanue o= }i‘;, oTobpakaiollee Kpyr
D ={z: |2| <1} B npasyw noaymrockocts I+ = {o: Re o > 0}.
Ha rpanunme coorBerctsylomunx o6aacreil (o = iu, z=e"%) 370

npeoGpa3oBaHue HMeeT BHJ u=ctg—g—. Ilycres [(u4) nmomyckaer
¢akropusauuo (13), (14). Ioaoxum

g@)=(+o)re) =251 (112), }
FO) =F @) (1 -+,

Oyukuus F(0) nomyckaer ¢axtopusanmio |F(0)]= |g(e®)]|? rme
£(?) ananutuuna B D u unTerpupyema ua (—d, 1),

-—CC

n(t)=Sa(s)d§(t-—-s), rne a(t)=————1— S h(iuye-iutdy. B
5 v

(20)

§f(6)d9=2 OSO fw)du < oo,

-1 —o0

T.e. g(2)e< H,. B cuay teopemnr 1

Inf (&) 4 In (1 4 u?)
| mHOEnAED g,

—o0 < S Inf(68)do=2

OTKyza

1
[ 10 gy — o, (1)
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Ilonyctum Temepb o6patHoe. Ilycrb f(u4) HeoTpuuareabHa, HHTE-
TpHpYeMa M yAoBJAeTBopsieT cooTHoweHnHio (21). Onpenennm 7(6)
¢ nomomeio (20). Torna f(0) unrerpupyeMa u

S Inf (6) d6 > — co.

-7

U3 Teopemn 1 ciepyer, uro f(0) nonyckaer ¢akTopH3aLHIO

FO=1g@)F g@=Xa2" Xlaf<co.
IMonoxum
1 1—ao\"
h(@) =175 Z}an(u-m) :
n=
Torna ¢yHkuus h(w) aHaJHTHYHA B NPaBOd 4YacTH NOJYMJIOCKO-
e u () = | h (i) |2
(1 — in)?

h (lu) ='; a, W . (22)

YuursiBas, uto (QYHKIHUH ein® o0pasyloT MOJHYI0O OPTOHOP-

11
MHPOBAHHYIO NOC/JELOBATENBHOCTh B 92(—n,n ), HETPYHLHO YBH-
L (=M gpasercs nomsok
A2 (1 4 iu)*t!
OpPTOHOPMHPOBAHHOH MOCJEL0BATEIbHOCTbIO Ha ZLo(— o0, o) oT-
HocuresbHO JseberoBoil Mepbl. [TosTOMy paHee HamnHCaHHBIH pAL
anas h(iu) cxomuTcst B CPelHeM KBaJpaTHYECKOM. 3aMeTHM Ternepb,
4TO

JEeTh, YTO TOCIe10BATCIbHOCTDL

(1 —iw)? =’§ Ap —
1+ )" L1+ i)*
n+1 y oo o
= & —(1+tu)tt<k-ndt___8 ~tutg (a4
“ (k-—l)lOSe K o (0) dt,

TaK 4TO

0

h(iu).-:Se—“"b Bdt, tae b(B)= a,Ba().

0 n=0

IIpu sTOM HajO MMeTb B BHALY, YTO YacTHBle CyMMH psaga (22)
npejcTapasfioT coGoli npeo6pasosanue Pypbe (C TOUHOCTBIO A0
N

MHOXHUTEs) QYHKUUHA, paBHBIX Y a,B,({) npa =0 u paBHBIX
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gyaio npH ¢ <C0. Tak kKak npeo6pasoBanue Pypbe He MeHseT
HopMbl GyHKIUH B Zy(— 00, 00), TO H3 C.K. CXOIHMOCTH psja
(22) caenyert c. K. CXORHMOCTb psifia AJjs b (f) u

e ]

Swmww<m.

0

Tlo noBoxy eAWHCTBEHHOCTH MOJYYEHHOH (pakTOpH3aUHH GYHKUHH
f(1) MOXHO cHenaThb 3aMeyaHHsl, aHAJIOTHYHBIE TeM, KOTOpbie GbLIH
cnenansl 0 (akropusanud (QyHKUHA Ha OKPYKHOCTH. Bripaxenune
119 A(w) MoxnHO nolyuuTb U3 Qopmyanl (9), 3aMeHHB 2 HA ® #
TIpou3BeAs COOTBETCTBEHHYIO 3aMeHY INepPeMEeHHbIX MOJ 3HAKOM HH-
TerpaJa:

___ 1 Inf@ i+4+uo
h(m)—exp{ﬂ S _l—l—-u2 mdu} (23)

Teopema 3. [aa 1020 4TOGbL HEOTpuyaTeAbHAR UHTE2PU-
pyemasn pynkyus f(u) (— oo <u << o0) donyckara paxropusa-
yuro (13), (14), neob6x0dumo u 0ocTaro4ro, 4robol

oo

Inf (u
| L8 gy > — oo, (24)
IIpu Oonoanutesvuvix ycaosusx h(w)7=0 (Rew >0), A(1)>0
pynkyus h(w) eduncreenna u onpedersercs Gopmyrol (23).

Teopema 4. Laa 1020 urT0ob6r crayuoraptsii npoyecc m(f)
(— oo << t <C o0) donyckar npedcrassenue (11), neobrxodumo u
docrarouno, 4ToObl On umes QGCOAIOTHO HenpepuieHblil CReKTp u
220 CNeKTPaAbHas NAOTHOCTbL ydosaersopsaaa yciosuio (24).

§ 6. MporHo3 u ¢uabTpanug CralHoOHAPHBIX NMpPOLECCOB

OpxHa U3 BaXHLIX 3a7a4 TEOPHH CJy4aHHBIX MPOMECCOB, HMEI-
niass MHOTOUHC/IEHHBIE MNpaKTHuecKHe IMDHMEHEHMs, 3aKJioyaercst
B cjaenyiomieM; Tpebyercs HawJyymiuM o06pasoM OLEHHTb 3HaueHHe
cayyaiiHOH BeJHUMHBI {, Hal./1101as1 HEKOTOPOe MHOMKQCTBO cJaydail-
Hbix BesmuuH {§,, o A}. Takum o0pasoM, HYXKHO HaHTH QYHK-
unio f(E,|e = A) or MHOKeCTBAa IHepeMeHHHX Lo, o €A, ¢ Hau-
MeHbleH OIUOKOH, YAOBJeTBOpsiOllel NPHOIHIKEHHOMY paBeH-
CTBY

trl=[@E.la= A). (1)

ITpumepom Takoll 3ajauu sBJISETCH MPOTHO3 (SKCTPANONALHA)
Clyyaiinoro npouecca. B atoM cayuae Tpebyercs OUEHHTb 3Hade-
HHe cayyaliHOrO mMpouecca B MOMGHT BPEMeHH * Mo ero 3HauyeHUsIM
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Ha HEKOTOPOM MHOXKECTBe MOMEHTOB BpeMeHH, NpeIillecTBOBaB-
mIHX £

HOpyruM npumepoM dBJsieTcs 3ajgadya QUIbTPaLllHM CIAyu4afiHOrO
mporiecca. B mpocrefilieM cyyae OHa COCTOHT B CJELYIOLIEM: B MO-
MeHTsl Bpemenu ! & T’ < T wnabawopaerca nponecc E(f) =n(f)-+
-+ ¢(f), npeacrasasiomuil co6oil CyMMY «NOJIE3HOro» curHajda {(f)
1 «mryma» 1(?); Tpebyercs OTA@JHTH LIYM OT CHTHaJa, T.e. LS He-
Kotoporo t* & T HyxHO HaliTH HauJdyqulee npué.nmxenne ¢

BHIA )
L)y =i=FEW) ).

IToctaHoBKa 3ajauy IOKa ellke He 3aKOHUEHA, TAK KaK He yKasaHo,
4TO O3HauaeT «HaumJayulmee Ipubanxenue». Pasymeercsa, gpurepuit
ONTHMAJIbKOCTH 34BHCHT OT NPAKTHYECKOr0 XapaKrTepa paccMarp-
BaeMoll 3ajaud. UTo ke Kacaerca MaTeMaTHUYeCKOH TeOpuH, TO
B HeHl NPEHMYIIECTBEHHO DasBUTH METOIH pPEeIieHHs] MOCTaBJeHHON
3ajayy, OCHOBaHHBIE Ha CpejHeM KBaJPAaTHIECKOM YKJIOHEHHH KaK
Ha Mepe TOYHOCTH NpuGJaMmKeHHoro pasencrsa (1).
Besnunna

d={ME—(Elas A" (2)
HAa3bIBAETCSl CPeAHell KBaAPAaTHYECKOH HOTPeLIHOCThIO MPUOAHKEH-
Holl opmyan (1). 3amaua cocrouT B ompenesneHud GYHKUMH [ Ta-
KoH, uro (2) npuHHMaeT MHHHMaJbHOe 3HaueHne. B ToMm cayuae,
korna A — KOHeYHOoe MHOXecTBO, nox f(E,|oe & A) Mul monumaem
naMepuMyro no bopemio ¢dynkuuio aprymeHros §,, o & A. Eciu
e A GecKOHeYHO, TO 3TOT CHMBOJ 0003HaYaeT CIy4yallHyl0 BeJu-
UHHY, H3MEPHMYIO OTHOCHTEJNbHO 0-aarebpel § = 0{&,, a = A}, 1io-
POXKIEHHOH MHOXKECTBOM C/lyualHbx Bennund {§,, o < A}.
B naapseiimeM npeapnojaraercs, uto H § u [(Ey|a = A) obaa-
IAI0T MOMEHTAMH BTOPOrO NOPSIAKA.

[Tos0xuM
y=M(|F). (3)
Tornma

=M{{—P=ME—y/+2ME—v)(v—§+M@Hr—{2
Tak Kak BeJUUAHA y — { {-H3MepuMa, TO
M@E—v)(y—0= ) )
=MM{C—v)(v—DIZ =My —)M{C— )8} =0.
TaxuMm o6pasoM,
F=MEC—vP+MHy—§?
OTKy[a CHefyeT

Teopema 1. Ilpubauscenue cayuaiinod eesuuunsr §, umero-
wiell KOHe4 bl MOMEHT 8TOPO20 NOPAOKA, ¢ MUHUMAALHOE cpodHel
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x8adparuueckol noepewHocToo npu nomouwju § = o{f,, o A}-
usmepumoli cayualnod seauuunol § eduncrgenno (mod P) u daerca

gopmyrol X
t=M{Z|B}.

Bameuanune Ouedka { =y cAyvallHOH BEJHUHHH { 5B-
JsieTcs HeCMeUleHHOoH, T. e.

My =MM {¢| T} = M,
H BeJIWUUHBI § — y # &, 0pH 1000M o & A He KOPDEJHPOBAHLL:

M(E— Y)§a=MM{(§—Y)§al%}=MEaM{(C'_'Y)[%}:O

K coxanenuio, npakTuyeckoe IpUMeHeHHe Teopemel | nis no-
JyueHH 3¢¢eKTHBHHIX GopMya npud/IHKeHHs OblBaeT BecbMa
TPYOHBIM. B cayyae rayccoBckux caydaflHbIX BeJHMYMH, OJHAKO,
MOXHO NOHTH janbme. 3aMeTHM, HpexJe Bcero, yTo OoJee mpo-
CTOH TIOCTAaHOBKOH 3ajaul, NPUBOLfAINEH B psle clyyaeB K 3aKOH-
YeHHBIM M aHAJHTUYECKH HOCTYNHBIM pelIeHUsM, sIBJsfeTcAd 3ajava
OTBICKAHHSI ONTHMAaJbHOrO Hpub/MKEHUS He B KJaacce BCeX H3Me-
pUMBIX OYHKLIHA OT 3aJlaHHBIX CJOydJalHBEIX BeJuuumH, a B Oojee
y3KOM KJacce JuHeHHLIX GyHKIHM. Bojee TouBO 3TO O3HAuaer cjie-
aywouee. [Tyers {Q, &, P} — 0CHOBHOe BepOSITHOCTHOS NPOCTPaH-
crBo. IlpeanoJsioKuM, YyTO BeJHYMHBl &, W { HMEIOT KOHeuHble MO-
MEeHTHl BTOPOro mopsiaka. BeemeM moampoctpaHcTBo Za{t,, a = A}
Tuiab6epToBa npocrpanctea F{Q, &, P}, aBJsiolleecss 3aMKHYTOH
JuHelnol 060J0YKOH BeauuuH &,, o & A, u KoHcTauTH. MoOXHO
paccmarpuBath noanpocrpaicrso Za{f,, o & A} Kak MHOKECTBO
BCeX JHHeHHBIX (HeOLHOPOAHEIX) GYHKUUH OT E, C KOHEUHBIMH AMC-

nepcusMd. Haunyumum JguHefiHBIM npubavxenneM { K clyuadHOH
BesinuuHe § sABsserca ToT aaement La{E,, a & A}, KoTophIii Ha-
XoguTCd OT § Ha KpaTyallleM pacCTOSHHH, T.e€.

F=MI{—-LP<M|T —2f
ans mwdoro L& Z2{E,, a = A}. Hs recpun ruipGeproBbix mpo-

CTPpaHCTB HU3BCCTHO, YTO 3aj4a4da OTbICKaHUsA sneMeHTaQ H3 noanpo-
CTpaHCTBa Ho, KOTOprI;'l HaxXOOuTCA Ha KpaT‘{aI'/JIIHEM PacCTogHUH OT
32JaHHOIO 3JeMEHTa §, BCerga HMeeT eIUHCTBEHHOE pelieHue.

A umenno, ¢ apaserca npoekuueit § Ha Ho. Daement { Moxer GblTb
onpefe/sed, ¥ NPHTOM €IHHCTBEHHBIM 0GPa30M, H3 CHCTEMBl YPaB-

Heuuit ({—E, §') = 0 aaa Jqoboro I & Ls{k,, o< A}. B namem
cJIyyae 3Ta CHCTEMAa YPaBHEHUH CBOLMUTCS K YpaBHEHHSM

M (&) = M (&), 4)

H nocKoJbKy B £y {E,, a = A} BRIOUEHA eJUHHIA, TO
M{ = Mg,



300 JIMHEVIHBIE ITPEOBPA3OBAHUS CJYVUAMHLIX NMPOLIECCOB i v

TaK 4YTO ONTHMaJbHEE JHHEHHble OLEHKH [ 00s3aTeJbHO HE CMe-
wenbl. Moxno cuutath, uro Mg, = 0 ans JaoGoro a. Ilostomy
B JaJbHeHuleM MbI OTPAHHUMMCS PacCMOTDEHHEM NOATPOCTPAHCTBA
cayuafinbix BeanudH H3 Zo{Q, &, P} c mMareMaTHYeCKHM OXKHJa-
muem 0. .
PasyMeercsi, He Bcerfa €CTb OCHOBAHHSI CUMTATh, UTO JHHCHHAS
OlleHKa BeJHUHHB { fABJsiercs npuemsemoil. Hanpumep, ecin
E(n)== eivn+®, rje v paBHOMEPHO pacmpeieeHa Ha (—m, 1), 1O
M{t(n)t(m)} =0 (n 5= m) u Haunyuumas JuHeiHas OLeEHKA BeJH-
ypebl E(m) mo sHaveHusM Bcex E(n) (ns=m) umeer Bun§(m)=0,
T.e. He HCNOJb3yeT 3HaueHuit Beauun E(n). C Ipyrod CTODOHEL,
HOCTATOUHO TNPOU3BOJIbHON mapsl HaGmomenuét E(k) u E(k-+1),
yTOGH ONMPENEJNHTH BCIO NOCIEL0BATENBHOCTh §(7) TOYHO, a8 MMEHHO

n—k
s =(550) .

JdonycTuM Tenepb, 9TO BCe KOHEUHOMEpHbIE paclpele/eHHs cH-
crembl {L, &, o = A} HopMaibHe B ME, =0, M{=10. B stom
c/yuae W3 HEKOPPEJHPOBAHHOCTH BEJHYHH t—Z u g, crenyer, uTo
onn nesapucumsl. Ilostomy §{ —  He saBHCHT OT 0-ajireGpsl §

MEIS =ME—E+EiI=MCc—D)+Ei=C

Teopema 2. [as cucremvr 2ayccosoly cAy4Qlinbly BeAUdUR
{t, & a € A} nauaywwan (8 cmoicae cpednezo Keadparuteckoeo
OTKAOHeHUs) Oyenxa seautunol § ¢ nomouwpro o{t,, a & A}-usme-
pumoii Gynryuu cosnadaer ¢ Hausywuled Autelnod oyenkol 8
Poft,, o= A} .

B pajpHelimieM paccMaTpHBaeTcs PsaJ YaCTHBIX 3ajay Ha No-
CTpOEHUE ONTHMAJbHBIX JHHENHBIX OLEHOK.

A) Uucao cayyaitHblx BeaudynH &, Komeudo (a==1,2, ..., 7).
3ajaya UMeeT NPOCTOE pellieHHe, XOpOLIO H3BECTHOEe H3 JHHEHHOM
anre6bpbl. [Ipeanosarad, uto £, JUHEHHO HE3aBHCHMBI, MCAKHO TpeA-
CTaBUTb NPOEKUHIO { BeNWUHHBl { Ha KOHEUHOMEPHOE NPOCTpaH-
crBo Hp, HATAHYTOE HA BeJMUMHM &, (=1, ..., 1), C NMOMOLILIO

dbopMyaH
(gl’ gl) L (gn’ gl) gl
- T A
§=T‘— (Em gl) oo (gm gn)gn ’
&) ... GE) O
rze ' =T(&, & ..., En)— onpeaenntenp [pama cHCTEMBI BeK-
TOPOB gh §2, ey gn:

(gh gl) LA (gls gn)

F(Elv%i’.,--wgn): R
(gm gl) L (gm gn) °



§ 6l MPOTHO3 M ®UJLTPALMSA CTAIIMOHAPHBIX MPOLECCOB 301

n (§ m)= M(&n). Cpeauss KBaapaTHuyecKas NOrPeUIHOCTb & npu-
6MXEHHOTO paBeHcTBa { =~ [ paBHa LJHHe NCPIeHAHKYJAsApa, omy-
IEHHOrO H3 KOHIa BeKTropa & Ha mpocTpaHcTBo Hy, H Jaercs ¢op-
MyJa0#
62— LCu ... B D)
TE, &2 evnn En) °

B) Paccmorpum 3agzauy o6 omeHke ciydaflHOH BeNMYMHBI MO
pesyabTaTaM HaOJIONEHHS C. K. HENpepblBHONO cay4yalHOTO Tpo-
necca §(f) Ha KoHeuHoM npoMexyTke Bpemenu T = [a, b]. Ilycrs
R(t, s)— roppessnuonHass GyHKUMs npomecca E(f). B cuay teo-
pembl 5 § 1 mponecc E(f) Moxer GHITb pas3jioKeH B Psii

E() = g:fl VM@ (1) Ers

rie @x(f)— OPTOHOPMUPOBaHHAsl I10C/]EI0BATENBHOCTh COGCTBEH-
HbIX QYHKUHH, Ay — COOCTBEHHbIE 3HAUEHHS KOPPEJSUHOHHOH (QyHK-
uuH Ha {a, b):

b
Ms ()= R (¢, ) gu (5) s,

a

£, — HODMHpOBaHHAs HEKOPDEeJHPOBAHHAS IOCAELOBATEIbHOCTD,

Mgkgrzékr' _
Ouesuano, uro {&}, k=1, 2, ..., obpasyior Gasuc B L2{E({),
t = (a, b)}. Moaromy

§=nz§l CrEns

rjae

Vi e, =\t (dt, n=1,2,...,

Qc/ﬁg‘

cn=ME,=\Ru()o(t)dt,  Rg(t)=MZE(Q.

R ey e

Cpeausis KBagpaTHuecKasl NOI'PEMIHOCTb & OLEHKH MOXKeT G6bITh

Hailllena no ¢gopMyJe

b 2

S Rez () @, (t) dt

a

o

#=MIZF—MIEP=MIZP—)

n=0

IIpakTHyeckoe mprMeHeHHEe STOTO METORA 3aTPYAHEHO CIOKHOCTHIO
BRIYMC/eHHS COOCTBEHHMX (GYHKLHMHE H COGCTBEeHHLIX 3HAUeHHH siupa

R(t, s).



302 JIMHEMHLIE TTPEOBPA3OBAHHS CJIYYAMHbBIX [TPOLECCOB I, v

B) Meron Bunepa. Ilycts E(f) u {(f), t T, — nse ruanbep-
TOBBl chlyuadinble QyHkuuu. Jomycrum, uto npouecc &(f) Habuaro-
naercsd Ha HEKOTOPOM MHoxecTBe T* 3HaueHuil aprymenra f. Cra-
BUTCA 3ajgaya of OIpefeJeHHH ONTHMAaJbHOH ONEHKH 3HaueHHus
t(t), toe=T, no wuadmoneHnbiM 3HaueHusivw E(f), < T*. Ecu
IPEANOJOKHTD, YTO HCKOMAS OLEHKa HMeeT BHA

Lt = c©)z(s)m(ds), )

T*

rie m — HeKoTopas Mepa Ha I* M BBIIOJIHEHB! YCJIOBHS, NPH KOTO-
PBIX 3TOT HHTErpasjd HMeeT CMBICJ, TO ypaBHeHHe (4) npuHHMaer
BHX

[ e R (s, Hmids)=Res (s, 1,  t=T, (6)

T*

rae Riz — Koppeasunonuas ¢yukuus E(f), a R; — B3auMHasa KOP-
pensimuonHas GyHkuus L(f) u E(f). YpaBHenue (6) saBaserca HH-
TerpajpHbIM ypaBHeHHeM PpenrosbMa HepBOro poja C CHMMETDHU-
HBIM (3pMHTOBBIM) sIpoM. [laseko He BCerza OHO HMEET peILUCHHE.
Opauaxo ecau

{Mie@Pm@n <o,
T

TO HHTerpasbHoe ypaBHeHue (6) umeer peutetue c(s)e Fq{m}

TOTZIa M TOJBKO TOrZa, KOTAA ONTHMAaJbHAs JHHEeHHas oueHKa (fp)
BesHYHHB § () uMmeer BUA (D).

[Tycrs T — och meficTBHTebHBIX uHCced, T* = (a, b), npouecch
E(f) m T(f) crauvoHApHB H CTAUHOHAPHO CBA3aHHL (B IIHPOKOM
CMEIC/IE), a B KauecTBe Mephl m B3fita Jeberosa mepa. Toraa ypas-
Henue (6) npuHHMaeT BUL

b
e@Ra(s—tds=Rus(b—1), t=(a, b). (7)

a

Ecom () =E&(f) (—oo <t<<To0) u th>b, T.e. ecan 3amaua
COCTOHT B OlieHKe BeJuuuHb! §(fy) mo 3uaudeHusiMm §(f) B OpouLIoM,
TO 3ajauy OymeM HasbelBaTb 3a0a4er 4uCT020 NPO2HO3A.
OcranoBumcsi mnoppobHee Ha 3ajaue IPOTHO3a BEJUUHHBI
T(t -+ g) no pesyabratram HabJaiofeHus npouecca §(s) 40 MOMeHTa
Bpemenn £, { = s. Ilpu sTom Oyaem mnpejmnosarath, 4TO NPOLECIbI
E(f) u ¥(f) cranuoHapHBH H CTALHOHAPHO CBA3AHB (B LIHPOKOM

cmuteae). TIporrosupyiomyio Beanuuny L(¢) 6yieM paccMaTpuBaTh
KaK QYHKIHIO OT ! npu (PHKCHUPOBAHHOM 4.
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ITono:xum
t

(= ci9)z(s)ds.
JIerKo 3aMeTWTb, 4TO TpoUecc & (f) ABAsSETcs CTanuOHAPHBIM. [lefi-
CTBUTEJIBHO, YpaBHeHnne (7) B paccMaTpHUBaeMOM cJydae HMeeT BHJ
t
[ @R —mds=Rut+g—u, <t

-0

3aMeHa nepeMeHHBIX [—u =0, ! —§ = 0 npeobpasyer mnocmaex-
Hee ypaBHEHHe B clelylollee:

oo

Jert—O) R (0—0)d0=Ris(g+0),  v20. (@

0

Orciofa MBl BUANM, uTO GyHKUHA C;(f — 8) He 3aBucur ot £ Ilo-
JoxuMm ¢(0)= c;(t—0). Ypasuenue (8) 3amuuercs Tenepp Tak:

0

c@Ret—9ds=Rug+1, >0, (9)

0
a (popMyJIa (5) AJ1d HpOrHO3prIOHlteI q)yHKHI/IH HMCET BHIA
t oo

E(t) = S c(t—s)§(s)ds=8c(s)g(t—s)ds. (10)

— 00

Taxum obGpasom, npouecc {(f)=={,(f) craunocnapen. M3 cdopmyan
(10) caenyer, urtoc ¢{f) ABJseTcs WUMOYJALCHOH NepexoAHOH (YHK-
uuefl (usMueckd ocyllecTBUMOTo (uabTpa, npecbpasymiolliero Ha-
GaronaeMblli mpomecc B ONTHMAJbHYIO OLEHKY Beauuudut (- q).

Jlerko yKasaTb BLIpaxeHue nJs cpejHeHd KBaJgpaTHYecKoH [o-
rpewHoct 8 nporuosupywoomedt ¢yuknun ¢ (f). Tax kak 6% ectb
KBajgpaT AJHHBI NepNeHIHKYyJsApa, OMYLIeHHOTO M3 KOHILAa BEKTOpa
L(t -+ q) na ZLo{E(s), s <}, 10

=MLt +qP—MIE@)P=

00 oo

= Rut(0) — SSc DRt —s)e(hdsdt. (1)

Tonaras R, (0)=0f n mepexois K CHEKTPajJbHOMY NpeACTaBJe-

HHUI0 KOPpeasiuMoHHON GyHKIuM Ry (f), moaydnm

& = ol — S | ¢ (iu) P dFee (u), (12)

-0
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rae Fgs(4) — cnektpasibHas ¢yHKuMs npouecea &(f) u
¢ (iu)= S c(f) e—iut di,

4]

HMsnoxum KpaTko meron peureHus ypasHenus (9), mpeasoxex-
ublit H. Bunepom. Honycrum, uto crexktp npouecca (f) a6cosioTHO
HETPEepLIBEH H CNEKTpa/bHAs IJIOTHOCTH fgg(4) AOmMyckaer (akro-
pusanuio (cM. Teopemy 3 § 5)

o0

fre () =1 h (i) P, h(2)=712_n?Sa(t)e-2’dt, Rez>>0.

W3 pasencrsa IlapceBans mis npeoGpasoBanus ®ypbe caenyer,
YTO

oo

Rt (1) = S e”"|h(iu)|2du=Sa(t+s)5®ds.

-—00

[Ipeanonoxum eie, 4TO B3aMMHAs CNeKTPaJbHas QYHKIUS mporec-
coB [(f) m E(f) abBconmoOTHO HenpephiBHA H ee IJOTHOCTD fre ()
YAOBJIETBOPAET YCJAOBHIO

feg (@) .
AT k(e 2,. (13)
Torza
Ry ()= S e fre (1) du = S ek (iu) ki (iu) du == S b(t4s)a(s)ds,
—_00 -— 00 0
rae

1 .\ Hitn
bt=———_—Skzue du.
O=—75 ) k@)

C nomollblo TOJYYCHHBIX BEIpakKeHHH ypasHenue (9) MoxKer
ObITh MEpeNucaHo CJAeAyIoUUM 06pasom:

S[b(q—l—t—l— s)-Sc(e)a(t-e+s)de]a'cs_)ds=o, £>0. (14)

[¢] 0

Uro6u (14) umesno mecro, mocraTouno, uto6sl dynkuua ¢(f) yao-
BJIETBOPA/A YD AaBHEHHIO
b(q+x)=Sc(9)a(x—-—6)d9, x> 0. (15)

0



§ 6} fIPOrHO3 U O®UJBTPALIMS CTALIHOHAPHBIX MPOUECCOB 305

Ypasrenue (15) Toro xe Tuma, 4To M ypasHenue (9), ¢ Tem JHilb
CYIECTBEHHBIM pasjinyueM, 4To QyHKuus a(f) obpallaercs B HyJdb
I OTpHIATE/IbHbIX 3HaueHudt t. 3anucas (15) B Bunxe

X

bg+n={c@ax—0do, x>0, (16)

0

Mbl MOXKeM HeNOCPeNCTBEHHO DPeLIHTh 3TO YPaBHEHHE C MOMOILbIO
npeobpasosanus Jlansaca. YMHoxas pasenctso (16) Ha e™** H
uHTerpupys or 0 fo oo, NOJIyuuM

B,(2)=C(2)h(2),

rae
1
B (&) =7 Vou+ne=ar, cO=—= {otye=ar.
0 0
Takum ob6pasom,
_53(» 1 € u Ba (i)
C(z)_——h(z) , C()——_f\/fn— S u T(—,'u—)'du» (17)

npuuem Bhipaxenue Aas B,(2), Rez>0, Moxer GHTh 3amHCaHO
B BHIE
. 1 S iqu fCE (u) du
Bq(Z)—- +on ¢ h(iu) z2—iu ) (18)

®opMyJAHPOBKA NPEANONOKEHHH, NpPH KOTOPBIX BBIBEACHB  (op-
myan (17), (18), Becbma rpomosakasi. Ilpoule npu peuleHHH KOH-
KPeTHBIX 38124 HeNMOCPENCTBEHHO MPOBEPATb 3aKOHHOCTb NperJa-
raeMbix TpeoGpa3oBaHHH, NMPHUBOASAIWMX K pEIICHHUIO 3adauH.

I) Meroa Slrnmoma. B merone firioma, B OTIHYME OT MeTOAA
Bunepa, OTHICKMBAeTCsi He HMIYJAbCHad TNepexoiHas (QYHKIHS Of-
THMaJbHOTO (PUIBTPA, KOTOpas MOXKET M He CYILIeCTBOBATh, a 4a-
croTHas xapakrepucruka. He paiorTca obmue (GOpMyJB pemieHus
3ajaud, a npeaJsaraercst ToJbKO MeToj noadopa MCKOMOH (QYHKIHH,
HCXOAS H3 Tex TpeGoBaHMH, KOTOPbIM OHA [OJIXKHA YAOBJETBODATD.
Bo MHOrMx BaKHBIX CiAydasix 3TOT NOA00Op HAOBOJBHO NPOCTO OCY-
IIeCTBHM. ’

ITycrs aByMepHblii cranmuoHapublii mpomecc (§(f), §(f)) momy-
CKaeT CIIEKTpaJ/bHOe NMpelcTaB/ierHne

[=2] oo

s0={ e“vi@w, t0={ v

- 00 - 00
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¢ MaTpruell cnexTpajbHOH NJIOTHOCTH

(fgg(u) fgc(u))
fee@ fu@/’

ITo-npexxHeMy paccMaTpuBaeTcsl 3ajava ONTHMAJbHOH OLEHKH Be-
augunbl § (¢ -+ ¢) no 3mauenusim mnponiecca £(s), s << £ [Ipornosm-

pyromuit mpouecc (¢) nomuunen &(¢). [Toatomy

twy={ e™ctww (@), §lePla@di<oo. (19

Y paBHeHHe
M+ ) E(6)=MEDE), s<t

ollpesieIsONIee TTpoLece & (f), IPHHAMAET BHA

o0

S ol {ei”qug (1) — ¢ (iu) fee ()} du =0, s> 0. (20)

-—00

Kpowme ycaoBuit (19) n (20), mp nMeem eme TpeGoBanue, yTo6Hl
c(iu) Oblla YaCTOTHOH XapaKTepHCTHKOH (PH3HUECKH OCYLIECTBUMOIG
duabTpa. ATH YCJOBHA GYAYT BHIIOJIHEHE!, €C/IH

a) QyHKuua [e: () orpaHnyeHa;

6) ¢(iu) sIBASeTCS PAHUUHBIM 3HAUeHHeM OGYHKuHH ¢ ()& J65 s

B) P (iu) = e™fre () — ¢ (i) fex (u) sABAAETCS TIPAHHUHBIM 3HAUE-
HieM QVHKUUH P (2) w3 s . i

3necs 5 (347) oGosnauaer NPOCTPAHCTBO GYHKIMH h(2), aHa-
JUTHYECKHX B MpaBoil (JeBOH) TMOJYMJIOCKOCTH, A/ KOTOPHIX HH-
Terpan

o0

S [h(x -+ in) Pdu

_—00

paBHOMEpPHO oTrpaHuued npu x >0 (x << 0),
HeficTBuTeIbHO, U3 6) CJAeAyer, uToO S le(@u)PFdu< oo, a a0

-~ 0O B

BMecTe ¢ a) obecneunBaeT BeOJHeHHe ycaoBud (19). Kpome Toro,
u3 6) caemyer, uTo C¢iu) ecTb YACTOTHas XapaKTepPUCTHKA (HU3H-
yeckd ocymectsuMoro ¢uanrtpa. M3 ycmosus B) caenyer, uto
¢ "9fry (u) — c (iu) fe () sBAseTcs npeoGpasopannem Pypre (QyHK-
LHH, PaBHOW HYJIO NPH MOJOXKHTEJIbHBIX 3HAYEHHAX APTyMEHTA.

3aMeTuM, 4TO, OrpaHuuuB ceOst ycJaoBueM 0), MBI OTOpachLiBaeM
($AABTPE, YACTOTHHE XaPaKTEPHCTHKH KOTOPHIX Ha GeCKOHEUHOCTH
MOTYT BO3pacTaTh. TakKHe YaCTOTHBlE XapaKTEPHUCTHKH COOTBET*
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CTBYIOT OfepauusiM, CBs3aHHBIM C AUdPepeHnuporanuem mnpo-
mecca E(f), W yacTto BCTpEYAlOTCA MNPH MOCTPOCHHH ONTHMAJBLHBIX
@uiabtpos. [TosTomy ycioBue 6) KeaTeJbHO 3aMEHUTb MEHee orpa-
HUYHTENBHBIM. [IpeamoJsiokuM, 4To C(2)— QyHKOUS, aHanHTHYe-
cKas B TpaBoil TNOJYIUIOCKOCTH, H |c(2)|—> o0 mpu [2]—> o0 ne
GbicTpee, ueM HEKOTOpas CcTefleHb Z (Hampumep, r-). PyHKUHA

Cn{2)=———ﬂm E%;.
V4
(1+%)

Tak kak | ¢, (2) 1< c(@)], 10

tim § 1 e, (i) = ¢ (i) P Fos () du =0,

f-> 00
-—00

ecan ycaosue (19) soinosmeHo. Taxkum obpasom, c(iu) asasercs
npegenoM B Lo {Fsz} 4acTOTHBIX XaPaKTEPHCTHK AONYCTUMBIX (H-
3UUYECKH OCYILECTBUMBIX (HJBTPOB, a MOITOMY C(i4)— TaKke ua-
CTOTHAf XapaKTepUCTHKa Takoro GuiabTpa. Mbl nonyyuan caelyio-
Uil pesynbTar.

Teopema 3. Ecau cnekTparsHas naotTHocte fee(u) — npo-
yecca E(t) oepanuyena, To YcAOBUA!

[e]

a) { 1¢ ()P s du< oo,
—00

6) c(iu) ssaserca epanuurbim 3nauenuem Pynkyuu c(2), ana-
AUTUHECKOL 8 npasoli RNOAYRAOCKOCTU u 8o3pacralowjed npu
|2z|— oo ne GoicTpee nexoTopod crenenu |2,

8) P (iu) = e fp: (u) — ¢ (iu) [ze (W) Asaserca epanuunolM 3Ha4eE-
ruem Qpynkyuu $(2) us ¥,
00HO3HAUHO ONpPedensfoT 4ACTOTHYIO XAPAKTepucTuky c(iu) ontu-
MOAbHO20 (uabTpa, oyenusarouezo geauduny 5(t 4 q).

Cpennas KBagpaTHuecKasi MOTPEUIHOCTb & OUTHMAbHOM OLEHKH
paBHa

sa={M{LUt+qP—MIEQO P =
oo 1/2
={6§;— S lC(iu)Ffag(u)du} . 21)

— 00

Mpuwmep 1. Paccmorpum 3ajauy YHCTOrO NPOrHO3a mpouecca
E(f) (E(H)=1C(f)) c koppenaUHOHHOH GyHKIHEH R ({) = o%e~>1?!
(o >2 0). CrekTpa/ibHas NJAOTHOCT JIerKo Haxomures: [y ()=

ol 1

= wia ApanuTHyeckoe MpomosKenne QyHKIHH (i) HMeeT
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BH]
c(z)—ef? o

w(z): z+aj(z—a) « °

DyHRuAs P(2) MMeeT eIWHCTBEHHEIH NOJIOC B JIEBOH MOJYIIOCKO-
¢t 2 = — o M2 TOro 4roGHl ero HeHTPaiH30BaTh C NOMOIIBIO
QyHxkunu ¢(2), aHaIHTHUECKOH B I[PaBOd MOJYMJIOCKOCTH, AOCTa-
TOYHO NMOJOXHTb ¢(2) = const = e~*4. [Ipu sTOM ycC/IOBHe a) TeO-
pemel 3 BHOJHseTcss. MrTak,

o

cliy=e=09, E@)= | eiwe=oov (du),

-—00

T. €. Haujyumied QGopMysOH ONTHMA/JIBHOTO MPOTHO3a BeJHYHHH
§(! 4 q) asaserca cienytomas popmyia:

E(t+q) ~ e g (1),

3apucsauias TOJMBKO OT 3HaueHus E(f) B nocjaeaHu#l naGaIOLeHHBI
MoMeHT BpeMeHH. CpelHss KBaipaTHYeckas omubKa SKCTPAaIOJH-
poBaHusA paBHa

b= o /T=e .

IIpumep 2. Cuopa paccmaTpuBaercsi 3agaua YHCTOTO MpO-
ruosa npouecca §(f), T.e. ouenxu &(f - ¢) no HaGJIOLEHHBLIM Be-
JauurHaM E(S), s < { Ecam cnekrp npomecca (¢) abcoJioTHO He-
NpepLiBeH M BHIIOJNHEHO ycjoBHe (24) § 5, To cmekrpasibHas mJaOT~
HOCTb mpolecca Jonyckaer dakropusaumio: fe(u)=|h(iu) P, rue
h(2) < 267 n ne umeer nyaei B NpaBoH NOJYNJIOCKOCTH. '

Paccmorpum ToT BaxHBIN s UPaKTHKH caydail, Koraa h(2)
ABJISIETCS 1POGHO-pPanHOHaNbHONH QyHKIUEI:

P
h(e) =5

rne P(z)— muorounen crenenn m, Q(2)— MHOTOUJEH CTeNEHH 1
(m < n). Honycrnm eme, uTo cHeKTpasibHas IJOTHOCTb [z (i)
OrpaHH4eHa H He obpaimaercd B HyJb. Torna HyJM MHOTOYJIEHOB
P(2) u Q(2) nexar B seBoi noaynrockocta. Ilycrs

P@E) =4 ;I e—= Q@=2aIlE—2",

p r
Z oy =m, Z ﬁl == fl.
i=1 i=
Tlonoxkum

Pl(z>=<—1>mﬁ,I:I(z+s,)“f, Ql(z)m<—1)"B‘iljl(z+E,)ﬁf.
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Anasurnueckoe npoposxenue GyHKuHH P (iu) EMeeT BRI

e P2 Pi(@)

dyukuus €(2) noaxHA ObITh aHANMTHYECKOH B MPABOH MOJYMJo-
ckoctd, a P(2)— B Jepoil. Tlostomy c(2) no/xkHa ObITH aHAJIUTH-
yeckoll BO BCell MJOCKOCTM KOMIJIEKCHOH MepeMEeHHOH H MOXeT
¥MeTb MOJIOCH B HYJAX MHoroudleHa P(2), mpuyem NOpsifok ro-
JI0Ca He JOJXKeH NPEBOCXOAUTb TOPSIAKA COOTBETCTBYIOLIETO HYJA

P (2). [TosTomy
M
¢@ =5

rie M(2)— ananuruyeckas GYHKOHS B IUIOCKOCTH 2, He HMeiollasn
ocoGennocTell npn KoHeuHbx 2. Tak Kak c(2) HMeer He Bbile ueM
cTeneHHON TOPSIOK pocra, M(z) fBasercs MHOrouwieHoM. Beuny
MHTETPUPYEMOCTH KBaapaTa MOAY/S QYHKUHH

P(in) _ M (iw)
Qiw) — Q(iw)
cremenb m, mHorouwleHa M (i) me Buime n—1, m < n—1.

C xpyroii CTOpOHBI, ykasaHHEI BLGOp dynruug c(2) obecne-
uuBaeT BHINOJHeHHe ycnaosuil a) u 6) rteopembl 3. Ocraercs Moo~
6patb MHOroused M(z) Tak, 4ToGbl QyHKIHA

[P (2) — M(2)] _Pi(2)
b(2)= 1) 0. ()

HJIM, 4YTO TO XK€ c¢aMoe, beHKHI/IH

__€FIP () — M (2)
'q)l (2) - Q (2)

c (i)

He HMeJia MOJIIOCOB B JeBOH noJMyNJIOCKOCTH. nasa atoro Heob6x0~
AUMO H JOCTaTO4HO, yTOOB BBHIIOJHANUCH paBeHCTBa

dIM (2) __ di(€¥P (2) :
dz] z=§k dZ] Z=2k, (22)
i=0,1,..., p—1, k=1,..., 1

3anauya moCTpPoeHHss MHoroujeHa M(z), yROBAETBOPA.OLIRTO YCHAO-
BuaM (22), sBasercs OOBIYHOM 3ajayedl TEOPUM HHTEPHOJNALUH 1
Bcerjga MMeeT eJMHCTBEHHOE peljeHHe B KJjacCe MHOIOYJCHOB CTe-
nenu n — 1. Haiins muorounen M(z), Mbl TeM caMbiM Hafjem ta-
CTOTHYIO  XapaKTeDHCTHKY  ONTHMaJbHOTO  NPOTHO3HpYIOLLEro
tuapTpa (
.\ M(iu)
¢ (iu)=pr~ )
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MoXHO NpeNoXKHTb ellle CIEAYIOUYI0 METOZHKY ONpeleJeHHs
pynknuya c(2). Pasnoxum dyakuun P(2)Q-'(2) u M(2)Q-'(2) na
3JleMeHTapHBIe upoﬁu. Ilycts

er

PR _ L M(z) Vi A
Q) Z‘Z(z—-zk)’ Q(z)_zz %)

7
k=] j=1 k=l j=l (2"‘zk)

Has rtoro urobm ¢yHknus Y (2) He HMeJa NOJMIOCOB B TOUYKAX
2, k=1, ..., r, HeoOXOANMO H JOCTATOUYHO, YTOOHI

J .
.di_/;—(z—ék)ak\pl(z) =0’ ]=Oy 1! sevy ﬁk— 1)
9 z=2k

TIpHYeM
Cri® T Yy 7 — Yei
Py (2) = .
kz=l ,; (2 —2)

‘Tlpoctoit moacuer moxaskiBaeT, UTO

q qz Bk 1 __q
Vei = | Crit gy Cri+1 + 57 Capeat oo +(T:7)—,Ck5k “

‘3nas K03 QHIMEHTH Yy, MBI MOXKEM HanHCaTh Bblpaxcenne aas c(iu):

r

r Bp
C(iu)=___1__zz Yey _ k_Zl;_:l(z—zk)l
h (in) (z—ék)f r Bz .
Y Sy

(z— zk)f

k=l =i

ITpumep 3. Tlpenmonoxum, uto HaGawopaerca mpouecc L(s)
(s << 1), HO pesynbTaThl H3MepPeHHi BeJuuuHbl {(S) HCKaMaloTcs
Pa3JIMYHBIMH NIOMEXaMH, TaK 4To HalJ/o/eHHble 3HAYEHHUS LAlOT He-
-KOTOpylo ¢ynkuuio §(s), s << ¢, ornnunyio or §(s). IIpumewm, uro
Be/IHUHHA [OMeXH (H/H, KaK ToBOPAT, wyM) n(f)=E({)—§(¢)
SIBJiSIETCS CTAlHOHADHBLIM IIPOLEeccoM CO cpeiHuM 3Hauenuem 0. JKe-
.JIaTeJbHO NO pesy.abraTam HabJiofeHuil npomecca E(s)==§(s)--
-+ n(s), s < {, ouennurs 3Hauenue {(f + q).

Takue 3ajgauu HasbIBAIOTCSl 3agayaMd (QUIbTPANMH HJAH Cria-
-KHUBaHUS (rOBOPAT, 4TO OT npouecca &(f) HyXHO OTUILTPOBATH
wyM v (f) HaM yTo mpomecc &(f) HYXKHO «CIVIafiuTb», T.e. BBIUECTD
13 Hero Heperyasipubli wym). IIpu atom mas ¢ > 0 Mu umeeM 3a-
.flauy QUIbTPalMH C MPOTHO30M, a npH g < 0 — 3anauy (pmmpauuu
-C 3anasJblBaHHEM,
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[pennmosnoxum, yro mym 1n(f) u npoumecc £(f) He Koppeaupo+
BaHbl U MMEIOT CIEKTPaJbHble IIOTHOCTH [yt (u) U fpq(u). Torma

Ret () = Ry (1) + Reg (£),  Fre () = Fap () + frz ().

Tak kak Rpg(f) =Ry (f), To cyuiecTByeT B3auMHas CHeKTPaJbHast
IJIOTHOCTh TPOLIECCOB {;(t) E(t) u fee (u)-——f;;(u)

HYCTI: fCC(u) u,_+ag ) fnn(t) u2+f51 . Torp,a

@tV _ __ 607+ ¢,f?
fgg(u)_(u2+a2)(u2+52)’ ca=c;+ ¢y V= ci+ec

HOast pysxruun §(2) Mbl IoJgydaeM BhIpaKeHHe

—c1e®d (22 — B) +cae (2) (22— W)
’\.lJ (2) - (22 —_ az) (223_. 52)

IMycts ¢ > 0. Pyukuus $(2) KoMxHa ObITh aHAINTHYECKOH B Je-
BOH NOJYIVIOCKOCTH H IpHHAAJexXaTb B . s 3Toro HyxHO,.

yTOGH UMCJAHTENb ofpallajcsi B HYJb B TOYKAX 2 == — O H 2 =
== — B. DTO IPUBOAUT K PABEHCTBAM
— R (o — %)
((=p)=0, c(—a)=3- 5T (23)

Kpome Toro, ¢(2) no/xHa ObITb aHaJMTHUYECKOH B JIEBOH MOJIYNJIO-
cKOoCTH (M 1o ycJaoBuio 6) — B npaBon) 32 HCKJIOYeHUeM TOUKH

2 = — vy, TIe OHa MOXeT UMeThb Hpocto¥ noJioc. Takum obpasom,
9 (2)
C z —_——————
( ) z + v ’

rae @(2)— uenasa ¢yHknua. M3 ycI0BHST KOHEUHOCTH HHTErpafa.

o

| 1etiu) P e () du

-0

clepyeT, uTo @(2)— auHelHas ¢yHkmuda, ¢(2)= Az 4 B.
Us (23) noayyaem
—a2+8 & Bta g
c(z)——Az_*_v, A= o vra e
[MostomMy ¢opMy/a ONTHMAJBHOTO CIVIaKHBAHHS C TPOTHO30M
HMeeT BUJ

0o

& . tut B
Ey=a | e 28y, (aw).
-~ 00
Benomunas, uto (i -+ y)~! sBasercs 4acTOTHOH xapaKTepHchou'
(bu3HUECKH OCYIECTBHMOrO (GHABTPAa C HMIYJBLCHOH NepexoiHOR
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tyHKUueH e~Y!, mosyyaeMm

ZQU)==53-${£{;e-aq{g(0-+<s——v> | e—v"-sz(s>ds}. (24)

— 00

Ipn g << 0 popmyna (24) nepepna. PopMaIbHO 3TO CBA3AHO C TeM,
yro QyHkuus P(2) B ITOM cayyae He OrPaHHYEHA B JIEBOH MOJY-
niockoctu. @yukuusa P (2) npu g << 0 moxer ObiThb ONMpeleseHa 43

caefylomux coobpaxenuit. I[lycts P1(2) = — cje24(22 — p?)
+ c50(2) (22 — ¥?%). Toraa c¢(2) nomxHa GHITb aHAJHTHYECKOH B Je-
BOIl IOMYTIOCKOCTH, KPOME TOUKH 2=—y, 1 P (—a) =1{; (—p) =0.
Tax Kax
Py (2) + 16?7 (22— B?)

o) = et
# ¢(2) aHAAMTHYHA B NpPaBOf MOJYIJIOCKOCTH, TO () — uenas
JyHKUHA U

Py (v) = — ¢,e¥7 (v? — 7). (25)
TTonoxum

P ()= A(@)(z + o) (2 +B).

Dyuknua A(2) pomxua ObiTh uesoil. Ms yciosus a) reopembl 3
caenyer, yto A(2)= const = A. 3nauenue A onpenpeaserca u3
ypasHeHus (25):

A= c,ev? -—(ln-:ﬁ
Orcona )
2 2\ iug __ _ ; ;i
C([Li) — % (a4 v) (u -+ B ) e (Z T i\;q(t(ﬂ —:;t‘) B) (i + ) (iu 4 B) . (26)

Il nporHoda W GuJABTPALMH CTAIHOHAPHBIX MOCACHOBATENbHO-
CTeil TPUMEHHUMB! METOABI, aHAJIOTHYHBIE TeM, KOTOpbie GBI H3J0-
JKeHBpl AJs TNpPOLECCOB C HempepoiBHBIM BpeMeHeM. OrpaHnuuMcs
OJHHM TPHMEPOM.

[Ipuwmep 4. PaccMoTpuMm CTamHOHAPHYIO MOCAEAOBATEIBHOCTH
E(f), yaOBJETBOPAIOWYIO NpOCTeHIIeMY YPaBHEHHIO aBTOPErpeccuut

at@)Fatt—1+ ... +af—p)=n(), (27)
rae M(f)— crauaaprHasi HeKOppeJHPOBaHHAf MNOCJeA0BaTEJbHOCTD
u E(t) nogumneno n(¢). ITycts

b4

n(t)={ e"dzw

Lot 11

— cHEKTpa/bHOe NpeJCcTaBJeHHe nocaenosaTeabHocTH 1 (f), §(u)—
fIpolecc ¢ HEKOPPEJHPOBAHHLIMU MPHPAIIEHHAMH W CTPYKTypHOH
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¢yHKIHEH 'élR I(ANB), rae |— mepa Jle6era. CnekTpajibHOe npej-

CTaBJeHHe TOCJeJ0BaTeIbHOCTH E(f) NOJKHO HMEThb BHJ
14 ELS

s={ fowdt@, e {lo@Pdu<eo. (29

—n —-n

TMopcrasass (28) B (27), noayunm

1 kL

{ P owadr = | & ),
R “x
rie P(z)=kZ0 d,2*. Otciofa cienyer, u4To
Q)= —-__i_— (mod ).
P (ei¥)

Tpennonoxum, uto Qyskuus P(z) He uMeeT HYyJeHdl B S8aMKHYTOM
kpyre |z|<C 1. Torna, ecan

Pl(z) =g=.:.) b?* (b’“ = aLo)

()= 3 ban (=),

W MHl TNOJYYMJIM NpeAcTaBleHHe NOCAEN0BaTeNbHOCTH E(f) B BUHIE
peakusH (QHU3HYECKH OCYLIECTBUMOro (QH/bTPa Ha HEKOPPEIHPOBAH-
Hyl0 nocaegoBateabHocTs N(f). Tak Kak

§0)=——lag(t— D+ ... +att—p+n@] (@9

TO onTHMaJbHEI nporsos &(¢) no namubiM E(t—n) (n=1, 2, )
HMeeT BHJ

Ly =—lag(t— )+ att—2+ ... +akt—pl

MHHHMaJIbHaﬂ CpeILHSIﬂ KBaﬂpaTquCKaﬂ nOFpeHIHOCTb HpOI‘HOSa
paBHa I
In@p e 1
8 (f ={M =1
® Tail Tasl

IMosTopHoe Hcnonb3oBakue GopMyJn (29) nmosBoasfer noJAyuHTs On-
THMaJbHLIH NPOrHO3 Ha HECKOJILKO ILAros BIEpen.

TO




TJAABA VI
NPOUECCbI C HE3ABHCHUMBIMH INPHPALLEHUSIMH

ITpouecchl ¢ He3aBHCHMBIMH NpHpAIEHHAMH YK€ paccMaTpH-
‘Bajauch B § 4 ra1. L.

B nacrosimelt riaBe GyAYT HCCAEIOBAHEI CBOMCTBA BHIGOPOUHBIX
$YHKIHH TaKdX INpOLECCOB, a TaKke pPacCMOTpeHbl pasjHYHbIE
YHKUHOHAJBL OT NPOUECCOB ¢ He3aBHCHMBIMHU npHpalenuamu, Hag-
HeM € npocTefulero npHMepa— OZHOPOJHOTO Npouecca ¢ JHCKpPeT-
HBIM BpeMeHeM — CJyqYaHHoro GJayXaaHus.

§ 1. Cayuvaiinble GayXaaHua Ha NPsAMOI

Ilycrp &, &2, ...— NOC/JEZOBATENBHOCTh HE3AaBHCHMBIX OZHHA-
KOBO pachpele/eHHBIX cayuaiHbx Beanunn. [lox cayuyaliubiv 6ayx-
JiaHHEeM TOHHMAIOT NOC/SA0BATENLHOCTh CYMM

5=0, Cn=8+4 ... +&, (n=1, 2, ')

Tlpu atom {, HasHIBAOT nOAOXeHUem GIAYKAAILEH JACTHIE B MO-
MEHT 7, En — n-m waeom Oayxiaanug. HHoraa paccmarpuBaior
OJy)KIaHue, HauyHHalolleecd B TOYKe X, TOrAa Lo=X, Cn=x-4
+& -+ ... 4+ &. Mo B stoM maparpage OyneMm paccMaTpuUBaThb
JiHb OnyXKAaHas, HayHHawoliuecss B Touxke 0. Byner Takxke mpen-
TI0J1araThCsl, YTO BEJNHYMHBI £, HesouHcaeHHB. Torga u OJyXKIaHHe
HA3BIBACTCSH YEAOUUCACHHBILM.

i
MaxkcumainbHOe Lesoe UHCIO A, fpn KOTOPOM BeJHUMHA = §

TakKe UeJOUHC/IeHHa, HasblBaeTCs waeom pewerku ONYyXKAAHHA.
Ecan h =1, 10 6ayxKJaHHe HasbBaeTcs Hepewer4arsim. QueBHIHO,
gro h coBnagaer ¢ HauGoJbIUM OGUIHM [eJHTEJEeM TeX R, AJs
KoTophix P{E; =k} > 0.

OGo3HauuM uepe3 Q(2) XapakTepHCTHYeCKyl0 (YHKIHIO BeEJH-
YAH E&g.

Jlemma 1. Ecau 29— mMunumasouolii nosojCUTEAbHbIE KOPEHb
ypasrenun 1 —@(2) =0, To hzy == 2n, 20e h — waez pewerku 6ay-
danua.
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Jokasareavcréo. O6osnaunM pp = P {&; =Rk}, k=0, =1,
+2, ... Torna

0= 1 — (p(Z())._—:Zpk(l __eikzo)=
= Z pr (1 — cos kzp) = Z P2 sin? kgo B

Mycte N’ ={k: pr > 0}. Torna npu k& N’ uucio k20 _ jence.

2n
o o . hz
Ecau h — nan6Goabpmiuil ofmui AeauTenb uucea w3 N', 10 —070—-—

TaK¥Ke I11eJ0€e 4HCJO0, MOCKOJIBKY h npeacTaBuMO B BHJE
h=m1k1 + see +mnkn,

roe m; — leasle uyncaa, k;<N’. 3Hauut, iz——}l, 2= 5
C nmpyroft CTOpOHH,

o

o(5)= 3 pe = ¥ nmt

ke N keN’
k ’ 25
NOCKOMIbKY - — lle/ioe UHCJIO TNIPH ke N’. Tlosromy == - moJo-

. 2
KUTEJbHHH KOpeHb ypaBHeHus 1 — @ (2)=0. 3naunt, 2, << l—f B

CnenmctBue. Ecau 6aymdanue Hepeweruaroe, To cyujecreyer
Takoe o >0, 4ro

Re(l —9R)=a?, z&[—m=,n].
Tlycts p,; %~ 0. Torna
, , ,
Re(l — ¢ (2) >2p;sin* 2 >2p, (2) (),

l 2
ecJu 72|<-’2‘— A npu %<|z|<n ¢dyHKIHA m Hempe-

poiBHA (B CHJY JeMMbl | 3HameHaTesn» He ofpaiaercs B HYJb) H,
3HAYHUT, OrpaHHUeHa.
Jlerko BHJEeTh, UTO NOCTATOYHO H3yyaTh HepelieryaTeie OJayK-

1
naHus, TaK Kak  TakuM  GyAeT  NOCJ/eJ0BaTeJIbHOCTh {—h— Lo

n=0,1, .. } , Toe h— mar pemerka Gayxnannsa. [lostomy BAasmb-

HefimeM GayxKiaaHue GyfeT mpelinojarathbCs HepemeryaThiM.
BBeneM cayyafiHylo BeJMUHHY vy (X — LleJioe 4HCJI0)— MOMEHT
NEPBOro Nnonajanus caydarnHoro 6JyxKaaHus B TOYKY X:

v,=inffn > 0! {,=1x]
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{ecan §, == x Vn, cuntaeM v, = -+ oo). Bayxnanue HasbiBaercs
803aparbim, ecnu P{vo << + oo} =1. Hccreayem yc/I0BHA BO3-

BpaTHOCTH cayyafiHoro Ouayxpanus. Has storo Ham monagobuTcs
npeofpasosanne Jlansaca BeJHUYHHDBI V.

Jdemma 2. IIpu |[A| <1

Ma Vs — g MP (v, =k} = (’g:l AP {¢, = x}) (ni AP (¢, == 0})—l

(At cuuraen pasnoim 0).
Hoxasareascrgo. UMeem

P{€n=x}=P{Cn=x: v, n}p=

[TJ1. VI

=3P t=r =B =3Pt~ =0, v.=4)

QueBujaHo, uTo I, — §p He 3aBHCHT OT cobnTHA {v,==Fk}. IToatomy

P (=)= 3 P (vi= 1} P (= 5= 0)= 3, P (v, = £} P (G- =0},
YMHOMKaf 3TO PaBEHCTBO Ha A" M CyMMHDYS [0 £, HOJYYHM
S AP (= x)= T AP (v =k} - 2 1P (£, =0). B

CanegcrBue. Jas sossparroctu bayxdarnus Heobxodumo u
docrarouno, 4TobbL

P (6= 0} =+ oo.

JleficTBHTENBHO,

P{vo<+w}=yg;xkp{vo=k}=

=1 —lim— =
MUY AP e =0} Y P & =0}
n=0 :

n=0
CoopmynnpyeM ycJOBHe BO3BPATHOCTH C/Ay4yaHHOTO OJyKIaHHA
yepe3 XapaKTepHCTHUYECKYI0 (DYHKIHIO OJHOTO mIara.

Teopewma 1. [as 1020 uT0b6r HepeuteT4aToe cayualinoe 6aydxc-
Aanue 66140 8038pATHBIM, He00x00uMO 1 O0CTATOUHO, 4TOObL
T

1 —
SﬂRemdz—+m.

(1)
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Hoxasareascrso. HocraTrounocts. Mmeem

7 T o

AP (=0 = Y4tk | Metnaz =L | T argr gz =
n=0 n=0 -% =0

n
1 1 1 1
= S T~ gy =12 Re S =g =
b1

B cuay rteopemnr Pary

ZP{gn—-—O}—hmZA”P{Qn—-O}=hm2 S Re———l_)f(p(z) dz >

n=0

1

et %

n
1 1 1
>2n S }VT? 1 — A (2) dz=—2_R S Re
~

Hs (1) u caeactsust eMMbl 2 BHTEKAeT BO3BPATHOCTb CJyyafiHOrO
Oy K IaHUS.

Heo6xoxumocts. ByneMm nokasmiBate oT npotusHoro. IIpenmmo-
JOXKHM, uTO OJyXJaHHE BO3BPATHO, HO

T
|
—SnRe =@ dz < oo, 2

ITycte x 5= 0. Paccmorpum nmpr 0 < A < 1 Bepaxkenue

Z WP =0, vy >n}=

oo

= X AP {6y =0} — 34" (£, =0, v, <} =

= D=0 = 51 3 P vy = BP (s = — 5} =

=n.§) A"P {L, =0} —-; AP (v, = k}rg AP (L, = —x}.
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B cuany neMMmbl 2 nocjenHee BbIpa)eHHe HMeeT BHIL

i A"P {L, =0} (1 — MA"*MA"=%) =

-—ZA"P{Q,,—-O}(Q—M?» F_MATE— (1M (1 -—Mh -x))

n={

Tockoasky MA < 1, MA ™% < 1, 10
Y AP (L =0, v > 1} < T AP (L= 0} (2 — M2 — MA™™) =
n=0 n=0

= Y AP (L= 0} — P {fy =)} — P (= — x}]

n=0
(MBI cHOBa Hcmoab3oBasu JemMy 2). Ilostomy

o

Z?»"P{C,,=O, Ve >N ZN‘ S (2 — e — e'%) " (2) dz =
n=90 n=0

n
1 1
= S (1 —coszx) y—5—15 e dz. (3)
k]

M3 crnepcrBust semMMsr 1 BbITeKaeT, uTO (YHKIUA
I —coszx
1—9(2)

9 (2)

1_,_, .
orpannueHa. Kpome toro, ¢yHKuus T—ap(z OrPaHuieHa mpn

1 —u
0<<AK] v 2 [—m, 7], nockoabky | @(2) <1, a Qynknus T
orpaHnveHa, ecaun A<|{0, 1}, a 4 MeHsieTcs B e€IHHHYHOM Kpyre
KOMILJIGKCHOH IIJIOCKOCTH, TaK KaK OHA HenpephIBHA, €CJAM ee Ho-
JoxHTh paBHol | nmpu A==1, u==1. Ilosromy B (3) MoXKHO me-
pefizn X mpeneay npu A4 1:

Y P, =0, v, >n<
n=0

1

T=v@ dz.

14
<- ] S (1 —cos 2x) dz
-7

7
1

__W<—E S (1 —coszx)Re
-

Hs (2) BuiTexkaer, uTO

n
lim S €oS 2x Re 1 dz=0
X » 0 iy
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B cuay Teopemul Pumana— JleGera. [Jlasnee, NOCKOMBKY v, —> 0o
0pH X — 00, TO :
lim P{Zn=0, Vg > fL}=P{€n=0}
x>

3HaunT, AJA9 BCAKCTO M

— Dv’- lg ____l_____
,}1-320 ZP{Qn-—O 'Vx>n —Z; {8n =0 ﬂ;_nRe I—@(2) dz.
HoaTOMy U
Zp{;n_—_o}g—;— S Re————l_ip(z) dz < o
n=0 -

(B npexanosoxkenun (2)), 4TO NPOTHBOPEUHT BO3BPATHOCTH Oayxma-
HUSL.
Ilyers x> 0. ObGosHaunM yepes T, MOMEHT NEPBOro MOMafaHis
B MHOXECTBO (X, 00):
= inf [n: §, > x]

(ecan {,<<x AJS BCexX X, moJaraeM T, == -} oo). Eciu T, KoHeuHo,
MOJIOKUM Yy =={ — X. Byﬂ,eM HCKAaTb COBMECTHOe pacmpejesene
BCIHUHH T, H Vg HycTh |A| <1, 2&|— =, n}. [Toaoxum

oo

ux (7‘" Z) == Meiyxz}\‘TxX{Tx<°°} = Z eikz}\’mP {Tx ==m, 'Vx == k}'

k=1, m=l
Tlycte p, =P {g,=1}. Ilpu m > 1 umeem
Plu,=m, vi,=k=P{{i<x, ..., Ln1 <%, Ln=k+x}=
=l;xp{§1<x:-- o Em-1 < ¥, C'n=k+x: §1='I)=

=2 pPL—t<s—b . L —USE— L L —l=
=k+x—l}=l§mem-,=m—1, Vem1 = k}.
Kpome Toro, h
Plr,=1, 'Vx=k}=P{§1=k+x}=pk+x-
Taxum oGpasom,

IZJ"’ €™ P (v, =m, v, =k} =

Z Pres+ Z P Z I AP {tymi=m—1, y,— =k},

k=] I<x m=2, k=
HJIH

s (b 2) =2gx (2) +2 2, pitte=i (b 2), 4)
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rae
g ()= kZl eikzp, . ..

IMokaxeM, KaK MOXHO DPELIHTb CHCTEMY YypaBHEHHH

Uy=_g;+2 Z Pillx—1, (5)
I<x
rie u, M g, Onpenesednl mas x>0 M orpaHudeHsl. [losoxum
U, =0, gy=—»= > puiy—, mast x < 0. Torga (5) sanuuieTcs B Bue
=X
ux=gx+7"zplux—l, —ooLr<0o, (6)

Ham notpefyercs ciepyiollee BCIOMOTaTe/bHOE NpENJOKEHHE.
Jlemma 3. ITycre uucaa cg onpede/zenbt u3 pasexcrsa

Z crethtz =exp { Z Z P (¢, =k} ei*? } )

k=—co
Tozda ¢, =0 npu k>0, Zlck|<l——_—|ﬂ u
Ce=2M El] PiCh—1) k<O0. (8)

ZloxasaTe/zbcmo [ToCcKOABbKY CTeNeHHOH pAX OTHOCHTEJbHO e?
B mnpaBoil uyactu (7) mom sHaroM exp{‘ -} cxomurcs abCOJIOTHO,
eC/M BMeCTO e? momcTaBuTh 4 npu |ul<{l1, To _JIEBYIO 4acTh (7)
MOKHO IOJYYHTb, passarasi exp{-} B cremeHHOH psx u cobupas
K03 HUUHEHTH TPH OJMHAKOBHIX rapMoHukax. Orcioja BHIHO, 4TO
Koa(pbuluenTtsl npu e*2 paa k>0 6ynyr paeuel 0 H uTO

oo 0
Z|ckl<exp{n; '“"k; Pz, —k}} exp{Z s }=1—1|m~

,U,aﬂee
Z cre’ ——exp{z Z P{z. ——k}e‘kz}
k=—oo k= —oo
XeXP{_Z%ﬂiP{Cn=k}eikz}——
n=| k=1
=eXp{iM}eXP{"Z%ip{€n=k}em}=
n=1 n=1 k=l

=—1:-;3—q,—(;>exp{ S ZP{cn—-k}e'kz}

n=| Rael]
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3Hauur,

o

(l——}\, Z ple”z) Z cpet? = ex.p { — Z &nri i P{, =k} eikz} )
k=1

n=|

TouHo Tak Xe Kak H BHINE, MOXeM YCTAHOBHTb, UTO BHIpakKeHHe
B NpaBod vYacTH pasnaraercd B pan Pyppe JMmb no e*2 mpu
HOJOXKUTENbHEX k. [lostomy mpu k<0

Co—h 2 Pile—y =0

(210 KO3 dHuUHEHT seBofl wacTH npH e'*%). B
3aMeuanue. M3 coornomenus (9) BeTeKkaer, uro npu k=0

Ch — A D PiChy = by, (10)
rie b, onpenessioTCs M3 COOTHOILIEHHS
oo o0 n oo i
Zbke’kz=exp —Z%—ZP{@n:k}e‘“}. (11
E=1 el k=l
BepueMmcsa x ypasuenuwo (6). Mmeem

Z Crlly—p == Z Cr8x—r T A Z P ; Crllx—1—ks

Z €r8x—1 = Z (Ck - Zz: PzCk—z) Ug—p.
Vs semMbl 3 M 3aMeuaHHss K Heil BHITEKaeT, YTO

0 oo
> Ckgx—k=k;) butly—p. (12)

k= —o00

HJIa

Samernm, urto npu x<<0 mpaBas uacTh OGPAmMAETCA B HYJb,
8HAYHT, W JeBasl Takxe obpauwaercs B Hyab. Ilycrb Temepb x >=0,
o ,

Torma B ). CxQy—p BXONAT JHIIb g ¢ HeOTPULATEJLHHMH HH-

=—0o

JEKCAMH, KOTODble HaM H3BECTHH. YMHOXasi cooTHouweHHe (12)
na %, roe {pl <1, u cymMMEpys mo X, MOJyuMM

CienoBaTesbHoO,

—100 o

S ou=(5 o) ¥or 5 cn
x=0 k=0 ¥=0 k&

F—
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3ameTuM Tenepb, UTO QYHKLUSA

exp{—;”—jgp{cﬁk}pk}

anamutHyHa npd |p| <<l W HempephiBHA INpH lpl<<1. Tak kaxk
npu p=e'*

ieikzbk=exp{——i&niiP{§n=k}e’2k},

k=0 n=] k=1
TO
oo }\‘n o0
}jpkbk=exp{—Z—,;ZP{sz}pk}. (13)
k=0 n=| k=]

TaxuMm 06pasoM,

S oo TP =it | S0 T agen (14
x=0 =] k=1

x=0 k= —o0
U3 atoii popmyJisl onpeneuM ug. JLs 5T0r0 HYAKHO MOJNOKHUTH p=0:
oo

Uy = Z c,8_,. Hast Toro uToOLl HAHTU Ug(A, 2), HYXKHO BMECTO

k= —o0

g_, TOACTaBHTb Ag_, (2):

to(hy 2) =R X cp 2 pr-se.
= — 00 ]=
Beenem omepauuio [ ]+, CTaBALIYI0 KaXkAOMY TPUTOHOMETPHUECKOMY

psigy Y. 0ze’¥ B COOTBETCTBUE TPUrOHOMETPHYECKHH PAL [Z ake‘kz] =
7 7
+

= ) oze'®?. Torza
£>0

o (A, 2)=7"[ki ij_i pj—keijz] =l[;eikzckq’(2)] =
== + +

5= = 00

S [215“ cre™ (1 — g (2))] ,

+

[IOCKOJIBKY [Z cke”‘z] =0. Ucnop3ays cooTHOLIEHHE (9) U PaBEHCTBO
%
+

[or{- 525 pesminenr} = 1] -
ne=l kzl +
=exp{—2ﬁ} > P{zn=k}esz} —1,

==l k=1
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HaXOJIHM
o0 }‘ln .
(b, ) =1—expy — ) == 3 P{f,=k}eit=¢.  (15)
n=1 k=1
ITonarast B (15) 2=0, HalizeM TPOH3BOAAMYIO (QYHKLUIO Tol

Mx‘°=1—exp{ Z———P{gn>0}} (16)

n=]

Teopema 2. JJaa 1020 4100060 Gayscdarte OblA0 0PAHUYEHO
caepxy, T. e. 4robul

P{sup§n<+°°}=l9 (17)
Heo6xodumo u docrarouHo, 41006l

YLl >0< . (18)

n=|

Hokasareascrso. U3 (16) BrTekaer, UTO

P{t,=+ 00} =1—lim MA" =
AA

. = AT B
—I}SEQXP{";TP{Q>O}}”EXP{

(cuntaeM e~>=0). 3HauuT, ecau BHIIOJHeHO ycaosue (17), To

P{supg, <+ 0} =P {7, =+ o0} > 0.

~Yireso)

n=1

Ho B cuay sakona 0 umm 1 Kosamoroposa (cm. ra. II, § 4, teo-
pemMa 7) P{supf, < + o} Moxer mnpuHuUMaTh Julb 3HaYeHHs O
n

wnu 1. TTosToMy B 3TOM cayuae BuimoJHeno (17).
Nycrs P {ty= -+ 00} =0. 3T0 5KBUBAJEHTHO COOTHOIIEHUIO

Y wP >0 =+ co.
n=1

Ecmn P{g, =>0}=1, 1o
P {supg, = + o0} =1, (19)
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(=]
TaK Kak C BeposiTHOCThIO 1 D&, =4 co. TIpeamosiokuM, uTo
B

P{& < 0} >0 um < 0 TaKoso, 4To p, > 0. Torza Ans Bcex n uMeem
P{Ei=m, ..., &a=m, sup (oss —L)<—nm}<<

P{supé;z 0}=P{r;=+ 0} =0.

Ho neBasi 4acTh 3TOr0 COOTHONIEHHA paBHa
(pm)" P {suple < — nm}.

TMostomy masiBeexn P {supg, < n}=0. 3nauut, BeiosnHexo (19). M
k

Hcnonnsyem Temepb cootTHomenue (14) paa  onpeneseHus
pacrpeneseHus BeJIHUHHEI

+
¢ =supg,.
nz=0
OueBHAHO, YTO

P{tt =m} =P {141 < o0, Tp=—+ co}=

=P {Tn-1 <00} =P {7, < oo}
TToaTomy

P{t* =m}=un-1 (1, 0) —un(l, 0).
IMycers 0 <p < 1. Torna

2Pl =mlo" = 3 0" -1 (1, 0) —un (1, 0] + P {c" =0} =
=1—=P{% <o} — 3, o"un(l, 0+ p X o"un(l, 0)=

=14 p-—lz (1, 0).  (20)

BOCHOJIbsyeMCH Tenepb Gopmysofl (14), yuurthiBasg, 4TO JJs MOJY-

YeHHd Z o™i, (1, 0) HYXHO B IPaBYIO YacTb MOACTABHUThH 2 =0,
=

a sateM mnepefitu k npemeay npu A1 1. Uucia g, B cuiy ompe-

IeJIeHHS TpH 3TOM OYAYT PaBHH

g&x=A2 kz_l Prix.
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IToatomy
(o— 1)2) o™it (A, 0) = exp {f‘, 7 i P, =k} o* }
X Z (p*+ — p")kgm Ch8x—t —exr){n};1 &”i;.] P{L,=k}o" } X
X [— k;w cg_y + ; p* k;w Ci (8x-t-1— gx—k)] =
—exp{gjl L gp{;n—k}p }
X [—uo (. 0) + A; o° kio ckpx-k].

Bocnosb3oBaBIIHCh, 3aMeuaHueM K JeMMe 3 H ¢opmyaoit (11),
MOXKeM 3aIHCaTh

kkzp Z CrPx— k_‘_bep ——I_bep—

X=] k= —o X=a0

=1—exp{-§%§P{cn=k}pk}

(mockosbky ¢opmyna (11) Bepua mnpu |p|=1, oHa BepHa H npu
lpl<1).
CrnepoBaresibHo, yuuThBas (16), noayuum

00

(e—1) ) 0"t (A, 0)=

m==0

=exp{ i,;z P{Cn=k}p"}[exp{—Z%P{cnO}}—

k=1 ]

—exp{ Z ZP{;—k}p}]

ne=|

———exp{Z%ZP{aﬁk}(&—l)}—1. 21)

nm| kel
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Teopema 3. Ecau P{supf,<oo}=1, ro pacnpedesenue

geAudunLl § = supl, onpedessieTcs COOTHOWLLHUeM
n

Y me{c+=m}=exp{ZinZP{cn=k}(pk— 1)}. (22)
m=0 n=1 k=l

Tlas [OKa3aTeJqbCTBA AOCTATOUHO HepediTH K mpedeny mpu A 11
B (21) u Bocmosb3oBathest Gopmyitoit (20). BosmoxuocTs mepexona
K Tpeneay BbTeKaeT H3 TeopeMmbl 2. M

3ameuanune. Popmyna (22) cnpasegausa u npu |p|=1,
IOCKOJIbKY 06€e 4YacTH STOr0 PaBeHCTBa Olpeje/eHbl H HelpephIBHbLI
npu [p|< L.

CanepcrBue. B ycaosusx teopemor 3

P {supg,=0}=
n=1

=exp{——i%—P{§n>0}}[1 —exp{——i%P{gn=0}}]. (23)

JekcTBUTENBHO,
+
= = =k S
P {sup ¢, =0} k§=0jp_kP{; }

=5 S 0(2) Y Pitt =k}e™ dz=

-5 k=0
=% S m(z)exp{Z% P{Z, =k} (e'** — 1)}dz=
-7 n=| k=1
1 © o
=z im S[““”“‘exp{Z%—Z {§n=k}esz}+
n=1 k=1

BocCro/b30BaBIKCch cooTHomenusaMu (9) u (7), MoxeM 3amucaTh
11

—o=Limt ([1—eml =72
P{:;Il)cng()}—?“}»lg;"_gn[l eXP{ n=1n><

e Z P{§n=k}eik2}]d2’exp{"il,:'P{@n>0}}- (24)

k<0 n=1
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Iockoaeky
it ;\‘n it n
exp{—Z—n—ZP{gn———k}p-k} =exp{—Z%;P{;n=0}},
n=1 k<0 0=0 n=|
TO

T

= EXP{—Z% > P{cn=k}eikz}dz=
n=1

-7 k<0
=exp{—Z%"P{cn=0}}.

n=|]
[ToxcraB/sis 3To BHIpaxkeHHe B (24), moayuaeM (23).
3amMeuaHnue. Pad

PP {L=0} (25)

cxoourcs.
ITyets & —E&; HMeET pellleTyaToe paclpefesieHue ¢ 1arom A,

torga |@(2) P=Me"* &~ — pynkuns nepuoguyeckas ¢ mepHo-
JOM % [Toartomy

g at/h
PlL.=0)=o5 | "@dz<s | lo@raz
~J —aqlh

Hecnoabsys ciefcTBue M3 JeMMbl 1, yGexgaemcs, 4To CyLIeCTBYeT
Takoe a >0, uro | (2) F<Le~%*" npu |2|<n/h. Tlostomy

A alh _ﬂ_zz P oo _‘n_azz c
Plla=0<s | e 7 T [ gl
~m/h —00 1

rpe C — HekoTopas mnocTosHHas. M3 »ToH oOuUeHKH M BHTeKaer
CXOAMMOCTb psifa (25).

Brime Mbl HaulIu JHMIIb COBMECTHOE pPaclpefeseHHe BeJHUHH T,
¥ yo. sl HAXOXKJEHHsI COBMECTHOI'O PACIPEEJEHUS Ty U Yy, MOKHO
HCIOJ/Ib30BATh CJEAYIOLIee PEKYPPEHTHOE COOTHOIIEHHE:
Plta=m, v =k} =P{wn=m, yo=x-+ k} +

+ 2 Plu=nv=8P{t,y=m—n, y,-s=k}.
o<n<m
0<t<x
YMHOXast 3TO cooTHOWeHHe HAa A™, e uw cymmmpys mo m u k
or 1 mo oo, moayuuM

ug(h, 2) = mijgl P{ty=m, yo=x 4 k} A"e"** 4

4 2 ue—t(, 2) X Plrg=n, yo=1}A"
0<ti<x n=1
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YMHOXKHM Tenepb 3T0 paBeHcTBO Ha p* (|p|< 1) m npocyMMHpyeM
mo x or 0 fo oo (npu x==0 BTOpasg cyMMa B NpaBOH YacTH Ipo-

napaer). Torpa moJydyum

Zopxux(}\,, z)=x20 0¥ ; IP{TO':m: vo=x + k}xmeizk_l_

+ ,Z:o 0%t (A, 2) ;1 P{to=rn, yo=1}A"". (26)

B cuny dopmyas (15)

Z NlPtP {to=n, o=t} =

n, t=1
=1-—exp{—zl;z Z P{Cn=k}9k} (27)
k>

n=1

(mockosbKy 5Ta QopMysa BepHa NpH p==e'?, OHa BepHa H IpH
|pl<<1). Danee,

oo

z i P{ty=m, vo=2x -+ k} A"e"**p* =

el m, kel

— Zh’"P{to-—m, vo =#} Z £i%kpF ==

m, t==l k+Xx=t

k>21,x20
= Y A"Pi{rn=m, vo—t}————_‘:—z=
m, =1
1
== [exp{ Z Y P, *k}p}
pe fne=] k21
~exv{—Zi:§Z P{cn=k}ekk}]

n=1 k=1

(Ml BOCHOJB30BAAUCH opMyJoi (27)). Takum obpasom, us (26)
IOJIyYaeM TI0C/Ie HEC/I0XKHBIX IPeobpasoBanuil CleAYOYI0 GopMyJIy:

(=]

Y ouy (A, &)=

x=0

- 1—,13e-iz (l'exP{Zk—;‘ ) P{Cn=k}lpk—-ef"z]}). (28)

n=j k21
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§ 2. CxaukooGpa3Helil NPOLECC C HE3ABMCHMBIMHA TPHPALIEHHSMH.
O606mennbiii npounecc Iyaccona

[ycts  §(f) (f = 0)— cToXacTHYECKH HENPEPLIBHBIA HpoOlecc
C He3aBHCHMBIMHU MpHpalleHHsIMH co 3Hauenusmu B £™. Takoit mpo-
necc 6yleM HasbiBaTb CKAYKOOOPA3HLIM, €CNH JUIl KaxXIOro ¢ cy-
1IeCcTBYyeT KOHEYHOe YUCJIO TOUYEK 0<<s; << ... << Sp<C ! Taxkux, uTo
t(s)— nocrostnnas BeanunHa Ha uHTepsanax [0,s1), (s1,S2), ...
.., (Sn,t). DBynem cuyuraTh, uTO MpOLECC HeNpPepHIBEH CHPABA,
£(s) = E(s - 0). U3 cToxacTHYeCKOH HempephBHOCTH E(S) BhITe-
KaeT, 4TO BepOSITHOCTb TOTO, 4TO B TOuKe S §(S) HMeeT pasphib,

pasHa 0 gas Bcex s = 0.
Teopewma 1. [uaa rozo 4Tobur cenapabeabrbitl cTOXACTURECKU

HenpepoleHbLl NPOYECC ¢ He3ABUCUMbLMU npUpaujenuani Colr cKal-
K006 pasHbiM, He06x00uMO 1 QOCTATOUHO, 4ro0s. 044 8caKkoeo t >0

Fl‘o k; P {& (t) — & (fs—1) 7= 0} < 00,

0=t< ... <t,=t, A,=max ({pe—t)-

Tlokaszareascrso. TlycTh mnpoiecc sBIASETCA CKAdKOOGPASHBEIM.
O6osraunM uyepes v({) uuCAO CKaykoB mpouecca &(f) Ha orpeske
[0, t]. OueBunHo, 4TO v(f)— TaKKe CTOXACTHYECKH HepephLIBHELA
npomecc (IOCKOJBKY BEPOATHOCTb TOrO, YTO ! - TOYKA pasphiBa
v(t), paBua O B cuay COBNaJeHH TOUeK paspuiBoB §(f) u v(?)).
Kpome Toro, v(f)—mpouecc ¢ HEe3aBHCHMBIMH TNpHpALIEHHIMHU:
v(t 4 A)— v(f)— uncio Touek paspbiBa §(s) Ha [f, t + h} — ne 3za-
BHCUT OT moBefenus &(s) (a suauut, u v(s)) Ha [0,¢]. 3amernm,
naJjee, 4To

P (& (t) — & (te—1) 7= O} P {v (8) — v (1) # 0}
(ecan E(tr) 5= E(fr—1), TO Ha oTpeske [fr—y, tx] E(s) HMeeT XOTd OBt
OfHH pa3pbiB). [109TOMY A/ 0Ka3aTe/lbCTBa HEOGXOAHMOCTH YCI0-
BHS TEOPEMHB! JOCTATOYHO MOKa3aTh, 4TO Ajs Beex £ >0
n
im Y, P{v(t) —v(te—1) 7= 0} < o0,
A, >0 k=1

0=1t< ... <t,=t, A,=max{ls;— 1)
Ho

exp{— 1 P [v(t) — v (1) = O] }>
> 110~ P o) = (e #0) =

=l£l;' P {V (te) — v (tk—l) =O} =P {V (t) — 0}
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To, uto P{v(f) = 0} > 0, BEITeKaer u3 TOro, 4TO v(S) paBHOMEPHO
cToxacTuueckn HenmpepbiBHa Ha [0, {] W, 3HAuUHT, NPH HEKOTOPOM
>0

P{v(s)—v(s;)=0}=1—e mpu [s —s,]<3,
HO

P v () =0} =TT P {v(s0) = v(ss-) =0}> (L — o),

rae 0=5,< 8 < ... <s,=1t U 8§ — Sp—1 < 6. 3Hauur,

3P (389 = v{fer) 7 0) < =P (v() =0} < oo,

Heo6xonuMocTh yC/I0BHA TeopeMbl JA0KasaHa.

Iaa gokasaTeNbCTBA JOCTATOUHOCTH BBEJEM BEeIHUHHY Ty =
= inf[s: E(s)== E(0)], T; — MOMeHT mepBOro ckauka (OH MOXKeT
paBHATBCSA -+ o). B cniy cemapabenbHOCTH mpolecca OH He HMeeT
paspuiBoB BTOpOro pofa (cM. ri. IV, § 4, teopema 3). ITostomy

P{n> )= lim P{E(t) =), E() =2 (k). ..., E(t) =L (),
0=4H<tH< ... <l,==t, A,=max (o4 — 1),
P{r,>t)= lim [[(1 —P{g(t) —&t-1) 7 0}).

by >0 E=I
M3 croxacTuueckoH HempepeiBHOCTH mupoiuecca & (f) BHTeRaer, uTo

mI;'ix P {&(ty 1) —E(f) =0} >0 mpu A, —0. ITostomy

TT (=P (& () — £ 1) 7= 0) ~
~exp{ — k; P {g () —E(fe-1)%0} X
X(1+0 (mlgx P{g () —E(th-1) 7 0})} ~

NQXP{—,ZZ:‘,I P{E(fk)—g(fk—1)#0}}>0!> 0.

OuenuM Tenepb BeposiTHOCTH coObitHs: E(s) Ha [0, f] umeer r
ckaykoB. OG603HaunM BePOSTHOCTb 3TOro cobwiTHs p,(f). Tornma
(TouHO TaK, KaK NpH OlleHKe po(f)) uMeeM

pe = lim S TP ()~ () %0} X

Ay>0 1< <ip, <o <i <n f=I

X II  P{E@t) —&t-1) =0}

ki,
0=t <H< ... <t, =t
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3Hauur,

Pr(t)—— 11m Hp{ﬁ(tk E(te-1) =0} X
X 2 IP{W!;) §(t,;_,) # 0}

1< i< <i, <n j=

(mbl Bocmosib3oBasuch TeM, 4T0 P {§(fx) —&(fx~) =0} — 1 paBHo-
MepHO 1o k mpu A, —0),

tim 1T P (£ =& (o) =0} = po =P (1, > 1) > 0.

n

Haunee,

> TIPEE)—tt,-n#0=
1< <. <i,<n j=I

= (T Pew —st-y=0) +

+0 (m?X PEW) —E(t-)#0}) X

n r—1
x(ZP@mr@mm#wQ .
k=1
Boiuie OBlIO J0KasaHo, 4TO
po(#) =exp { - A“r_r)lo ké:l P {g (ts) — & (t-1) = 0} } .

Ecan o6o3Hauuth
A ()= —In po (9,

TO ;
Pty =25 e
H
Y=Y o1,
r=0 r=0

3T0 U eCThb BEPOSTHOCTH TOrO, yTO npouecc &(s) HMeer Ha OTpe3Ke
[0, f] koHeunoe uHCIO cKaukoB. [l

Crnepcreue Ecau §(s)— ckaukoobpasneili npoyecc ¢ He3a8uU-
cumoimu npupawieruamu, 10 v (t)— uucaro ckauxos npoyecca E(S)
Ha [0, t]— AganeTca CTOXACTUHECKU HenpepoleHbiM RYACCOHOBCKUM
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NPOKECCOM ¢ He3ABUCUMBIMU NPUPAUECHUIMY:
kot
Pv() =k =252 e,

2de A(t) = Mv(f)— nenpepoisran ynryus. _
HYCTb T{-— BeJNYHHE, BBeld€HHasd IpH JoKa3aTeJbCTBe Teope-
Mb 1. BBefeM cOBMeCTHOe pacrpefeseHde BeauunH T H §(t1) —

—&(0):
@ (ds, A)=P {v,=ds, t(r))—;(0) = A}.

ITycts, nanee, n(s, A)— ycnosuce pacnpesieneine BeJTHIHHBI E(t)—
—£(0) mpu ycJOBHH, UTO Ty = S:

{ a6 APmed)=Pmelap, tm) -0 =)=

o<S<B =P{§(u)=§(0)’ u<a’ E(Ta)_g(a)EA’ TU<B}.

Bpech 1@ == inf[s > a: E(s)— &(a) == 0] [lockoapry P{1 <<s}=
= 1 —exp{—A(s)}, To mocieanse DaBEHCTBO MOXKIO MEpPENHCATb
TaK:

S ni(s, Ay~ @ dh(s)=e*@P{E(z*) —E(0) = A, v <P},

OTKyIa
Plec)—E(@ed, w<pi= | (s Ae®OF@dr(s).

a<<sKB

[Tocaenssis hopMyna nosBoJseT HAHTH XapaKTePHCTHUECKYIO $yHK-
HHIO poLecca ¢ He3aBUCHMBIMH MPHPALICHHAMH, 3ameTuM, yTO MpH
zeE A"

Me? @ 8 =2 @) =My o o +
+ Mei & t®=ty o oy OPHE) — V() > 1)),

Ho npu yeaosun v (B) — v (o) =1 umeem §(f) —& (@) =E (v*) — & (a)
u 1% < p. Tlostomy

Mo g+ Me! & EO= Oy gy - =
=14+ M[et (=t M-t @) 1]X{ta<ﬂ} +
+oPE@—v@>1=1+ | {@@&r—Da(s, drX

a<s<B

X e~ &)=t @1d), (s) 4 O ([ (B) — A (@)PP) =
= exp { { S (el @ » — 1) n (s, dx)dh (s)+ O (M (B) — A (@)}
os<B .
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IMostoMy mpu u=4(<H < ... <ft,=t
Mexp{i(z, E(t) —EW)} =

=exp{i S S(ei (= %) — 1)z (s, dx) dh (S) -+

k=11, <t<ty
+0 (Z [ (1) — (tk_,)F)}.
E=1

IMepexoas K npementy mpu max(fy — fp—1)— 0, nosyuaem caenywo-
Hiee YTBepKAeHHE,

Teopewma 2, Ecau §(f)— cxaukoobpasusili npoyecc ¢ Heaasu-
cumblmiy npupauieHuamu, To e2o npupaujerue E(f)—E(u) (u<<t)
umeer XApaKTepuUcTUuecKyro PYHKYUIo:

Mexp (i (z, g(t)—g<u>>}=exp{s { e m—1ym (dn) an <s)}, (1)
u gm

ede eM8) = P{t; > s}— pacnpedescHue momenra nepsoeo cKauka,
a ns(A) — ycaosroe pacnpedesexue nepsoeo CKAYKa npu YcAo8ul,
4TO OH NPOU3OLLEA 8 MOMENT .

3ameuanue. HMs (1) BbITeKaeT, 4TO XxapaKTepHCTHUecKas
bysxnua E(f)—&(0) umeer Bujg

exp{ S (ef & » — 1)II; (dx)}, , 2)
%m
t
rae IT; (A)= S 55 (A) dA (s) — koHeunas Mepa na %™, TlokaxeM, UTO
0
3TO YCJOBHE M JOCTATOYHO 151 TOro, yToOhl mpouecc GblT CKAYKO-
o6pasubiM. [leficTBUTE/bHO, ecan BequunHa E umeer 0e3rpaHHyio
JeNMMOe pacupejesieHne ¢ xapamepncmqecxoﬁ bynkuuei

e 6 exp {11 (@) [ ot 0 ALY = 57 IO A g o,

n=0

@ (2) = _%m) S et & A1 (dx),

v
TO § UMeeT TaKoe JKe pacnpeflelieHne, KAk . 1, [Jie 1y HE3aBHCHMEL
1

H MMeIOT xapakKTepHCTHUeCKyl0 (yHKIHIO ¢(2), a v HMMeeT paclpe-
Aenenre Ilyaccona ¢ napamerpom II(%™). 3unaunr,

P4 0)<<P{v£0} <<l —e- 1 (&),
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ITostomy, ecaun E(f)— E(0) uMeeT XxapaKTepUCTHUECKYID (YHK-
o (2), To
P{E(t) —E(te-1) # 0} <<
<1 —exp{—TIy, (2") + T, (A"} <y, (B — T, (A7),
TTosToMy BBIIOJMIHEHO YCJIOBUE TeopeMsl 1.
PaccmoTpuM Tenepb OJHOPOIHBIA CKauKooGpasHBIH [polecc
E(?) (em. ra I, § 3). OueBuano, yro B 9TOM Cayyae u npouece v (i)

6ymet ogHopokHEIM. [Toatomy ¢yHkuua A(f) ameer BuE Af, rge A—
HekoTopasi nocrosHHag. Jauee, u3 (1) BBITEKaeT, 4TO

Mexp{i(z, E(t+h) —EW)} =

4
=exp!k S S (ef & ">——l)ns(dx)ds}=
l t g™

A
=exp !h S S(e’ @ %) — 1) ey (dx)ds Y,
[ 0 zm
U mocJefHee BRIpaxKeHHe He AOMKHO 3aBucerb oT f. OTclona BhITe-
Kaer, uTo # 7i;(A) ot § He 3aBHCHT. Takum o6pa3om, B 3TOM Clyvae
pesuunnb E(1;)— E(0) ¥ T; He3aBHCUMEL
Teopema 3. Ecau E(f) (E(0)= 0)— craukoobpasubii 00HO-
pPOOHBLE npoyecc ¢ He3ABUCUMLIMU RPUPAULEHUAMU, TO Npoyecc
E (1) =E(t+11)—E(71) Takroce asasercs OOHOPOOHbIM NPOYECCOM
C He3a8UCUMbLMU NPUPAULEHUAMU, He 3Q8UCAUUM OT Ty U M = E(T}).
Hokaszareavcrso., Tlyere 0 < s << ... <S8k, 20,21 -+, 2 E
e #m. Torpa

Me—*ati @ Wexp {i >, (25, E(s;+ 1)) — CONES
: %
= lim M exp {—— AT + i (z, Tl(lh)) +i Z (25, E(s; 4 ™) —E (™)) }»

Eh>0 i=1
(3)

rae tW=nh, ecmum E(h)=0 maa I=1,..., n—1, E(nh) 0.

Jaaee,
k
M exp { — W 1 (2, )+ 1 2 (2, £+ 7 — 5 () } =
= i MeXp{—Mh+ i (20, & (nh)) +

n=1

k
+ i 1;1 (zp, &(s; + nh) —&(nh)) } XM et =
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k oo
= Mexp {i ]Z=1 (25, £ (s7) } nZ;,IM exp {— Anh +
+ i (20 E ()} Xfett) o) =
k
= Mo+ e t I exp { i 3 (ep £ (s) } .

j=1

[TosToMy, mepexoisa B mpaBol yactTu (3) K mpenesy, MOJYYHM
k

Me—Auiti (26 M) exp {l Z (zj, E(S',' -+ 171) —t (1;1)) } =
i=1

k
= Me—*t+i z» WM exp{i 2 (2p, &(sp)) } [

i=l
Crnepctaue. ITycrs wy, M, ... — nociedosarenvrvle CKAUKU
npouecca E(t), a Ty, Ta, ... — APOMENCYTKU MeHDY MOMEHTAMU,

Koeda OHu npousoulau; T020a 6ce 3TU CAYHALiHble BEAUHUHLL He3a-
BUCUMbBL 8 COBOKYNHOCTU.

JeficTBUTEABHO, TOCKOJBKY T, M3, ..., T2, T3, ... [OJHOCTBIO
onpejessioTcs: npoueccoM E;(f), TO M, Ty OT STHX BeJIHYMH He 3a-
BHCSAT M, KpOMe TOrO, HE3aBHUCHMBI MEXKAY coboii.

Tak kak & (f) TOYHO TaK Ke BLIPAXKAETCHd Uepes Mg, M3, ..., Te
T3, ..., TO Mg, Tp HE3aBHCHMBI M HE 3ABUCAT OT 3, ..., T3 .-
BBOojS noCaeq0BaTeNbHO NPoecchl &y () =En_1(f + Tn) — En—1(Tn),
y6exkaaeMcsi, YTO AJIsi BCeX 7 BENHYHUHB M, U T, HE3aBHCHMDBI H HE
3aBHCAT OT Nntl, Tntls .-

IIycts v(t)— uHcsio ckaukos mpouecca E(s) Ha orpeske [0, 7].

Tax kax

m m+-1 0

v (f) =m, ecan Yrn<t< 2 (Z=O),

1 1 1
To mpouecc v(f) Bhpaxaercs uepe3 Tx, k=1, ..., u, clel0Ba-
TeJbHO, He 3aBHUCHT OT T, R =1, ...

IToatomy
vAt)

50 = Y ne 4)

TIe 1, ..., Nn — IOCJAEI0BATEIbHOCTD HE3ABUCHMBIX OJIMHAKOBO

pacnpejiesleHHBIX BEJNHUMH, a v (f)— He 3aBUCSIIHA OT HHX OLHO-
pomuwiit nponecc Ilyaccona. Ilpouecc Bupa (4) HasbIBaeTcd 06006-
wennoim npoyeccom Iyaccona.

HayyuM pacnpejeseHne HEKOTOPHIX XapaKTepHCTHK AJs TaKOTo
npoiecca B &' Ilycts a — mapaMmeTp NyacCOHOBCKOTO Ipollecca,
a @ (x)— byskuus pacnpeietenns Beaudun ny. Hafinem dyukuuio
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pacmpejesiendsi MakCuMyMa [pouecca Ha KOHeyHoM oTpeske. O6o-
3HAYUM ,
QU x)=P {su;t) E(s) < x}.
s

Hcnonbayss He3aBHCHMOCTBL BEIHYMH Ty, My M MNpouecca &;(f),
MOKeM 3anHcaTb npu x >0

Qt, x)_P{rl>t}+P{ sup g(s)<x T <i}=

—P{Tx>f}+P{Tl<f, ﬂ1<x, sup & (s) <x—m )=
0<s<t=T,

t x

==e—af+g SP{rledu, nmedy}P{ sup g <x—y)=
J O<s<t~u
X

t
== g~at |- Se‘a”du S dO(y) Q(t —u, x—y).
0

— O

Ipun x<<0 Q(t, x) =0. TTosromy, nosaras
S e~MQ(t, x)dt =q (4, x),
0

HOJYUHM

g0, =t 2 (g0, = oy (5)

(g (M, x) =0 pasa x << 0). CooTHoienne (5) BuIONHSAETCH AJS BCEX
x > 0. 3uayur, nosaras e(x)=1npu x>0, e(x)=0 npu x <0
(5) MOXHO mepenHcaTb B BHIE

e Vg0 s~ e -t 0ow].  ©
[Tokamem, KaK MOXKHO PEHIHTb ypaBHeHHE

gW=e@{g—ndfe)~—rom].
(=0, x<Q0,

rre g(x)—HeKkoTopast orpaHMueHHas QYHKIHS, g(x) =0 mpu
x < 0. Tlyetb vy (1) — nexoTopast GyHKUHMS OrpaHHYEHHOH BAPHAUNH,
st kotopoit vy () == v;(0) npu £ > 0. U3 (7) naxommm

Vet—1do 0=
—ee—0§q6—1—nd[ew)— 27 2 ()]0,

Ecau x>0, 10 B BBIpaeHHH CIOpaBa [OJ 3HAKOM HHTerpa’aa
MOXKHO &(Xx—1{) 3aMeHHTb Ha £(x), TaKk Kak HHTETPHDPOBaHHE



§2 CKAUKOOBPA3HLIF TMTPOLIECC 337

BEJEeTCA Ha CaMOM JeJe¢ JHIIb N0 OTPpHUATENbHBIM 4 HOSTOMY

e() | g (e —tyav, () =

=_—s(x)SSq(x—-—t—y)d[

=g (x) S q (x — y) dvy(y),

rie QYHKLUHA OTPaHHUYEHHOH BapHalHu Up(y) ompenessieTcss H3 CO-
OTHOIIEHHA

0.0 = 01y~ nae () — =25 0. ®)
Ilycts Tenepn va(y) TakoBo, uto v2(y) =0 npu y << 0. Toraa
e (x) S g (s —y)dos () = { 4 (+ — 9) dv, (),

TakK Kax npu x << 0
Vg e =gy dos ()= { ¢ e — ) do, () =0.
0

3HayuT, B TOM cJjayuae, KOrja CyIecTBYIOT QYHKIHH 0;(x) H vz(x)
C yka3aHHBLIMH CBOHCTBaMH, H3 (7) moJydaeM cCJ/efyiolllee COOTHO-
LIeHHe:

o9 [ gt —pdoi (1) = g — y) do, ). ©)

TTocsennee ypaBHeHHE OTHOCHTENBHO § SIBASETCS YpaBHEHHEM THIA
CBEPTKH U MOXKET GHITb pellleHO ¢ MOMOILLI0 npeoOpasoBanns Pypne.
[IpennoxeHHE 31ech MeTO] perleHus ypasuenus (7) (Takue ypas-
HEHHSl HA3BIBAIOTCS YPABHEHUSIMH THIIA CBEPTKH Ha [OJYOCH) NPH-
najnexut H. Bunepy.

IMokaxeM, Kak Halitu QyskuuH vi(x¥) U vz(x) ¢ TpeGyeMbIMH
cBoficteamu. OBo3HayuM

5e ()= e du (), @2)= S ei2% 4 (x).
ITpumenss k (8) mpeoGpasoanne Pypbe, HoAyUunaM

5,() =0, (&) [ | — 7 9 @) (10)

Ho
1—a—_“ﬁq>(z)—_—exp{1n(1 — i z))}=

] -5 Y]

n=1
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HmeeM @ (2) = S e d®, (x), rne ©,(x) — dyHkuus pacnpezese-
HUS M+ ... + 1,

ITycrs ‘o
61(2)=exp{2‘—}1—(aik)n S ei”dCDn(x)}, (1
n=1 o
7y (2) = exp { — i l; (ﬁk—)n S e d®, (x) } (12)
n=1 +0

Coornomenne (10) B aroMm cayuae BunoJaHeno. Ilycrs

i%(aix)nq)”(x)’ ¥ <0,

n=1

Ho()={ _ )
!Z%(ﬁ‘f) ®,(0), x>0.

n=1

oi(x)=1+ i —,:—! [S e dH - (x)]k=

={ e [e @+ 3 4 H® (x)] ,
E=1

rie HO (x)=H_(x), H® (x)= S H®=D(x — ) dH _(y). OueBHzHO,
41O GYHKUHS

vy (x) =e(x) + Z —El!—H(f’(x)
k=1

¥WMeeT OrpaHHUYeHHyI0 Bapuauuio U v, (x)=0,(0) npu x=>0. Ana-
JIOTHUHO YCTaHABJAUBaEM, YTO

5, () = | e [e 0+ Y S (x)] ,
k=1

rie ,
0, x <0,

H+(x>=Jii_,ll_(aj_k)”[q)n<x)—cpn(0)1, x>0,

HP () =H, (), HP ) =|HED(x—y)dH, (o).
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QyHKIUS

(—1

0y (9) = (x) + Z HP (x)

TaKKe HMeeT OrpaHHUEHHYIO BapHalMIo H Us(x) = 0 npu x < 0.
ITepefinem k ompefenennio ynxnuu q (A, x). HUs (6), ) H (9)
BHITEKAET COOTHOILEHHE

o) | 2= a0, ()= {90 s —p vty (3

v; (0
Iockoabky npu x > 0 Jjepasg yacTe COBIANAET C al—{(—;» , 10 (13)
5KBRBAJIEHTHO PAaBEHCTBY

0
8_2‘_)_5%(_)=Sq(7», x — y) dva (y)-

Ilepexoast X mpeoGpasoBanuio Pypbe, HAXOKHM

0 ~ i
;l-lf?)» = 0y (2) S e dg, x).

Vuurtsisas, uto vy (0) = v (4 o0)=7;(0),
1 a
=7C(1 - a—l—?»):
- xp{ln(l —

L))

HaAXOIHUM

e aat =t E8 ol 5L (28 |-
y

o +0 0
=—'xexp{;%(aix [id@ W+ [ am, - 1]}
OxonuaTeqbHO
Se‘“dq(x, x)=%exp{i1%(aih "()S(dzx_ dD, (0. (14)
Hcnonpsys npeacrasaenne (4), MoxkeM 3amucaTth
PEO <=+ 3 -2 e, () (15

n=]
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3aMeTHM Telepb, UTO

1 a n___S —At a t at

- (————a 7 ) = e dt.
ITosToMy, ofosnauas F; (x)=P{§ () <«x}, O6ynem nmers (8 cuay

TOro, 4TO S (e"* — 1) de (x) =0)
0

§° et f(e"” — 1) dF; (x) dt =
0

i
0
e ngn—t
Z oM at 81 -
n=l

(%" — 1)d®, (x) dt =

R ¥
8 °(_/'78

=Y 1) (e —nao, .
0

n=\
CremoBaTesbHO, MBI MOMEM BHIPasuThb npaBylo uacth (14) Hemo-
CPe/CTBEHHO 4Yepe3 pacmpepeJsenne E (f).
Teopema 4. Ilycrs E(t) — o6o6uennsii npoyecc Iyaccona,
Fi(x)=P {£ () < x}. Toeda dra pynxyuu

Gk, 2) = g S =M+ izx gP (supt (s) < x} dt
0 St

umeer Mecro npe@craaxzenue

oo it 0o ]
i, z)=%exp{ { < V= —yar,mat } (16)
0] 0
Canepncreue., [asa Toeo urobot

P{ts;lga(t)<+°°}=l,

Heobxo0umo u docrarouno, 4robet

{LrPew>0 <. (17
0

Ecau s10 ycaosue svinoameno, 1o pacnpedesertie seiunutbl
3 =ts;g§(t) onpedeAsieTca XapaKTepucTuveckol pynkyued:

‘ Me’2§+-——exp!S—tl—§o ‘zx—l)dF,(x)}. a8

ls
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JleficTBUTEILHO,
P {sups () < + o} = P { sup 31y = oo }.
120 n k=i

A us Teopemn 2 § 1 BHTexkaer, UYTO MOCJEAHSIA BEPOATHOCTD
paBHa 1 Torfa u TOJNBKO TOrAa, KOria

Z% (0 < oo.

Bocnonb3oBaBluineh cooTHoienuem (15), yGexnpaemes, uTo
zoo:l )=SL(1_F (0)) dt
n ¢ ¢
n=1 0

dopmyna (18) moxer Gwtb nodyueHa u3 (16) mpemesbHBHIM mepe-
XOZOM, 34KOHHOCTbH KOTOPOTO CJEAyeT KOHEUHOCTH MepHl

o

S x g dFy (x) dt

0 A

ma [0, o), Bureratomelt uz (17).
Iycte x 2= 0. OBosnaunm

=inf[t: () >x], y.=E("+0)—E(");

¥ HasLBaeTCH MOMEHTOM Nep8o20 NepPeckoka wepe3 yposeHs X,
Ve — BEAUHUHOL  nepeoeo  nepeckoxa 4eped yposens x. Ecun
supi(s)<{x, cumraeM 1= 00; y, B 3TOM cCjyuae He Ompene-
§< oo
JieHO.

HafiteM cOBMeCTHOe pacipefeJenyue BeJHUHH T° H y,. O6o-

3HaUYuM
Nt y, x)y=P{v" <{, v, =y}

OueBHAHO, €CJHH 1 > X, T° =11, Yy ="n; —&. Ecan n, ¥, TO
¥ = {x—& + T, Yx=?x—§"

rae &Y, 9, — COOTBETCTBEHHO MOMEHT M BeJHUHHA TepeckoKa s
npouecca &, () =E&(f 4 v,) — & (v;). Hcnoas3yss He3aBHCHMOCTD & (7)
OT T; H 1;, TMOJAYUYAEM CJeAYIOllee ypaBHEHHe:

Nt y, )=P{t;<t}P{mi=>x+y}+

t x
+ S S ae=N(t—s, y, x—u)dD u)ds. (19)

0 —oo



342 TIPOLIECCH! C HE3ABIHCHUMBIMH TTPHUPAUIEHHSIMU [TJI. VI

Iycts
n@h, g, x) = (e NN ¢, g, 5).
0

ITpumensas x (19) npeo6pasosanue Jlannaca, naxomgum
X

n(h, y, x)= aih 1 —(D(x+y)]+a—_al_7 S n(d, y, x — u) dO ().

00
(20)
O9TO ypaBHeHHe MOXKHO DpacCMaTpHBATh npH  QUKCHPOBAHHOM y.
Bynem cunrars, uro n(A, y, x) =0 gas x < 0. Torza ero moxuo
HepelHCaTh TaK;

e () g7 L= QG 4yl =

=¢e (x) Sn(?», y,x—u)d[e(u)—a:_}vCD(u)]. 21

9ro ypasHenue una (7). [Tostomy mist mero CIIPABEJJAMBO COOTHO-
menue (9):

600 § e (v — ) [1 = @ (s — e+ y)] do, (1) =

—§n0 4, 1= do, (0.

YMHOXKas 3T0 COOTHOLIEHHE Ha e~M% y HHTErpupya no x or 0
JO 00, IoJydaeMm ’
S s(x—u)—a—_"z_—r [l —=Qx—u-+y) e~ dy (u)dx =

00
oo

= {ewauy ) (@, , 9ese an.
0 0
Mz (12) Britekaer, uro

Se—uudv2(u)=exp{ — 3 %(uil )nSe—uu d(I)n(u)}.

(] n=] 0
TToatomy

o«

Sn(?», Y, x)e-luxdx=exp{{i%(a_‘:_}v )n Se‘uud(Dn(u)}}X

=]

0 0

X Vemve ot~ 0 (et g o, 4
0 0
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BocnoJsb3ayeMcsl Tenepb TeM 00CTOSTeJNbCTBOM, UTO Ipeobpa3onaHue
Jlanmaca cBepTkH ABYX GYVHKUHH ecTb NpPOU3BeAeHHe npeoGpaso-
BaHUH .Harmaca W PaBEHCTBOM

exp{ Z (a—i—k) S(e ve — 1) dO, (u)l Se‘”xdq(k, x),
0

[

KoTOpoe BhITekaeT u3 (14); Haxoxum

oo

n(, y, x)——?»eprZ (a-l—?») SdCD (u)}

n=1

X\t —0t—z—utglaowdea, 2. @)

Tlycts g_ (A, x) ompexnenseTcs PaBeHCTBOM

S e dg (3, x)—-exp{z (QH) S ‘2x—1)d®n(x)}>.(23)

n=1

Jlerko y6enuthbest, paccmarpusas npouece — §(¢), uTo

00

g, x)= S e~MP (inf& (s) < ) df. (24)

0

dynxuua ¢g_ (A, x) BuHpaxkaercss wepes v, (x) B cuay (11) caenyio-
mum obpasom:

]
g0 x)——exp<—Z (+%5 S RCHTE!

TloxcraBassi Bepaxkenue v,(x) uepes ¢_(A, x) B (22) u BocmOJB-
30BABIINCH paBeHCTBOM

exp’Z (a-{—}») >~exp{—-1n(1 aik)}::

n=1

HaXonHM OKOHYATEJLHO
n, g, ) =ha ({1l = ®(c+y—n—2)]dg_(4 2dg 0, 0. (25)

Hcnonesyst eme pas To 06CTOSATENLCTBO, UTO HPOH3BElleHHE
Npeo6pasopanuii Jlansaca ecTh npeoGpasosanue Jlamsaca CBepTrY,
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MoxeMm obpatutsh (25). IIpu atoM sameruM, 4TO

e

A, 2)=—{Q_(t, v de=r =
0

=Q_0, 9+ ¢ DeMdt=e(v+ [eMd,Q_(t 1),

0 0

Q_ (¢, x)=P {infg(s) < x}.
st

rjae

TToatomy Skq_ (A, 2—u)dq (A, u) aBasercs npeoGpasosannem Jlam-
t

naca ¢yukunn Q(¢, 2)+ S SQ_ (t—s, 2—u)d,dQ(s, 4). 3nauur,

0

N,y 9=al{ll — G+ y—2]4.00, 2+

t
tafl—o@+y—2a4a (o t—s 2—nad06 0. @)
0

§ 3. Henpepuisuble npoueccsl. Buneporckuii npouece

B atom mnaparpage paccMaTpHBAaeTCs HENPEPBIBHLIA npollecc
C He3aBUCHMBIMU NpHpPALeHHAMH E(f), onpeneeHHbId HA HEKOTOPOM
orpeske [0, 7] u npuHuMaromuil 3HaueHus U3 #™. Dyrer IDokasaHo,
uTO B 3TOM CJlyuae NpHpalleHHd npoluecca UMeloT FayccoBHl paciipe-
nejenusi, Bynem oGosnauath yepes &1 (H™) MHOMKECTBO JHHEHHBIX
HEOTPHIATENbHBIX CHMMETPHYHBIX ONepaTopoB B F,

Teopema 1. Cywecrsyror raxue nenpepoisusie Gynxyuu a(t)
u B(t) co snauenuamu 8 A" u L (R") coorsercTsenHo, npu 3TOM
B(t) ne ybusaer (B(ty)—B(h)eZL(A™) npu t, <ty), aro xa-
pakrepuctuueckas Qyukyus npupawenus E(t)—E(H) (4 < ts)
umeer 8uod

Mexp {i (2, & (1) — & (1)} =
=exp{i(z alt) —alt) — 5 (BB —B®I22}. (1)

Hoxazareascreo. [1as toro uto6ul yctaHoBuTh (1), HOCTaTOYHO
nokasarth, uto E(fs)— E(#;) uMeeT HopMaJ/bHOe pacupefenenue. [Ipu
9TOM MOXHO mpeanoJaarath, 4to §(0) =0, {;, = 0 n npouecc npuuu-
maeT 3HaueHHs: B &' (BMecrto mpouecca §(f) MOXHO paccMaTpHBATh
npouecc (§(f),2)). Bospbmem nocaenoBatenbHOCTL pasbuenuit 0 =
=g << ... <lInn =1 TaKywo, 4TO mzlx (tue = tap—1) = 0. U3 ne-
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npeprBHOCTPI npouecca BLITEKAET, UTO Js BCeX € > 0
n
lim Y P{{&(tw) —E(e-1)|>e}=0 ()
n—»>o k=1

(cM. Teopemy 4, ra. 1V, § 5). M3 (2) BbITeKaeT cyLleCTBOBaHHE Ta-
KOH NOCJIeI0BAaTEJbHOCTH €p } 0, yToO

lim 3P {18 (ne) = E (i) | > £} =0, ®)
TTostoxuM '
. { g(tnk)_‘g(tnk—l)’ eCJi lg(tnk)_g(tnk—l)|<8m
nk 0» ecau I g(tnk) - g (tn k—l) l > €.

Torpa P {E(t) - kggnk} <k; P{I1&{ta) —E(ar-1) 1> en}} 4, 3Ha-

n
YUT, Zgnk CXOIHUTCH 1O BepoATHOCTH K E(f).
k=1

M3 neHTpatbHON NpeNe/bHON TeOopeMbl AJIs CXeMbi Cepuil BhITe-

KaeT, uTo
n n * n
(Zgnk—M ZEnk)/D 2 B
k=1 k=1 k=]
UMeeT Ipeie/bHOE HEBHIPOXKIEHHOE HOPMalbHOe pacrpeseneHne,
n

ecJu Toabko limD Zgnk > (0. Ho Torpa u BesnHunHa
n-yoo =1

(20—M Ze) 0 S

GyleT uMeTb Npeje/bHOe HOPMaAbHOE HEBBIPOKIEHHOE pacnpenene-
HHe, 4YTO BO3MOXHO JIMIUL B TOM cJjydae, Koria E(f) umeer HOp-
MaibHOe pacupejeenne. Ecau ke JJisl HEKOTOPOH TMOC/IeA0BA-
TENAbHOCTH Iy

n
.
limD Q. &, s —0,
r-»o k=] r

TO

n’, n,.
Dt e—M E >0
k=1 k=1

1o BEPOATHOCTY, I103TOMY H

) —M 2 &, —0
k=l
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10 BEPOATHOCTH, UTO BO3MOXKHO JHIIb B TOM CJaydae, Korga §&(f)
¢ BepoATHOCTBIO | mocrosinua. By '

Ecan g (¢) — oanoponueii HenpepsIBHbIA NPOLECC, TO CYIIECTBYIOT
as R u Be L, (Am) rakue, yro dyskuuu a(f) u B(t), Bxoga-
mue B gopmyay (1), umeror Bup

a(t)=ta, B(f)=1B.

Onnopoauwii npouece w(f), pas koroporo a =0, B == [ ([ — exqu-
HHYHBIH ONepaTop), Ha3bIBaeTCd auneposckum npoyeccom. Ecau B2
00o3Hauaer (HeOTPHLATEJLHBIA) KBaAPaTHBIH KOpEeHb M3 HEOTpHULa-
TeJBHOro oneparopa B, To mpouecc

() =ta+ B"w (1),

rae w(f)—BUHEPOBCKHH mpoluecc, 6yIeT OAHOPOAHLIM TayCCOBLIM
NPOLECCOM ¢ He3aBHCHMBIMH NPHPAILEHUAMH, 1A KOTOPOro

Mexp{i(z, £())} =exp{t(z, a) — %t(Bz, z)}.

HUepes BHHEPOBCKUH NMPOLECC MOXKHO BBIPA3HTb H NMPOLECC C XAPAK-
TepuCTHYECKON dyHKumed (1), ecau Tosmsko dyHKuus B (f) nudde-
penuupyema. Iaf TaKoro npeacTaBjieHus NOHALOGATCA CTOXACTH-
YyecKHe MHTEerpaJibl 0 BHHEPOBCKOMY MpPOLECCY BHAA :

T

{ztyaw ), )

0

rie Z(t)— Hekoropas omepaTtopHas (HecayuaiHasi) GYHKuHS. BbI-
GepeM B #™ HEKOTOPHIH OPTOHODMHPOBAHHEIH Gasuc {ey, ..., em}.
[TosoxuM wy () = (er, w(?)). Tak kax

Mexp{i thwk(z‘)} == Mexp{i (Zxkek, w(t))} =
k=1 k=1
=exp{ ——-;—(Zkkek, Z kkek>} =exp{ ——;—Zki }
k=1 k=l

k=]
TO MNpPOLECCH Wy (¢) — HezaBUCHMBIE MEXKAY COGOH OLHOMEpHBIE BH-
HEPOBCKHE Ipolecchl. Kaxablii M3 3THX IPOLECCOB fABAfETCH, Oye-
BHJHO, IIPOLECCOM C OPTOrOHAJbHBLIMH INPUPALIEHHAMH: NPH f <<

<ty <<t

M (wg, (£5) — wy (1)) (wy (t2) — wi (1)) = .
= M (wp (£;) — w;, (t)) M (wy (t) — wy (t)) =0,

kpoMe TOro, M|ws (f2) — wy () |2 = t;— 1.
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HOSTOMy onpene/ieHbl HHTErpadJibl
T
|1 (5) dewn (5)
) |

nas Beex fe £, [0, T (em, ta. V, § 3).
Hurerpan (4) ompefensieTcst ¢ HOMOIIbIO COOTHOIUEHHS

T m m T
{z@®dw (t)=Z(Z {@wey, e du, (t))ek. )

0 k=] M=1 0

DTOT HHTErpas] omnpejenex s BCeX H3MEPHMBIX ONEpPaTOPHBIX
bynxuuit Z(f), 419 KOTOPHIX

T
SSpZ(t)Z*(t)dt<oo
0

(3necs Z* — onepatop, conpsiKeHHHH Z, Sp ZZ* — cqej onmepatopa
ZZ%).

Jlerko yGeIuTbesi, HCIONb3YS (5) M HE3aBHCHMOCTb [POLECCOB
w;(f), utO

T
M SZ(t)dw(t):O,

0

T T T
M (S 2 dw (), { 2,(6) duw <t>) =\{spzi(0z3 0,
0 0

0

(6)

T

T 2
M(S 7, (t) dw (1), z) =SZI(1‘)Z’{(t)z, 2) dt. @

0 0

Kpome Toro, unterpan (5) HMeer rayccoBo pacmpefe/enne (mo-
CKOJIbKY OH SIBJSIETCSl NIPeJesioM HHTerpasos OT MPOCTHIX QYHKUHIL,
KOTOpbIe JIHHEHHO BBHIPAXKAKIOTCA uepe3 NpHPAlleHHs BHHEPOBCKOTO
npouecca ¥ MO3TOMY HMEIOT raycCoBO pacupejesenye).

Ilycte Temepb C(t)=(7jt—B(t))”2. Torma mnporece

t

t)=a®+ | C)dwis)

Q
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O6yZeT rayccoBckuM; B cuay (6), (7)
Mg () =a (¢),

2

t
ME@®) —a(t), 2 =M (S C (s) dw (s), z) =

9

(a0 (S 810)"s )=

0
t

— S (45 B(s)2,2) =(B(1) 2, 2) — (B(0) 2, 2).

0

CnepnoBaTesibHO, mpupalleHne npouecca §(f) HMeeT XapaKTepHCTH-
yeckyo ¢yuknuio (1).

3aMeTHM, 4TO BCErja MOXHO YyKa3aTh CTPOTO BO3pacTalollylo
tdyuruuio A(f) taxyioo, utofnl B(f) Obl10 abCONIOTHO HenpephlBHO
OTHOCHTesbHO A (f). B KauvecTBe Takoi QYHKUMM MOMKHO, HANpHMED,
B3ATb A(f) =t 4 Sp[B({)— B(0)]. Tax kak A5 HeOTPHUATENAbHOIO
onepaTtopa B BeimosnneHo HepaBeHcTBO || Bl << Sp B, o npu £, < fp

1 B(t:) — B(t) I Sp [B () — BUN A () — A (1) (8)

Ecan rtenepy ¢(f)— dyukuus, obparsas k A(f): A(e(f))=1{, 10
npouecc £(f)=E(p(f)), Oymer HMeTb XapaKTepHCTHUeCKYID (YHK-
{0 NpHpalleHHs i

Mexp{i(z, &(t) —E (1)} =
—exp{i(z, at) —a() —5 (Bt — Btz 2) },
rae 4 () =a(p(t)), B(f)=B(¢(#), nupu sToM B cuay (8)
1B (t) — BN I<A (@ ®) — A (p(t) =t — 1,

T. e. B(t) yxe a6comorno nenpeprBro. Tax xak E(f)=E(A(F)),
TO MOXeM YTBepXJaTb, 4TO BCAKHH HENpepLIBHBIA Mpolecc ¢ Hesa-
BUCHMBIMH NMpPHPaLEHHSIMH MOKeT ObITb NOJyYeH H3 CyMMEBI Hempe-
PHIBHOH HecayuyadHOH QYHKUHH U CTOXaCTHUECKOro HHTErpaJja BHAA
(5) ¢ nomouklo HenpepbIBHOH MOHOTOHHOH (Hecayuafimoi) sameHb
BpeMeHH.

BuHepoBcKuil npolecc HasbBaeTcs Takke npoyeccom O6poyHos-
cKoeo dsuscenus. DTo Ha3BaHHe OODBSICHSETCS CJaelyloluM 06CTOA-
TenbCTBOM. PaceMoTpuM nBuiKeHHe [JOCTATOYHO MaJioH 4acTHUEL
B3BeIUeHHOH B KHUAKOCTH, NOJ BJAHSAHHEM cOydapeHHiA ¢ HaxoAsllH-
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. MHCS B XaOTHUECKOM TeNJOBOM [BHMEHHH MOJIEKYJaMH MXKHIKO-
cti. B ¢du3HKe 370 fBJeHHe HOCHT Ha3BaHHE «BPOYHOBCKOTO HBH-
JKEHHS.

Ilpu BEepPOATHOCTHOM H3YYEeHHHM 3TOTO fABJIEHHS €CTECTBEHHO CUH-
TaThb CKOPOCTH MOJEKyJs, ¢ KOTOPBIMH COyaapsiercsi YacTuiua, Cay-
9aiiHBIMH, NpHYEeM 1719 OXHOPOJAHON JKHAKOCTH HYXKHO CUHTATh, UTO
pacnpejlejleHHe CKOPOCTH He 3aBHCHT OT MOJIOXKEHUST MOJEKyJab (OHO
MOKET 3aBHCETL JIHIIb OT TeMIlepaTyphl, a OHA BCIOAY OJAMHAKOBA).
Ecnn npeanosoxKuTe, fajee, YTO CKOPOCTH PA3JHUHBIX MOJeKy.a He-
3aBHCHMbl MeXJy coboil, mpeHeOpeub MHepIHell WACTHIE, TO TOrja
cMeUleHHe YacTHIE H3 JIOGOTO MOJOXKEHHS 3a HEKOTOPHIH mpoMme-
KYTOK BpeMeHH He OyIeT 3aBHCEThb OT MOJIOXKEHHsSI YACTHUH H ee
npensiayero nsuxenus. CaenosatesbHo, npoiece E(f) B %2, omu-
CHIBAIOIIYMH MOJIOXKEHHEe YacTHIL B MOMEHT BpeMeHH f, GypeT Ipo-
IeCCOM C He3aBHCHMLIMH IpHpalleHusiMH. Kpome Toro, u3 ¢usuye-
CKHX cOO0paxKeHHl OUeBHIAHO, YTO OH GyZeT HempephElBHEIM H OJIHO-
pPOIHBIM IO BPEMEHH, eC1H (H3HYECKOE COCTOSIHHE KHIKOCTH He
MeHsieTcsl ¢o BpeMeHeM. Ho BCSIKHHA HenpephIBHBLI OMHOPOIHBIA NPO-
IleCC C He3aBHCHMBIMH IIpPHpAIeHUSIMH GymeT rayccoBbiM. Dynaem
CYUTaTh, YTO B HAYaJbHBIA MOMEHT BpPEMEHH IOJOXKEHHe UYaCTHIIH!
COBMAnaJO ¢ Haua/loM KoopauHart, T. e. £§(0)=0. Ilycts ME({) =
=a(t), D (¢(t),2)= (Bz,2), a(t)—Bekrop u3z #*, B-— cummer-
pHuHBIH onepaTop B #°. B ciayuae OZHOPOAHOH JKHAKOCTH TIPH OT-
CYTCTBUH TeUYeHHH NpOLeCC NOJKeH OBIThb H30TPONHBIM (IIOCKOMBKY
pacnpefesieHHe MPOeKINA CKOPOCTH MOJIEKYJ bl XKUAKOCTH Ha TPOU3-
BOJIBHOE HanpaBJeHHe He 3aBHCHT OT 3TOr0 HaNpaBJeHus), T. e.
(a,2) u (Bz,2) npu |z| =1 He HOJKHBI 3aBHCETb OT 2. IDTO BO3-
MOXKHO B TOM caydae, koraa {a, z) = 0, (B2, z) = c(z, 2). Taxk, uc-
10J1b3ysl caMble 06IMe cOOOPakKEHNs], MBL IPHILJIN K ONPEAEJEHHOMY
BBILIE Mpoleccy GPOYHOBCKOTO JABHIKEHHS, paccMarpuBas (usmye-
CKOe siBJIeHHe, HOCALlee TO e Ha3BaHMHe.

Wsyunm noppoGHee ONHOMEPHHIH BHHEPOBCKHI mpolece.

ITycts a %= 0 — Hekotopoe yucyo. OGo3HAYUM uepes T, TAKOH
MOMeHT BpeMeHH, uTo W(f)/a <<l npu <7, a upu aw6om
>0 sup L2 u > 1. Ecin w(f)/a << | nas Becex ¢, To noJa-

Tp<t<t 48 @
raem v, = +oo. 7, OylieM Ha3bBaTh MOMEHTOM IEPBOro mepece-
YeHHS NpoleccoM w(f) ypoBHS Q.

IMycte Tenepb T/, — Takoll MOMEHT BpeMmenH, uTo @ (f)/a <1
npu ¢t <1, w(%,)==a. 7, 6yAeM Ha3LIBATH MOMEHTOM NEPBOrO 10-
CTuxenHs mpolleccom w@(f) yposus a. OueBuaHo, yro 1, <v,.

OxasbiBaercs cnpaBenJnBa
Jemma 1. P{t)=1}=1. )
Hoxasaresvcrso. Beunay cummerpum npouecca w(f) (—w (f)
EMeer Takue Xe pacnpepesneHus) cunrtaeMm, uto a > 0. Co6riTue
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4 [:]
{ra < 1.} BJeuer xoTs1 GBI OJHO M3 COOLITHH

{ max w(s)=a}, r=12,..., m=12,..., r<mt
o<s<7n’—

[TostoMy AJ8 [OKa3aTe/lbCTBA JeMMBl JOCTATOUHO [OKa3aTh, YTO
npu a >0
P{ max w(s)=a}=0,
ost
KaKoBO OBl HH OBLIO f; JIETKO BMJCTb, YTO NpH # < i

P { max w(s)—a}<P{ max w(s)=a}+

0<Cs<t 0{s <y

S P{w(tl)edx}P{ max w(s) — w(f,))=a — x}.

h<s<t

Ho P{ max w(s)— w(f;)=2} MoXer ObTb OTJIMYHO OT HYJA He
h<s<<
GoJsee ueM /5 CUETHOTO UMCJA PA3IUUHBX 2, T. e. P{ max w(s)—
f<s<t
—w(t)=a— x} =0 nourn pas Bcex (mo mepe JleGera) x. 3Haumur,
a
S P {w(t) = dx}P{ max w(s)—w(t)_a——x}—
st

-0
a

%
! SP{ max w (s)—w(t)=a—x}e % dx=0,

Vint; tL<s<t

TaK KaK TNojbIHTerpatbuas (yHKIUS paBHA HYJIO NOYTH BCOAY.
Takum ofpasom,

P{ max w(s)=a}<P{ max w(s)=a},
o<t 0<s <ty

t. e. P{ max w(s)=a} ne y6uiBaer npu f} 0, ¥ B TO XKe BpeMms,
o<s<t

BBHy HempepmBHOCTH w (f), P { max w(s)>e}—0 npu &>0,
o<t .

t— 0. IToatomy

P{ max w(s)=a}<lim P{ max @ (s) > = }=O. E
0<<s<t £ Y0 0<<s<t

Dta neMMa mo3BOJSIET HAM B JasibHellleM He Pas3jiHyaTh BpeMs
NepBOro JOCTHIKEHHS M BPEMs EPBOrO IlepeceyeHHst ypoBHs a. Mul
6yneM H To B Apyroe o603HauaTh Ta.

Ina u3yueHHs] HEKOTOPHIX XapaKTepHCTHK mpouecca w () GyneT
HCIIOJIb30BATBCA CJIeAYIoNas

Jemma 2. ITycre w(t)— npoyecc Gpoyrosckozo Osuscenus,
a0 u To-— MOMEHT nepgoco nepecedenus npoyeccom w(t)
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yposua a. Onpedeaum npoyecc wi(f) cooTHOweHUAMU: W) (1) =
= w(t) npu t < ta, w1 (t) = 2a —w(t) nput = .. Tozda npoyecc
w; (t) Taxoace Gyder npoyeccom GPOYHOBCKO2O OBUNCEHUA.

k k—
Hoxasaressctso. T10N0KUM W,y = W (7) —w (—n—l) w® (f)=

- (4)
n
= D Wat, @ (=Y. (—1)*nk W, raee,, =0, ecau sup ———> <
E<nt E<nt ) i<e-1 @
- ()
n

<1, #eg=1, eciu sup ———=> 1. 3aMeTnM, uTO BEJHIHHEI

i<k-1
(—1°rtw,, npu k=1, 2, ... He3aBUCHMBI MexX]y co60i H ONHHa-

KOBO pacrpeleNieHsl, IPpHYeM paclpefe]edus HX COBIAJanT ¢ pac-
NpefeeHUIMH BeJHUYNH Wpp. OTO BBHITEKAET M3 TOrO, YTO Wpp H
— Wy ONMHAKOBO pACIpeleseHbl, 8 Wy, HE 3aBUCHT OT €nky W, - - -
.., Wnh1. CIeNOBATENBHO, W, (—1)"7% uMeloT HOpMaJbHOE pac-
npefenenue co cpeannm 0 u guenepcuei 1/n. TloaToMy KoneuHoMep -
Hble pacnpeleseHus mpouecco w™(f) u @\" () cosmanatwort. Jo-
Ka3aTeJbCTBO JEMMBI IOJYUaeTCsl, €CJIM 3aMETHTD, UTO 0™ O —w(®),
w{™ () > w, (/) ¢ BeposiTHOCTbIO 1 BBHIY HeNpepBIBHOCTH Mpoliecca
GpOYHOBCKOFO JIBHIKEHHS.
HcnospayeM QOKa3aHHYIO JeMMy AJs HaXOXKJEHUs pacrnpeiee-
HHS TAKHX XapaKTepHCTHK mpolecca, Kak — max w(f), min w(f),

0<I<T 0T

max |w(f)].
0<t<T

Teopema 2. IIpu a>0
P{max w(t)>a, w(l)=[c, d]}=

oCECT

| d§/a e | 2a-c)Va ra
= e Tdx+ —— S e Tdx, (9)
'\/2:rzT cVa in[‘ Ca-d)Va

ede a \V b=max[a, b].
Jlokasareascrso, BoclonbayeMcsi COOTHOIIEHHEM

P{ max @w(t)>a, w(l)&le, dl}=P{w() I, diN(a, o)+

0<t<T
4+ P{max w({)>a, wl)e]c, dN(—oo, a]}
0sELT

(cnpaBeIMBOCTH €r0 BHITEKaeT M3 TOrO, 4TO c06bm4eu{w(T)e
&lc,d]N (a, o)} Bieuer cobbiTHe { maxT w(t) > a}). Haligem Te-

a<xit

[epb BepOATHOCTD . )
P{ max w()>a, w(l)=[e, d]N(— o0, al}

0ILT
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Hycrs w, (t) — npouece, onpenesenuslil Tak, kak B JemMe 2. Torma
cobbtue  { max w(f) >a, w(l)=[c, d]N(— o, a]} cosnamaer
0<I<T
¢ coburueM { max w;(f)>=a, w, (7)< [2a —d, 2a — c] N [a, o)},
0<ILT
Ho coburre {w, (7)< [2a—d, 2a —c]1[a, o)} Baeuer coGuTHe
{ max w, (f) >a}, nostomy

{max @) >a, w (7)< [2a—d, 2 — ] [a, o)} =

={w, (T [2a—d, 2a —c]]a, oo)}.
3HAYUT, HA OCHOBAHUU JEMMH 2
P{max w(t)>a, w(l)<]c, d](— oo, a] } =

o<t<T
(2a—c)Va e
= 1 S ~5F
= e e Tdx. (10)
v2al Qa~-d)Va
Kpowme toro,
dVa .
1 L
Plomsle, dnle )= | —L-eTae  ay
cVa

Hs (10) u (11) u BHTeKaer HOKa3aTeabCTBO TeopeMbl. M
Cunencreue IIpua>0

__2 (o
P {OrgntaéT w(t) > a}= o § e T dx,

[locnennsin Qopmyna BrITeKaeT u3 TeopeMbl 2, ecan [c, d] =
== (— 00, 00).
Teopema 3. Tycro a; <0 << ap u[c, d] < [ay, as). Toeda

P{ min w()>a;, max w(t)<a, w(l)<]c, d] }=
0<t<T <i<T

w d
~ i 3 {oof et 200 )
k== ¢

— exp{ — i (% — 2a, + 2k (2, — a))? }]dx. (12)

Hoxaszareascreo. O6osnauum uepes AY cobuitne, zakamouaio-
lneecst B TOM, 4To mpouecc w(f) ua orpeske [0, T] mepecever ypo-
B€Hb a; panblue, 4YeM YpOBeHb a; (j 7= i, [, j = 1, 2), u 3areM He Me-
Hee k pa3 mpeceuer OTpesok [aj, ag] (cuMTaercd, 4TO dyuxunsa x(f)
k pas nepecekaer oTpesok [ay, ag], eciu dynKuus sgn (x()—a)+
;-sgn(x(f)—az) k pas menser suak), 1 w(T)<|[c, d]. Vcroman



§ 3) HETPEPBIBHBIE TTPOUIECCH. BHHEPOBCKUM TMPOLIECC 353

BEPOATHOCTb MOXKeT ObITh BhIpaXKeHa CAeAYIOIHM 06pa3oM:
P{w() e, d} — P{al"} — P {2}
Has moxcuera P{?IB”} HafijeM BepOSiTHOCTH
Pluk}+P{l =Pl vl (=4 i j=12)

Co6riTHE %I?U%I‘k’il, KaK JIerko BHJeTb, 3aKJjloyaerTcsi B TOM, 4YTO
npoiecc w(¢) 1o MoMenta T nmepeceueT ypoBeHb a; (He 0013aTeNbHO
paHblle, 4eM @;), 3aTeM He MeHee & pa3 IepecedeT OTPesoK [ai, d]
v npu t = T nomafger B oTpe3ok [c, d]. IlycTs T; — MOMEHT mepBOTO
nepeceycHus! YpOBHA a;, Tg— NEPBHII NOCJE T; MOMEHT IepeceyeHust
@j, T3 — IepPBLIf TOCJe To MOMEHT Iepeceyesus a; B T. 4. [Tonoxum
w (t)=w(t) mpu t<1, w(t)=2w(t)—w() npup (=1,
wy(t) = w;(t) 1upun <<ty Wa(t)==2w(w)—wi(f) npu =1y
w3 () = wy(t) nmpu t << 15, Ws(f) = 2wy (13)— w2(¢) npu =13 H
T. 4. 3ameTuM, uto mpoueccs @ (f) 6ymyt mpoueccamu OpOYyHOB-
CKOTO [BHXKEHHS, TAK KaK T; fABJ/seTCsl MOMEHTOM IepBOro mepece-
yeHHsi mpoueccoM w;—;(f) ypoBHs

a; 4 (1 —1)(a; — a)).

Eciau npoucxonuT cobhTHE A U %Iwrp TO mpouece Wy () npu ¢ < T
HoouYepe HO NepeceKaeT YPOBHH

a;, a;+ (@ —ap), ..., a;+ ke, —ap)

H B MoMenT T momapaer B OTPE30K [c¢p, dg], rae
ce=c+ (k+ (e —aq),
dy=d 4 (k+ 1)(a; — a))
cr, =2a; —d + k(a; — a)),
d,=2a; —c+ k(a; —a;)

Hao60opoT, eciiu Wt ({) YAOBAETBOPSIET NepeyrclIeHHbIM YCI0BHAM,
TO TOrga MPOHCXOLHT COOBITHE W Y AYL,. Tak xak Wap(f)— He-
npepeBHEI mpouece, ofpamamouiuiica B Hyab npu ¢ =0, T0 119
TOro, uToGE MOMACTb B NPOMEKYTOK [Cp, dr], Wayi(f) AOMKeH TO-
clefoBaTeNbHO Tepecedb YPOBHH a4+ l(a;—a;), =0, ..., k.
ostomy

PP Uadl} =P (wes (T) € e, de] } =P {w (T) & [cr, di] }-

M3 nenpepniBHOCTH npollecca W (f) BBITEKAET, 4TO C BEPOSATHOCTHIO 1
OH mepecekaeT OTPe30K [aj, @s] KOHeyHOe uHCJO pas, H, CJIeLOBA-

Teanno, P {%’} —> 0 mpu k-> co. Tlepexoas K npefety npu fi-» oo

} IpH HEYeTHOM &,

} IpH 4YeTHOM k.
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B COOTHOUIEHUHN
P{ul’} +P AP} = (—1y** [P QUL 4+ P} ]+
+ 2 (= (P} 4 P )+ Pk} + P (i),

HONYUHM

P} +P )= 3 (1)t 3 (P} + P ) =

k=0

o=
=«/Wz

i:Zar—C-f-Qk (a-—ap
k=1 bag,~d4-2k (ar~a))

exp(— ;;)dx—l—

9a,~c+2k (as—ai) d=2(k+1) (ay~-a)
x2 x2
L S exp{ 2T}d)c— S exp{—-—ﬁ}dx——
20 —d+2k (az~ai) c—2(k+1) (@;—~ai)

d+2 (b +1) (a—a))
x2
— exp { — 57 } dx |.
c+2 (k+1) (az—a))

TlosToMy HcKOMAs BepOATHOCTb PaBHA

. d+2k(a,—ay)
5 [ | exp{— g }ar—
— ST
'\/231:T ke=—o0 o2k (as—ay)

2ay~c+2k (a,—ay)

e !

20y, —d-+2k (a,—ay)

[Tonaras B NepBOM HHTerpaje NOA 3HAKOM CyMMbl X —
—2k(ay— a;) ==u, a Bo BropoM 2k(az— ai) -+ 2a; — X = u, moay-
quM gopmyay (12). &

Caencreue 1. Cosmecrroe pacnpedesenue seauuun max w(f)

0t<T

Ogtigrw(t) apu a, <0, ay >0 Oaerca ¢opmyiot

P{ min w () >a,, max w(t) < a}=

0E<T <t<
co a:
1 1
== 3 {[eo{ =g+ 2h@—a)} -

=00 (I

»——-exp{———Ql—T—(x——Qarl—Qk(az-— a)p}]de.- (13)
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Canenctsue 2. lIpu a>0, {¢,d|<|—a,a]
P{max |[w()|<a w(ele, d}=
0<t<T

— (—1)* exp{——Q—IT—(x-—-Qka)?}dx. (14)

e

0

d
|
1/2nTck

§ 4. Crpoenne GOIEHX MPONUECCOB
C HE3ABHCHMBIMH MPUPAIMEHHAMHA

[Iyctb &(#)— cenapalebHblii CTOXACTHYECKY HENPephIBHLIA NPO-
ece ¢ He3aBHCHMBIMH npupallennsimu, onpeneiennbit npu ¢ & [0, 7]
¥ NPUHAMAIONMH 3HAUeHHA M3 KOHEYHOMEDHOro eBKJIHAO0Ba mpo-
crpanctea X. Torna on sa ocnosanuy § 4 ra. IV ¢ BEpOATHOCTBIO
1 ne mMeeT pas3pbLIBOB BTOPOro poja.

Ias kaxgoro & >0 ¢ BepoSTHOCTbIO 1 Oyjer JHllb KOHEUHOE
YHCIO TAKHX TOuek f, s Kotopbix |E(f 4+ 0)—E(t—0)|>e.

Ilyets X, = {x: |x|> e}, B —oc-anre6pa OopeseBCKHX MHO-
JecTB, NequKoM Jexamux B X.. 3 ckasaHHOro Bhille BolTeXaer,
yro gasi Besikoro A & By uncao touek ¢ u3 [0, T], pss KOTOPBHIX
E(t+0)—E(t—0)= A, c BepoaTHOCTbIO 1 KOHEUHO. O60o3nauuM
yepe3 v(t,A) wumcio Touek Se&[0,%), AMA KOTOPHIX E(s+0)—
—&(s —0)= A. Iponecc v(f, A) nmeer He3aBUCHMBIC MpHpALLEHU,
NOCKOJABKY v (fg, A)— v (t1, A) mpu t; < ty OJHOCTLIO OTPEIesIIoTCs
npupaumennamu E(s)— E(#) upu s =[t, to], u, 3HauuT, npupame-
Hust v(f, A) Ha HemepeceKalOUIUXCS HHTEPBANaX BLIPAXKAIOTCA 4epe3
npuparuenus E(f) Ha Herepecekaiouuxcs uHTepBasax. Kpowme toro,
v(t, A) Oymer CTOXaCTHYECKH HENPEPLIBHBIM [POLECCOM (ecnu Ob1
npu ' —i->0 peanyuna v (&', A)—v(t, A) He cTpemuaach Kk Hy./IO
N0 BEpOSITHOCTH, TO Toraa Obl H P{le(t)—E(t)| > e} 0, a 310
HEBO3MOYKHO BBHAY CTOXacTHUeCKOfl HempephiBHOCTH §(f)).

[TockobKy v (Z, A)— CTOXACTHUECKH HerpephIBHbIH CKauKo06-
pasHbii mpolecc, BCe CKaukH KOTOPOro pasHsl I (u, CeA0BATENBHO,
v(¢, A) ecTb UHCJO CKAUKOB 3TOro Hpollecca Ha OTpesKe [0, ¢, To
B CHJIy crefcTBus u3 Teopembr 1 § 2 v(f, A) uMeer myacCOHOBCKOE
pacmpepeneHue.

IMoaoxum II(¢, A)=Mv(t,A). Toria OYHKIHMA MHOXKECTBA
TI(f,A) (upu GUKCHPOBAHHOM ) SIBJISIETCS MEPOH HA Be.

o0

JeficTBATEIBHO, €CJH A=U A, m A, nomapHo He Inepece-
k=1
o0

KawoTcs, To v(f, A)= >v(t, ) u, CIeLOBaTENbHO,
k=1

Mv (t, A) - kzll Mv (t, Ak)
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BBHIY TOro, 4to "

O<k2v(t, A< vt A).
1

=

Has usyuenns cBoHcTB Besnmuunsl v (¢, A) nojaesHo paccMoTpeThb
npouecc §(t A), ompenenseMblii COOTHOIIEHHEM

£ (t, “SZQJ@(S“LO —E(s—O0)]xaE(s+0)—E(s —0)),

rie ya(x)—unankatop muoxecrsa A. Hpyrumu ciosamu, &(£, A)
ABJSETCA CYMMOH CKauKoB npollecca E(f), KOTOpHIE NPOH3OULIN [0
MoMenTa ¢ u nmomasan B MHoxecTBo A. Ecam A = 8B,, 10 yncao Ta-
KHX CKAuKOB C BePOATHOCTbIO 1 KoHeywo, Tax uto £(f, A) wuMeer
cmbica. M3 cToxactnueckoit nenpepbisHocTu v (¢, A) BHITEKaeT cTOXa-
cTnueckass HenpepniBHOCTh E(f, A). Kpome Toro, &(¢, A) sBasercs
NPOLECCOM C HE3aBHCHMBIMH NpHPAalleHHIMH. Bawreiinee CBOACTBO
npoueccos § (¢, A)— HesaBncuMocTb npoueccos £(1, Ay), ..., E(f, Ay)
NpH IONapHO HemepecekawoIIHxcst MuoxectBax A, As, ..., Ap—
BBLITEKAET H3 CJAeAyIOllell TeopeMEl.

Teopewma 1. Jan scakoeo A =B, npoyeccor E(L, A) u E(H)—
— E(t, A) A84A10TCA HE3ABUCUMbIMIL NPOYECCAMU ¢ HE3ABUCUMbLIU
npupaueHuamMuU.

Hoxrasareasvcrso. To, uto E(#)—E(f, A) sBAsiercs cTOXacTHUECKY
HEMpPEPHIBHLIM IIPOLECCOM, BRITEKAET H3 CTOXACTHUECKOH Henpepois-
HOCTH npoueccoB E(f) u E(f, A). Te ke co0OpaxKeHUsT, 4TO H OTHO-
cuteabno v(f, A), mo3BOISAIOT YTBEPKAAThb, yTo mnpouecc [E(f, A);
E(1)—E(f,A)] B X X X Takxke GymeT mpoOUeccOM C HE3aBHCHMBIMH
npupamennsiMa. s noKazaTesabCTBa HE3aBHCUMOCTH MIPOIIECCOB
E(t, Ay m E(f)—E(f, A) mOCTATOYHO MO3ITOMY YCTAHOBHTH, 4TO NpH
21 uzeX, s<<t byner
M exp {l (21’ g(t7 A) — g (S, A)) +

+i(z, §() —(t, A)—E(s)+E(s, )} =
= Mexp{i(zly g(t: A) _‘o(sa A))} X
X Mexp i (e, 80 —£(, A)—E(s) +E(s, D)) (1)

JeficTBUTebHO, W3 HE3aBUCUMOCTH MNpHpalleluii Inpoliecca
[E(f, A); E(f)— E(f, A)] BBITekaer, uto Has JIO6BIX O << fH << ...
oo <t,=T, 2\, 2l = X BhinoansieTcst COOTHOLIEHHE

Mexp{ Z[(z"“’ E(te, A — (a1, A) +
R S M} =

=Mexp{ Z (217, & (te, A) — & (t—1, A))}><
><Mexp{ Z(z"” E(t) — E(te, A) —E(tam1) +E (te—1, A))},
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a 3TO 03HauaeT HezaBHCHMOCTh npoueccos &(f, A) u E({)—E(Z, A).
IlokaxeM cooTHouleHHe (1) cHavasa aas TOro cJiayuyas, Korjaa
N(T,14)=0, rae TI'a—rpanuna MHoxecTBa A. 3ameTum, uToO
B 3TOM cCJyuae y npotiecca g£(f) ¢ BEPOSATHOCTBIO 1 OTCYTCTBYIOT
ckauky, nonagaomue ga [a. [Iycth § = fno < ln1 << ... < lun =
=1fu

lim max (f, g+, — f,2) =0.

n->c k
Toraa, ec/ ¥ 4 (x) — HEIHKATOP MHOXKecTBa A, TO ¢ BepOATHOCTBIO 1
BHITIOJIHACTCS COOTHOLIEHHE

E(t, A)—E(s, A)=
= lim LXA( ey — &t =) [E Upe) = EGrp-]. (2)

[Tonowum e
e = Ya (& (tas) — &t —1)) [E (For) — E (£, =1)],
Nk = & () — E(tn 1—1) — Ene-

Jlnst noxkasarteabcta (1), mpunuMass Bo BHuMaHue (2), mocra-
TOUHO NIOKAa3aTb, 4TO

Mexp {1 3 Gt + 13 (e man) | -
— Mexp{i i (=1, Enk)} Mexp {i i (25, T]nk)}

k=1

lim
n->o0

== 0.

BoCII0/1b30BABILHCh HE3aBHCHMOCTHIO NApP (.4, Max) U HEPABEHCTBOM
(mpu |ap [T, [0, 1<)
n

l!-_:]:xak-nbk

<k§1|ak—bkl’

ybexmaemcsi, 4T0

I{M exp {i (kzi (21, Ene) + Z:: (22, Mnr) )} —
— Mexp{ikg1 (=1, Enk)} Mexp {ié, (22, Yhm)}‘:
= f[] Mexp {i (21, Ens) + (22, M)} —

3

— TT Mexp (i (21, &ns)} M exp {i (2, nae)} | <

k=1

< k§=:l [ M exp {i(zl’ gnk) + i(zQ, Tlnk)} -
—M exp {i (21, gnk)} M exp {L (22’ nnk)} ]
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Tak xar (2, §.z) (22, Mpe) =0 (T. e. 06ec 5TH BeNHUHHHl HE MOTYT
OJJHOBPEMEHHO ObITH OTJHYHEIMH OT HYJAs), TO

e Crtan) FiE Me) — | ¢ i (i (z1, Enk) & 1 (22 Mu))™

ml
me=|
n)m nk 2, i(z,,
.__l_j‘._zl[ z}nik) _‘_.(l(z n N ]_ (lgnk)+e(2nnk)__l.
TToaTomy

I M exp{i(zla gnk) + i(ZZ’ nnk)} - Mexp {i(zl’ gnk)} M exp{i(z% ﬂnk)} ’=

=|Mexp {i(z;, &)} — LI Mexp{i(zy, npe)} — 11
Ho

[ Me! Cr8ab) — 1 [ <M [ CrFne) — 1] < 9P {15, > 0} =
= 2P {xa (€ ({ar) — E ({4, 2=1)) > 0}
H jJas1 Besikoro p > 0

| Me! e t) — 1] sup [1— "2 )[4 2P {1040 | > ).
*isp

Ciie10B aTe IbHO,

oo (. £ +1(s E0)-
— Mexp {L’ (zl, ignk)} M exp{ (zz, Z nnk) }I

< lim ( sup | et x)'—'1]+25ul'P{lnnk!>p})X

n>o00 |x|<p
X 1@5 2 Z P {54 E (tar) — & (Fy, £-1) > 0} =

=2 {im ( sup |ett x>—11+2supP{lnnkl>p})><

n-»o0  [x|<p

lim
n-»co

X nl—lﬁo M k; Xa € (Ene) — & (fn, £=1))-
Tak xak mpu p<e (A=93,)
P{Inuwe !> 0} <P {IEWm) —E(tn e-1) | > 0},
TO U3 PABHOMEDHOH CTOXACTHYECKOH HeNpepeiBHOCTH § (f) BHITEKaeT,
410 JL@OP{Innki>p} =0.

YuuTeIBasi TO, 4TO

im0 s @ () = -) =9 (6 A) = (s, A)
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¢ BePOATHOCTBIO 1, TOUHO TaK, KAk MpH J0KA3aTeJbCTBE TeopeMsl 1
§ 2, HaxoauM, 4TO

fim M 2 % &) = 5 (i) <
L—InP{({t, A —v(s, A)=0}=C < oo,
Takum oGpasow,

M exp {i (zl, k;gnk) +i (2'2, k;ﬂnk) } -

—Mexp{i(zl, Zg,ﬂ)}f\ﬂexp{i(zz, Znnk)}|<
k=1 k=]

< 2C sup | ®) — 1],
jx|<p
IMepexoast k npepeay npu p—0, moayuum (1), urto u J0Ka3bIBAET
TeopeMmy aas toro ciyuas, korga II(7, 'a) = 0.

[Mepexons X ofleMy cJaydyalo, 3aMEeTHM MpEIBApUTE/ILHO, YTO
COBOKYNHOCTb MHOxecTB ¥, /1 KOTOPBLIX TeopeMma CIpaBel1nBa,
o6pasyer MOHOTOHHBII Kaace {cM. Xaamom [1], ra. 1, § 6), Tak Kak
A5 J060f Toc/ea0BaTeNbHOCTH MHOXKeCTB A, H3 Y, ¢ BEpOAT-
HOCTBIO | clpaBeiHBLI COOTHOIIEHHS

t(uay = pme(e [ 4),
(4 =tme(s 1 4)

M Onepalusi MpejeJbHOr0 Mepexofa He HapyllaeT He3aBHCHMOCTH
CAyyalHbIX BEJIHYHH. JIerKo TakKe OOHAPYKHTb, UTO B TOM CJIyyae,
Korga € > (0 Takoso, 4uTO H(T, I‘XS)=O, MHOKecTBa A H3 Be,

a5 kotophix (T, I's) = 0, o6pasyior anare6py muoxects. Ho Bcs-
Kasi MOHOTOHHas aare6pa ssasercst o-aireGpoi (cM. Xanmom [l],
ra. 1, § 6), Tak uto 9 ssiserca o-aare6poir. Hakowen, samerum,
yro B ¥ BxoAAT cdepbl ¢ IEHTPOM B KaxKJOH TOUKe CO CKOJIb
YrOLHO MaJbIMH paguycaMyu (MOCKOJAbKY rpaHuubl chep Sp(x) ¢ oX-
HHM M TeM JKe [EHTPOM X, HO pas/M4lbIMH PAfANycaMu p He HMEIOT
06X Touyek, TO ne Oojee ueM L5 CYETHOTO MHOMKECTBa 3Haye-
Hul p II(T, I‘sp m) > 0). [Tostomy B 9 BXOAAT BCE OTKPHITbiE MHO-

)KecTBa, npuHajIexaue B, Tak uto U comepxur . &

lim
n->cw

Cnencrteue 1. Ecau Ay, A, ..., A npunadaexcar B, npu

Hexkotopom & >0 U HONGPHO He nepecekaroTCs, TO NPoyeccol
£

§(t, A, E(L A, ..., E(tL A u E()— 2 E(L A) nesasucumoL
i=1

mescdy coboil.
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HeficTBuTe1bHO, npoLecc

k E
() — 28 A)=8()—t (t, U A,-)
= =
k
He 3aBHCHT OT Hpoilecca g(f, U A,-). [Tponecent E(¢, A;) mONHOCTBIO

oInpeeNsoTCs NPOLeccoM g( U A) I03TOMY OHH B COBOKYIHO-

CTH He 3aBHCAT OT npouecca g (£) — Z (¢, A;). AHas0rHyHO COBOKYI-
i=1
k

HOCTh mpoueccoB & (£, Aj), j =% i, £(f) Zg t, A;) nosnocTbio ompe-

nenasiercs npoueccoM E(f)—E(¢, A;), He saBHCﬂmHM or E(¢, 4;), Tak
4TO 5Ta COBOKYIHOCTb TaKiKe He 3aBHCHT OT npouecca E(¢, A;). Ta-
KHM 06pasoM, cpelld NPOLEeccoB

k
80, A) i=12 .., b EO—XEE A)

KaXJblii He 3aBHCHT OT COBOKYNHOCTH OCTaJbHLIX. OTCiona u BHI-
TeKaeT Hallle YTBEPKIEHHE.

CuoencrBue 2. [aa nonapHo HenepecekQrOUiUXCA MHOMECT8
Ay, Ay, ..., A u3 B, npoyeccor v(t, Ay), ..., v(t, Ax) Hesasucumo
mexncdy coboil.

DTO BEITeKaeT W3 NPelbIAyLlero yTBepKAEHHS, HOCKOJABKY npo-
uece v(#, A) noanocThio onpepenserca npoueccom E (£, A). '

[Tycte B* — GopeneBckoe MHOKecTBO U3 [0, T] X Xe. O603Haunm
yepe3 v*(B*) MHOXKecTBO TeX f, Aas KoTopulx napa (f; &(f - 0)—
—E(t—0)) npunHamnexur B*. Jlerko y6eauTbes, 4To v* siBJseTCA
cayyaiiHo# Mepoit na o-anre6pe B Bcex OOpPETEBCKHX HOAMHO-
xects [0, T X X.. Tlonoxum II*(B*) = Mv*(B*); II*(B*)— xoueu-
rad mepa Ha B OueBnaHa cBA3p MexAy Mepamu v(f, A) u Me-

poit v*:

Vi([ty, 1] X Ay=w(t;, A) — v (t;, A).
Axnanoruuno

0" ([#y, 8] X A) =11(t, A) — 1L (¢, A).

Crnenpcreue 3. Mepa v* f8aseTca NYAccoHOBCKOL cAy4QliHOL
MepOLl ¢ He3aBUCUMDIMU 3HAUEHUAMU; XQAPAKTEPUCTUHECKAR (YHK-
yus seauuunol v* (B*) daerca opmyirol

Meitv* (B*) — exp {(e”‘ — I (B*)}'

HeficTBuTenpHO, 0603HauuM uepe3 ¥, anre6py MHONKECTB, IO-
pOXIeHHYI0 MHOXecTBaMu Buja [t1, f] X 4, [t, ] < [0, T], A &9..



§4] CTPOEHHE OBUIWUX MPOIECCOB 361

» *
Ecau A, ..., Ar — HemepeceKkawoiiliiecs MHOXecTBa Ha Ay, TO
MOXKHO yKasaTb TaKHe  HerepeceKaroolluecs  MHOMKECTBa A} =
=[t, "} X 4, i=1, ..., N, uro A seasorca cymmami Ay

*
[Ipn sToM MHOXecTBa A; BO3MOMHO mMopo6parth Tak, 4ToGhl MpH
pasnuuubix { Kak orpesxn [#), #7], Tak u MuHoxectsa A; sHGO He

nepecekajauch, aubo cosnajaiu. B aToM cjayuae He3aBHCUMOCTP
v*(A}) sBASeTCs CJACACTBHEM He3aBHCHMOCTH v(f,A;) mpu pas/nu-
HeIX A; ¥ HesaBucuMmocTH npupaienuii v (¢, 4;). M3 nesaBucumocTH
v*(A}) BmTekaeT nesaBucuMOCTb V' (Aj). OTH BeJHUHHBI HMEIOT
pacnpefeienne Ilyaccona, Kak CyMMBl HE3aBHCHMEIX NyacCOHOB-
CKHX BesJuumMH. Jast goxasaTesabCTBa  OCTaeTcsl  3aMETHTb, YTO
0'(910)258;

O6o3nauuM yepes &, (f) mpoltece, noaydensbii u3 §(f) nocie BH-
6pachIBAHHsS CKAYKOB, NPEBOCXOJAALIAX 1O aGCOIOTHON BeJHUYHHE &:
. (1) = E(¢)—E(¢, X¢). [Tponecc & ({) 6ynmeT croxacTHYeCKH Hempe-
PBIBHBIM IIPOIECCOM C HE3AaBHCHMBIMH NpHpaIleHAAMH, CKauku KO-
TOPOro He MPEBOCXOAAT &. MoXKHO 0XmHaath, uto npu &-—>0 £ ()
6yneT CXOQUTbCH K HeKOTOPOMY HelpephIBHOMY Ipolleccy ¢ Hesa-
BHCUMBIMH NpHpAlleHusIMH, OTO OKa3biBAaeTCH BEPHLIM, eCJIH H3
Ee(¢) BHIUHTATH CHelHaNbHO NOJ0GpaHHble HENpephIBHble HeCaydal-
Hble Gyskunn. Jlas KokasaTesnbcTBa 3TOro (axra notpebyercs cije-
ayroniast

Jlemma. Hycro &, (0)=0; roeda M|, (¢) [ < oo.

Hokasareascrgo. Ilycte 0 =t < i, < ... <t =1t u

nli_)m max (typ — ty, p—1) =0. TTOMOKHM &, == Pog (& (£nr) — & (£, 2-1);

k
rae P, (¥)=x npn |x|<<a, Po(x)=0 mpu |x[>a. Jlerko BHIETH,
4TO C BEpPOSITHOCTHIO

£, (f) = lim kZ:I Enk- (3)

n-»oo
3aMeTuM, uTO BCe cjaraeMbie B 3TOH CyMMe He IPeBOCXOAAT mo ab-
coJioTHO Beanunne 2e. O6osHayum {x;, ..., X} OPTOHOPMHPOBAH-

n
ol 6asuc B X. Ecau Obt Z D (¢, x;) ObLla HeorpaHHyYeéHa IIpH
£=i

HEKOTOPOM {, TO MOXHO 6bljI0 Obl BBIGPATh TaKyio MOCeL0BATEb-

n
HOCTb 1, YTOOLI Z D, x;) > co. B TakoM cJayuyae BeJHUYHHH
k=]

(gnk - Mgnk’ xi)

T]nk == -n—‘—"
/\/ D (gni’ xi)
i=1

VAOBJETBOPAAH OBl YCJIOBHAM LEHTPaJbHOM MNpelesbHOR Teope-
n

Mbl. Torpa cymma Z N,» ¥Meja OB HOpMaJbHOE NpeaedbHOe
k=]
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pacnpejnencHyie, TaK 4TO AJs JOOOro o

lim P{f (B8, X3 >a’\/‘; D(gnk,,,l)+ Z (M&ps, x; )j_

>0

lim P{,’;x (&t < —a Z D x) + Z: (M8, )} ==

n-»o0

HOCJTGE,U,HHQ COOTHOIIEHHS NPOTHBOPCUAT OrPAaHHUYEHHCCTH 1O BEPOAT-
n

HOCTH Z (Eqes X;), KOTOpasl BBITCKaET u3 cooTnomenns: {3). Takum
~

=1
n
o6pa3zom, > D (§,z, x;) orpanuuena Aas Bcex i.
ooy

SaMeTI/IM, AaJjaee, 4TC Ha OCHOBAaHUHM HEpAaBEHCTBA Yebniepa

: D (e )
P{ Z Enk’ /' ZM(gnk:'z) } ___f»:_lek—

k=1

n
OTCi0fa ¥ H3 OTPAHHUEHHOCTH 10 BEPOSITHOCTH BEIHUHHB 2, (B4, X;)
k=1

BBITEKAeT OrpaHUYEHHOCTD M;Z (8%, x;). Tak Kak
o=
2 r n 2
=M Z (Z (gnk: xi)) =
=] \k=]
= igl [ Z Snks L) “l" ( ZI (gnk’ xi)) ] ’

Z gnk
]

Mg P llm M

9

, a suaunt, 1 M|E (9) P, nockoabky

n 2
Z gn’e
k=1

[Tycts mocsiefoBaTeNbHOCTL €, MOHOTOHHO CTPEMHTCH K HYJIO.
(O6osHaunM uepes Ap MHOKECTBO TeX X, ISl KOTOPBIX &, << |x|<C

TO orpaHuueHo M




§ 4 CTPOETNIE OBUINX TTPOUECCOB 363

< ex, k=23, ..., a uepes A;— MHOXKECTBO Te€X x, NI KOTO-
prX |x] > e 3aMeTiM, uTo

i13

g (=X E(LA)TE, O

{ cjaraeMble B NpaBofi uacTH He3aBHCHMBI Ha OCHOBAHHH CJeld-
creusi 1 teopemnr 1. [Toaromy npu JjoGom x

Z D(:(4 A,), ©) <D (&, 0, %),

#, 3HAUHT, TIPH JI00CM X CXOAUTCH PAL > D(E(t, Ap), x). BriGepem
k=2

TAKYIO 10CJeI0BATeIbHOCTD Ay (1) = 2), uT0GHl

Z DE(T, Ay, x,~)<%6« npu i==1,2,..., 1

=np

Torpa mnoc/efoBaTeNBHOCTD

g
2[5t A) — M2, A (4)

6yger ¢ BepOATHOCTbIO 1 DPABHOMEPHO CXOAHTBCA K HEKOTOPOMY
npefeny npu k-—>oo. [LelcTBHTENHHO,

P4 sup
0<ELT

e+l

Y I, A) — ME(, A —
j=2

ng
— 3 e, A) — ME(2, 4))]
j=2

et

>—,:7}<
. Z (g(t) A!)_Mé(t A]); xi) >7/%‘E{}<
]=nk+l

Z (G =me(5 ). xt)

i=1 =np+l
gt
= 4 —
«/,k2} Z,ﬁ‘i‘;’m _%:,H €T, 8)

(3mecw ucnosnb3oBanoch HepaseHcTBo Kosamoroposa, IVl I11, § 1, 3a-
MeuyaHue K Teopeme 5).
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(o) r2
Tak xak psig Z %7 CXoamTed, 1O no reopeme bopeas — Kah-
k=1
TeNJIH WieHbl psiaa

o

D D (& A)— Ms(t, A)

k=l j=ny+1

C BEpOSITHOCTBIO 1, Hauunasg ¢ HEKOTOPOro HOMepa, MamOopHPYIOTCH
oo

YJIeHaMHU CXOASIIErocs psifia Z ki Otcrona u BbITEKaeT pPaBHO-

MEpHasi C BEpOSITHOCThIO | ciozlmviocn) noc/jenoBaTenpHocTn (4).

[TosTomy cymiectsyer mporece Eo(f), ABMSIOUMACS paBHOMEDPHBIM
IpeJesoM NOCaAeL0BaTeNbHOCTH

i
()= L6 A) = Me(t )]
Tax xak E(f, A;)— cToXacTHUECKH HENPEPLIBHBI mNpomecc 1

MIE(L A)) [P << M[E(T, Aj) |2 << o0, TO Ha OCHOBAHHH TeOPEMEl O
npeelbHOM HePexoie MO 3HAKOM HHTerpasa

t->s
u, 3uaunt, ME(4, A;) nenpepuiBro no f. CienoBaresbHo, npouece
‘ n, ]
B ()= 2 [0 A) — Me(, )]
C BEpPOATHOCTBbIO | He HMeeT CKauKoB, MO a6COJIOTHON BeJHYHHEe

NPEBOCXOASALIMX &u,, @ &o(f) (paBHOMEpHLIH Npeaes] TaKuX MPO-
11eCCOB) C BEPOSITHOCTBLIO 1 HempepbiBeH. 3aMeTHM, 4TO P

;E@M—MWAM
cxonutesi no TeopeMe Koamoroposa (ra. III, § 2, caemncreue 2

Teopemsl 1) BBHIY cXomumocTH psiga 2, D (& (¢, A}), X) mpu Kaxa0M X.
=2

CyMMma paza >, A —Mg(4, A)] npu raxmom ¢ coBmagaer
=2

oo Mpyg
(mod P) ¢ cymMoi#t pama kZ ) Z+ E(, A)—Mg(, A)]. Takum
= =ﬂk 1

o0pa3oM, copaBeiJ/HBa
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Teopema 2. [aa scaxozo cenapabeibro2o CTOXACTUHECKI He-
npepbLBHOEO NPOLECCa ¢ He3ABUCUMbILIL RPUPAULCHUAMIL CYULECTEYeT
Takoli nenpepvisHblli npoyecc Ey(l), 4To

B =8O +E¢ A) + X [ A) — Me( A
3ameuanue. [poyecc &(t), kax npedea npoyeccos &, (f) —

n
— Z;) [e(t,A)— Mg (¢, A)], ne sasucur or Kasxcdoeo us npoyeccos

§(t], &j), =12, ..., n. Taxk Kak
B0+ Z €@ A)—Me(t, A)=E )

u M|g, ()]} < oo, a cracaembie 8 npasol wactu HesasucuMbl, TO
u M[E(f) |? << oo.

PaccMOTPHM CTOXaCTHUeCKHe HHTerpajsl no Mepe v(f, A4). Kaxk
yiKe OTMeuanoch, v(¢,A) sBASETCA CUETHO ajiJHTHBHON HEOTpHUIA-
Teabnoii Qyuxuueln muomectsa A Ha B.. ITyctp nsmepumas QyHK-
uus §(x) orpandueHa Ha KaxIOM KOMIlakTe npoctpancrsa X H
paBHa HyJ0 npH | x| << & (& — HEKOTOPOE HEOTPULATE/ILHOE YHCI0).

MoxHo 06LIUHBIM 06pa3oM ONpeNeNHTh HHTErpas SCP(x)v(Z, dx).

D70 BHITeKaeT H3 Koueunoctd Mepul v(f, A) Ha B¢, a TakKe Hu3
toro, uto v(f, Xp) =0, rae Xp— MHOXKECTBO TeX ¥, I KOTOPBLIX

|x|>0p, a
p= max |E(s+0)—E&(s—0)],
0Cs<t

TaK YTO HA CAMOM JeJe pacCMaTpHBaercs HHTErpas JHllb 110 MHO-
xeery {e << |X| << p}, Ha KoTOpOoM U (yHKUHMS ¢(X) orpaHHUeHa.
TloxazxkeM, 4TO

£, A) = S v (¢, dx). ()
A

HelicTBUTEJNBHO, €CJH A-——kU B, rae Bj-—nomnapso Henepece-
=1

Kalollecss MHOMKECTBa, IHAMETPBl KOTODHIX He mpeBocxoasT 6, a
X, = By, 1O

|6 A — D (¢ B) | S K18 (6 B) — 5y (, B 1<
<X vt BY<v(; A)
(E(¢, B) npexcraBasier co6oit cymmy v(f, Bp) cKauKkoB, npuHajse-

Kallux Bp W, 3HAUUT, OTJIHYAIONIUXCH OT Xxp He Gojee UeM Ha 8).
Orciona u BoITeKaer (5).
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Taxk kak
M 1&0, Ay — }; 2y (¢, Be) | < Mv (¢, A),

M|e(t, & — X xv(, By [<eMve, AP,

TO

A

Mg (¢, )= lim M > v (t, ) = S 112, dx),
u k

D, A),2)= | @ »P 11, dx)

A

JJIST BCSIKOTO OTPAHHUYEHHOr0 MHOMKecTBa A, JeXKAWEro Ha MOJOXKH-
TeNLHOM PAcCTOSIHHM OT TOUKH HyJb NPOCTparcTBa X.
Paccmorpum, nanee, ciayyaliHylo (PyHKIHIO MHOXeECTBa

S, Ay=w(t, A)—11(, A).
dta pynkuus of1anaeT cAelylOUHME CBOHCTBAMH!
M3 (¢, 4) =0,
M@, AF (¢, B)=Mv(, ANB)=11{, AN B). (6)
Pasencrsa (6) mo3BOJSIOT HCIOJAL30BATh OOWYI0 KOHCTPYKLUHIO CTO-

XaCTHYECKOTO HHTETpasa MO OPTOTOHAJNLHON Mepe [/s NOCTPOEHHT
HHTErpaga

{5, dx
AJs BceX M3MepHMbiXx (GyHKuuil f(x), AAs KOTOPLIX

17 P, an) <o
(em. i V, § 3). B mpexbinymem naparpade ObIO yCTAHOBJIEHO,

uro Y, DE(, Ag), 2) < oo. Tak xak
k=2

D&, A, 2) = | (x, 2P 11, d),
B
To mpH Jobom z & X
lim S (x, 2P0 (¢, dx) < oo.
EY e clri<e

CienoBartenbHo, H
lim S |x RIL(2, dx) < oo.

€
20 ecixi<e,
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TTosTOMYy CYIIECTBYET
x% (¢, dx).
o<lxl<e
3amMeruM, naJjee, 4TO

YAy —Me A= | xectdn,
k=2 <1

yi<e

€141 !

u, sHauuT, pAn ), (&(f, Ay) — ME (1, Ay)) cxozuTcst MO BEpPOATHOCTH
=z

K S x9(t, dx). TlpuuuMas BO BHEMAaHNE PABEHCTBO
0<)xl e

E(t, A) = S xv (¢, dx),

lx|>e

noJydaeM M3 TeopeMbl 2 ¥ 3aMeyaHnsl K Hel CAeAYIOUMH pe3yabTat
(oSt onpeleIeHHOCTH MOJNOXKUM & == 1).

Teopema 3. Ecau E(f)— cenapabenvroili croxacruiecku He-
NPePLLBHLLEL NpoYece ¢ He3QBUCUMbIMI NPLPAUEHUAMU, TO CYULeCT-
8YET ¢ BEPOATHOCTHIO | HENPEPLIBHBLL ¢ HE3ABUCUMbIMU 2ALCCOBBIMU
npupawenuamy npoyece Ey(t), ne sasucawuil or mepwr v(t, A), 1a-
Koil, 4TO umeeT mecTo caedyiouiee npedcrasaeriie:

s=u0+ | wean+ | w0

EAS 1x1<1

HafizeM xapaxrtepucTiyeckylo ¢yuxunio npouecca &(f). Tax kak
cnaraeMble B npasoii wactu (7) He3aBMCHMBEI Mexay COGOH, Aocrta-
TOYHO HAHTH XaPAKTePHCTHUECKYIO (YHKLHIO KaXKJAOTO CJIaraemoro.
Xapakrtepucruueckas Qynxkuus nponecca & (f) onpeneasercsa ¢pop-
myqoit (1) § 3. Ilyere A — orpanuuensoe muoxectso u3 B, Torna

Mexp{i(z, &(t, A)} = limMexp {i (2, Yt Bk,

n
e A= U B, B, — nonapHo Hemepecexalouiiecsl MHOXKECTBA,
Bl
IHAMETPH KOTOPBIX He TPEBOCXOAST A, TOUKH Xp HpPUHAATIexRaT Ba.
Besuuuan v{{, By) neszaBHCHMEBI MeXJIy co00f U HMEIOT NyacCOHOB-
ckue pacnpepesenus ¢ napamerpamu II(Z, By) coorsercrsenno. Ilo-

aTOMY

M exp {i (z, ; xv (¢, Bk))} = /L[x Mexp{i (2, xz) v (¢, Ba)} =

=§I exp {(e’ " — 1)I1(¢, By)} =exp { kZ (' &0 — 1)1, Bk>}.
27 | ws]
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Ilepexons B mocsenHeM COOTHOMIEHHH K Tnpefedy npu A — 0, yGex-
JlaemMcs, uTo

Mexp{i(z, (¢, A))} = exp {S (ef @ — 1) TL(s, dx)}. (8)

A

©®opmyna (8) uMeeT MecToO M AJS HEOrDaHHYEHHBIX MHOXECTB H3
B, TaK KaK TaKHe MHOXECTBA MOXKHO MPEACTABUTb KaK CYMMBI MO-
HOTOHHO BO3pAacTawiell nocjAefoBaTeNbHOCTH OTDAHUYEHHBIX MHO-
KeeTB Ayp, M5 KOTOPHIX (8) cripaBelJyBO, H HCIOAb30BaTh IMpele/ih-
HBll nepexon no n. M3 (8) Buitekaer, uto

Mexp{i(z, £, A) — Mt (1, A)} =
== (e @Y —1—iz ), dx){, (9)
exp {AS X }
T. €.

Mexp {i (z AS %% (¢, dx) ))} = exp {AS @0 —1—i( ), dx)}.

OnsTe HCHOAL3YS OlepaliHio NpeledbHOro Nepexona no A, yGex-
naemcst, uto dopmMyaa (9) copaseaauBa ijAf BceX MHOXKeCTB A, A5
KOTODBIX I1paBasg yaCTh TOrO PABEHCTBA HMeeT cMbica., Temeps, yuH-
toiBasg dopmysanl (1) § 3, (8) u (9), moxkeMm 3amucaTh XapakTepu-
cTHUECKYI0 (PYHKIHIO npoiecca E(f):

Met & 8D = Me! (23 ) exp {i(a 1), 2)— ;—‘(3 Oz 2)+

+ S (et @D — 1)I(t, dx) 4+ S (el 9 — 1 —i(z, ¥)IL(, dx)}.
0<lx|>1 0<lxl<<1
(10)
C noMowpslo 3TOi (OpPMYyJBl MOXKHO OIpelesNHThb pacihpeieseHne
E(fe)—E(f1), a 3HAUHT, H BCe KOHEUHOMEpHble pacnpelenenus Mpo-
uecca E(f).

TTocKOMBKY CTOXACTHUECKH SKBHBAJMEHTHBIE TPOLECCHl HMEIOT OJH-
HakoBble KOHeYHOMepHble pacnpeaeneHusl ¥ BCAKOMY NpPOIeccy COOT-
BETCTBYET CTOXACTHYECKH IKBHBaJeHTHLIH cemapabeJbHBbIH Mpouecc
(Teopema 2 § 2 ru. IV), 1o copaBeanuBa ciaeayooLias

Teopewma 4. XapaxrepucTutecxan yrKyus CTOXACTUYECKU He-
RPepoler020 NPOUECCa C He3ABUCUMbBIMU RPUPQUICHUAMI UMeeT GUO
(10), ede

1) @ynrkyusa T1(t, A)— nenpepolsras, MOHOTOHHO He yBovleaer nO

t npu xawoon A= U%a U YyO00BALTBOPALT YCAOBUIO
g

lim S |x RIL(Z, dx) < oo

0. 1kl .
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2) a(t)— HenpepuigHas GYHKYUSL, NPUHLNAIOHAL SHAYeHIR U3 X

3) ¢ynxyua B(t)— nenpepoisras u ee 3HAHEHUAMU CAYICAT He-
OTPULATEAbHbLE CUMMETPUYECKUE AUHElHble onepaTopbl 8 X, nputen
B (ts)— B(t1) Takxe nHeorpuyaresrol npu t; < ta.

§ 5. CsoiictBa BbIGOPOUHBIX PYHKLHA

B stoM naparpade usyualTCs HeKOTOpble CBOlicTBa BLIGOPOU-
HbIX DYUKUHIA CTOXACTHUECKH HENPephIBHEIX MPOLECCOB C 1e3aBHCH-
MbIMH NpUpallenHaMA. 3aMeTHM, yTo B § 2 Hafiienbl HEOOXOAHMBIE
M JOCTATOUHLIE YCJIOBHS, IPH KOTOPBIX BBHIGOPOUHBIE (PYHKIHH IIPO-
recca ABJAAKOTCH CTYNEHYaTHIMH, & B § 3 — HEMpepbIBHBIMA.

ITycts Temepb &(f)—mpolecc ¢ YHCJIOBBIMH 3HAYEHUAMH, T. €.
X sBasietcss umcaosol npamoi. Hcecienyem ycjoBusi, IpH KOTOPBIX
peanuszanuu npouecca £(¢) 6yayT ¢ BepOSTHOCTHIO 1 MOHOTOHHBLIMA
OYHKIHAMH.

Teopema 1. Jasa roeo urobor peaiusayuu 4ici08020 cenapa-
GeabHo20 cTOXACTUYECKU Henpepbleroeo npoyecca E(t) ¢ nesasucu-
MbIMU npupauerusmy Gvlau ¢ 8epoaTHOCTbIO 1 neybolearouuny, He-
06x00umo 1 Q0cTaTouno, 4To6bl XAPAKTePUCTUNECKAS QYHKyUa 8e-
auuunsl E(t) npedcrasasisace caedyrouweld popmyaol:

oo

Mei* 0 = M2 0 exp iy () + | e — DILE, d)p, (1)

0

1
8 rkoropoti mepa 11 ydoeasersopseT Ycao8uw SxH (t, dx) < o0, a
0

Y (t) asasnercs Heybvisaoweld pyHryued.

Hokasareasvcrso. Heobxompumocts. Ecan &(f)-—— neyObiBarouniasi
byuknus, To mpouecc &(f) MMeer JHLb INOJOXKHTeNbHLIE CKAYKH,
snauut, I1(¢{, A) =0 15 BCAKOTO MHOXKeCTBa A, nexallero Ha OT-
pULaTesJbHON TOJAYNpsIMOA. 3aMeTuM, Jajee, 4To B paccMaTpHBae-
MoM cayuae mpouecc E(f)—E(f, Xe) Taxxke Oyner HeyObIBaIOIUM
(BLIGpacHIBAHHE CKAYKOB He HapyllaeT MOHOTOHHOCTH). MoHOTOH-
HBIM TpoieccoM 6yaer u mpouecc & (2, Xe)—E(4 X1), 0<<e <1, siB-
ASIOMUEics CyMMOH HEOTPHLIATEbHBIX CKaUKOB, IPHUEM

0<CE(, Xo) —E(t, X)<CE(@®) —E(0) —E(, X))
Ha ocuoBanuu geMmbl 1 § 4 M[E(f) — E(0)— & (£, X1)] << oo, mosTOMY

1

MIE(t, Xo) — & (t Xl = { #T1(, do) <M 5 () —£(0) — (4 XD

2
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nepexons K npeaesay npH e->0, y6exjaeMcs B KOHEUHOCTH
t
S xI1 (¢, dx).
0

3ameTuM, Jgadee, 4yTo BejHuHHH E(f)— E(f, X,) yOniBaloT npH

¢ =0 (Tak KaK C yMeHbIIenHeM € BHGDACHBAIOTCS HOBbLIE IOJOXKH-

Teabable cKauku). CJjefonaTejnbHO, ¢ BEPOATHOCTBIO 1 CylIeCTBYeT

: Hmig () — (¢, X)] =8 (¢ S Eo (! -

npenesa lim{g () — (¢, X)] =& (f), npuuem npouecc & () ¢ BeposAT
£->0

nocthio 1 menpepeBed. Kak Obwio Aokaszano B § 3, npupaiieHus
npouecca E(f) 6yayT uUMeTb rayccosbl pacnpejenenus. Ho npouecc
g (1), Kar mpejes HeyGLIBAIOUIMX IPOLECCOB, caM OyaeT HeyOnBalo-
M, Tak uto P {E ({)— & {(0) = 0} == 1. U3 nmocsesHero cooTHOLIE-
kns Boitekaet, uto D (Eq(f) — & (0)) =0 (HopmanbHO pacnpejeseH-
nas BeJgHuuBa £ MOKeT OblTh C BEpOSITHOCTBbIO | HeoTpHLATENbHOH
JHIIb B TOM cayuae, korpa DE==0). Takum oGpasom,

() =5(0)+v(®, rie yv{@E)=MI[ () —E&0),

1 caeloBaresibHo, pe yoesaer. @opmyaa (1) MoxeT GbIThL mOJAyUeHa
W3 COOTHOILEHNA

Me”% ® lim Meilio (f)MeME s Xe),
e->0

ec/d yuecTe Bua mpouecca & (f) u dopmyay (8) § 4. Heobxomu-
MOCThL YCJOBHIT TCOPEMBl yCTaHOBJEHA. )

Hocrartounocts. [lokamxem, uto P{E(f)—E(Hh) = 0}=1. Oan
3TOr0 JOCTATOYHO MOKa34aTh, YTO ¢ BEPOSTHOCTBIO | HeOTpHIlaTeabHa
cayuaiinas BesanunHa E, xapaxtepucTHyeckas (yHKuUHA KOTOPOH
HMEeT BM],

Me*t = exp {S (™ — 1)dG (x)} , 2
0

rae G(x)— MonoToHHast orpaHudeHHast GyHKIHA,

D10 BEITEKaeT H3 TOro, 4TO pacnpeieieHue BeJaHunHbl §({y)—
— E(f)) siBasieTcs npejesioM pacnpejesieHuil BeJHUYHMH ¢ XapakTepH-
cTHUeCKOll QyHKIIHel

exp {i%(v(l‘z) —v(E)+ | (e — DI, dX)}

mL/')S

npu ¢} 0. TTosmoxum

Fx)=c[G(x)—G(+0), c=[G(+o00)—G(H0)]"
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Toraa
k

=k
Meire =Z _%!_e--c(s eire dF (x)) ,
k=0 o

TaK 4TO XapaKTepHcTHyeckas QyHKIHA BeJHYMHBl § COBMAAAET C Xa-
pAKTePHCTHUECKOH  (yHKIHEH BeTHUHHBI Sy, e Sp=0, S, =
=E 4+ ... +E&n; &1, &, ... — IOCNENOBATEJBHOCTL HE3ABHCHMBIX
OHHAKOBO pACHpe/IeIeHHbIX HeOTPHILATEIbHLIX BEJAHYHH, HMEIOUINX
dbyHkuuio pacnpegenenns F(x), a v-—— He 3aBucsulas or g, & ...
nyaccoHOBCKast cayuafinas seauunna. CueloBaresbio, § HeOTpHIA-
TeNbHA.
Taxum obBpasom,

Pe) =t} =1 nmpn 4 <t

M3 MOMy4eHHOTO COOTHOLIEHHS BBITEKAET, 4TO COOBITHE, 3aKJI0UAI0-
eecsl B TOM, 4TO JJifl BCEX Nap PalHOHAJNbHBIX TOUEK [1, {2, A1 KO-
TOpHX ) << tp, BbimoaHsieTcs HepapencTso (/) << E(ts), umeer Be-
positHocThb 1. Ecan ydyecTs, uTo, Kpome T0TO, g(t) ¢ sepoaruocTbio 1
He HMeeT Pa3pbiBOB BTOPOTO poja W ¢ BepoATHOCTbo 1 E(f) cosna-
naer Ju6o ¢ E(t—0), mubo ¢ §(f+40) (BBULY cenapale/bHOCTH
npouecca £(t)), mosyqaeM, 4ToO ¢ BePOATHOCTHIO 1 () << E(f2) Aast
BCeX map fy, fz, sl KOTOPHIX ¢ < fo. B

HccaenyeM yc/0BHA, NPU KOTOPHIX peasin3allid mpolecca gt
¢ BEPOATHOCTHIO 1 MMEIOT OrpaHHUEHHYIO BapHALHIO.

HanomuuM, yTo Bapuauuei na [a, b] dynkuun x({), ompeiesen-
HO# Ha [a, b] u NpHEMMAIOILE] 3HAYEHHs U3 X, HA3BIBAETCA BENUYNHA

var x (f), onpepne/nseMas COOTHOIICHHEM
la, b]

n—1

var x (f) = sup ;Oix(ti) —x () |

la, b}

fpHYEM TOUHAS BEPXHsiS FPaHb GepeTcs Mo BCEBO3MOKHbIM pasfue-
muaM oTpeska [0, 0] a=th<th < ... <In=0.

Teopema 2. [Jaa 1020 4TOOBL pearusayuu cenapabesvbto2o
cToxacTuuecki Henpepblernoeo npoyecca E(t) ¢ nesasucumbimu npu-
pawenusmu, onpedesennoeo Ha orpeske [0, T), umeau Ha 3T0M OT-
peske ¢ 8epOATHOCTLIO 1 Oepanuyennyto 8apuayLio, HeoGxodumo U
docrarouno, 4T06bL XAPAKTEPUCTUUECKAS (QYRKYUSL BEAUULHbL E(t)

onpedesssace Gopuyroti (10 § 4, & xoropoi vara(f) < oo,
10, 7]
B(t)=0, a mepa II(t, A) rakosa, uto

| x| IL(Z, dx) < oo,
0<lxlit
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ﬂOlC(ZSaTé’./leTBO. JlokaxkeM CcHauaJda MAOCTATOYHOCTH YCJIOBPIH
TEOPEMBL. Tak Kak npotuece, OHDEIIGJIHEMbIﬁ COOTHOIIEeHHEM

E(t, X)) = S xv (¢, dx), 6ymer ¢ BepOSITHOCTbIO 1 KycOyHO IOCTO-

lxl>1
STHHBIM, TO ero Bapualus, CoBlajamuadc CYMMOﬁ aBCcoJIIOTHBIX BeaU-

ynH ckaukos, 6yger KoneyHoil. ®yHknHa a(f) 1O YCJIOBHIO TEOPEMb
HMEET OTpaHHUYE€HHYI0 BApPHALMIO, IIO3TOMY JJs 10KasaTeJbCTBa Or-
paHMyeHHOCTH BapHauky §(f) A0CTaTOYHO JOKA3aTh OTPAHHUEHHOCTh

BapHalln HATerpana S x9 (¢, dx) xax ynxuuu f (cm. dop-
0<|x <1
myay (7) § 4). Paccmorpum mpoliece
£® () = S X% (¢, dx).
e<| x|

Jlerko mnopcuMTaTh, YTO Bapuanus npouecca E®(f) nma orpeske
[0, T] 6yner pasra

vart® (f) = var S xv(t, dx)+ var S xI1(¢, dx).
[0, 71 [U’T18<|xl<1 [O'T}a<|xl<1
[ToaTomy

varg® () <
(0, 71

< § wv@aoteny  § el do~T10,-, dr)=

e<lx <1 k=le<|x|<1

- | v@an+ | enean<
e<fxi<1 e<|x|<K ]

<tim | jrv@ e+ | 1xm, ax),

e—>
Oe<|x|\<._1 < xigl
|

CymecrBoBanne lim S |x|v(T, dx) BhITEKaeT Hu3 TOrO, 4TO

e—>0
e<|xl<

BeJIHUHHA S | x|v (T, d¥) MOHOTOHHO 3aBHCHT OT & H
eyl

M S x|V (T, dx) < S [x |TL(T, dx) < co.
ekl o<lxl!

MoXHO Ton06paTh MOCAEOBATENBHOCTL £,, CTPEMSIYIOCH K HYJIO
IpH n—> 0o, TaK, 4YTOOH IOC/eL0BATeNbHOCTh mpomeccos E£°) ()
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¢ BEPOATHOCTBIO | PABHOMEPHO CXO/IHJ1aCh K HpoLecey S XV (¢, dx).
. 0<[x|<1
[To3TOMY C BEPOATHOCTBIO | BBHIMOJHAETCA COOTHOIICHHE

var | #9( d0< [ 1xiv, a0+ { e, av),
0,7y <131t 0<1x|<1 p<IFI<I

(JTerko BHJETB, YTO €CJH ¥, (f) = x(f) npu KaxzAOM £, TO
m—1

m=1
T 1) = x| lim 2 L () — ¥ (W) | < Jim var i (6,

=0 n-»o0 {0, T}

a sgauut, varx(f)<{lim varx,(f).) Otciola W BbHTEKaeT Orpanu-

[0, T} n->o [0, T]
YeHHOCTh BapHalnuu S X% (¢, dx).
0<lx <1

TokaxkeM Temepb HEOOGXOAMMOCTb ycJaoBHil Teopembl. Ilycrs Ba-
puanns & (f) ua orpesxe [0, T] orpanuuena. Torna oma O6yneT KoHed-
HOMl ¥ Ha Ka)AOM oTpeske, saBJsiolemca gactoio [0, T]. PaccmoTpuM

npolecc
L (t) = varg(s).
{0, ¢1

Ator npouecc GyAeT TaKxe NMPOLECCOM ¢ HE3ABHCHMBIMH MNPHPAILE-
nusMu, Tak Kak npupauwenne §(f)—L(f) npu f <!ty ABAseTCs
BapualHeH mpolecca Ha OTpesKe [¢1, t2] u mosTOMYy 3aBHUCHT JIHIIb
oT npupauleHuit npouecca E(f) Ha oTpeske [f1, ts] ¥ He 3aBHCHT OT
snauenufi E(f) npu t<Cf, a 3HAYMT, H OT 3HaueHuit {(f) mpu
t < t,. [(t) OymeT CTOXAaCTHYECKH HENPEPHIBHBIM NPOLECCOM, TaK
KaK BapHaluusa Evarx(s) QYHKIHH X(S) MOMXKeT HMeTb paspbiBbI
9, 1]

JHIIb B TOUKax paspbiBa camoli Qyuxuma x(s), a mpouecc E(?)
BBHAY CTOXACTHUECKOi HEMPEepHIBHOCTH He HMeeT (PHKCHPOBAHHBIX
paspniBos. OueBHIHO, HaKOHel, yTo C(f) fABJAeTCS HeyObiBalonled
¢yukuueii. M3 cka3aHHOTO BBILIE BHITEKAeT, YTO BCeria t(t40)—
—~t(t—0)=|&(t+0)—E&(t—0)|. TTostomy, ecan [©(¢) mpel
crap/asier coGOl CyMMY BCex cKaukoB {(f), MPEBOCXOASMIHX & i NpO-
nexoaaiux Ha [0, £), To

£® (f) = S 1x|v(t, dx).

1x|>¢€

W3 monoTtoHHOCTH mpollecca { () BLITEKaeT, 4To

)=y +Ime =y +lim § [xv¢ do

Clxi>e
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(nockosbky §(0)==0), rre y({)— Bapuauusi HenpepHIBHOA COCTaB-
Jgswoller npouecca §(f). Kpome roro,

| x [IL(¢, dx) =M [ () — 2" ()] < oo.
[x |1

Haxkonen, 3amerum, 4To ecau Ey(f)— HenpepsiBHAas CcOCTaBAsdlNlafn
npouecca g(f), To

[E () — & (0 )f/[\’afgo(l) =y (1)
H, 3HAUHT,

| (& () —&(0), &) ISy ()] 2.

Ho nopmasnpno pacnpezesennas Be/IHYHHA C NOJOXKHTENbHON AuC-
nepcuell He MOXeT OLITL ¢ BepOSITHOCTbIO 1 orpanuueHa Kakon Obl
TO HH ObLIO HOCTOAHHOH (He 3aBHcAWel or cayuas). Ciaeroparesb-
Ho, npu JwoboM 2 D (2, & (f)— &(0))=0, r. e. B(¢)=0. Taxum
ofpasoM, y(f) Asasercd Bapuanuell QysHKunn

a(f) == S X1 (¢, dx).
0< ]y}l
Tak Kag var S I (4, dx) < S | x [TI(T, dx) xomeuna,
. ﬂo<]x)<1 o< 211
To U vara(f) < oco.

[0, T1
3ameuvanne Hs xoma mokasarenbcTBa HEOGXOLUMOCTH BLITE-
KaeT cjlelylollee yTBep:KAeHHe: ecau npoyece &(1) onpede/menﬂ
COOTHOUIEHUEM

s0=:0+a@®+ [ w o,
fxp>0
T0
L () =var&(s) = vara,(s) -+ S [x|v(t, dx)
{0, ¢ [0, 2]

|x}>0

u xapakrepucruieckaa gynkyus sesuuunvt L (t) daerca gopmyroi

Meirt () =exp {i}\, [Va{al (s) + S (ei?»lx| — DI, dx)}.
0,¢

1x{>0

PaccmoTpuM Ternepb OZHOPOIHBIN IpoOTece co 3HayeHHsIMH B H.
Hac 6yner HHTepeCOBaTb noBesienne E(f) npu {0 u ¢t — oo.

@ynkuno g(f), HenpepbLIBHYI0 H MOHOTOHHO BO3PACTAIOUIYIO MpH
t >0, GyneM HasbIBaTb QyHKyuUel pecyarfipHO20 POCTaA, €Cn Cyllie-
CTBYIOT Takue QYHKIHH Ri{(A) u Ra(A), uto R (A)—> oo npu A—> oo,
ko(A) >1mpu A—>1n

k() g (<gA) <k () g (1) :
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@yHKIHA peryaspHoro pocra g(f) Ha3blBaeTcs BepxHeil Pynk-
yueti nas npouecca &(t) npu t4 oo (£} 0), ecan

P{tl’i_:rg)%%>l}=l (P {ﬁz—‘(%> 1}=1),

v HucHet Qynryueil npn t4 oo (1} 0), ecan

Pl < )=t (LT <))

B nepsylo ouepeab pacCMOTPUM BepXHHE U HHKHHE QYHKIHH 11
CHMMETPHYHBIX OJAHOPOLHBIX NPOLECCOB C HE3ABHCHMLIMH MpHpalle-
unsiMH. 3aTeM GYAyT PacCMOTPEHDl BepXHUE H HUXKHHE QYHKIMH 1JIA
|e(?) |, rae E({) ymxe ue obAsarTesibHO CHMMETPHUHBI} Npolece.

[Tporece &(f) Ha3pBACTCA CUMMETPUUHbIM, €CIH NPOLECCH E(?)
i —E(!) uMeloT OJHHAKOBLIE KOHEUHOMEPHBIE PACnpee/leHnst. Ham
norpebyerca caelyiomas

Jdemma 1. Ecau E(t)— cunmerpuynsti cenapabervroud CTO-
XQCTUHECKU HenpepsiBHblil Npoyecc ¢ He3a8UCUMLIMYU NPUpajerus-

MU, TO
P{ sup £()>ct<S2PLE(T) > c}. (3)
Jlokasareasctso. Tycth cayuaiinble Beanunnb &, &2, ..., &n HE-
3aBHCHMBI U CHMMeTpHuho pacnpefenesel, Sp =5+ ... =+ &

Torpna
P {sup S > ¢} <2P{S, >} (4)

IeficTBuTENbHO, 1aK Kak 2P{S, — Sp=0}=1, 10

n

P{sgp8k>0}=z P{sup Si<e, $:>0)<

k=1 i< k-1

<SS P{sup S;<e, Sp>c}2P{S, — S, =01=
k=1

i< k=1

=2 R P{ sup Si<c, Si>e, Si—Si>0)
=1 i --1

AN

Co6urust { sup S;<<e, Si>¢, S,— Sp=>0} HecoBMecTHMBI, H
[kl

Kaknoe M3 HuX BJeueT coburne {S, > c}. ITostomy
n

2P (S, > ¢} =2 Z P{sup S;<e, Sp>¢, Sp—S,=0}>
=ik

= P {sgpSk > c}.
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Dopmyana (4) ycranosaewa. Ilpumenum teneps dopmyay (4) x Be-
JUUHHAM |
k k— T
Ek’-:g(;T)‘“E( - T), §1”:-§(7;)-

P{ sup g(fnT—)>c}<2P{g(T)>c}.

Ik

Torpa

ITepexoas K mpeleny npH 7 —>co K Y4yHTEIBAs, uTo E(f) c Bepodr-
HOCTbIO | He HMeeT Pa3pLIBOB BTOPOTO POAa, TaK 4TO

P{ lim sup g(ﬂ):—- sup g(t)}:l,
n-re  <kn n OILT
MBI nosayuaeMm (3). W

Teopema 3. Tycre E{t)— cummerpuunstii o0HopoOHbLL cena-
" padeavHoslll CTOXACTUMECKU HENPEPbLBHLLL NPOYECe ¢ He3a8UCUMbIMU
npupawenuany, a g (t)— Qyrnryus peeyaaprozo pocra, 041 KOTopoL

o0

S%P{g(t)>g(f)}df<oo.

1

Toeda dasn awboeo h > 1 ¢pynryus g (t) 6yder sepxueii pynxyuets
das npoyecca E(t) npu t - oo,
Hoxasareascreo. Tlycts a > 1. O6o3nauum uepes A, coOGbiThe,
3aKOYAIoWeecs B TOM, 4TO  sup E(t) > g(a**h). Torpa Ha ocHo-
(B )
BAHHH JeMMbl |
P{A} 2P {E(a*) > g(a*+)}.

Ho npn {elah, ab1] Gyrer g(1)<<g(ah), 2P{E(H)— &(a") >
= 0} =1, nosTomy

P{A <P {E(a") > gMIP{E(0) —E(@) >0 <4P{E() > g (O}

CaenoBarenbHo,
p gkl
1
\ tPaga<e | LPeo>enya
ak ak
H

oo

Y Pl < | PP > g0 dr
k=1

1

M3 nemmul Bopeas — Kanresnn ciexyer, uto ¢ BepoaTHOCTbio 1
IPOMCXOJMT JIHIMb KOHEUHORe YHCJI0 COOBITHH Ay, T. €., HayuHas ¢ He-
KoTOporo (BooGule TOBOPS, CAyyaHHOro) HOMepa, cobuiths Aj He
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NPOUCXOJAT. 3HAUHT,

P{l‘i?ﬁ—‘— sup g(t)<1}=1.

koo g (a") ak-l<t<ak
Mpu t = [a*~!, a¥]

E(D) 1 1
= < u NL————— 1.
PTG P W L

[losromy Ag(f) mpu awbom a>>1 u A > ky(a?) Oymer BepxHeil
¢yuxuuei pas E(f). B

OueBHIHO, UTO YTBEPKACHHE TEOPEMbI CIPABEAINBO U 175 HEOL-
HopoaHoro npotecca §(f), Tak Kak Opu JoKa3aTe/lbCTBe TEOpPEMBI
OZLHOPOHOCTb HE HCIOJb30BaJjaCh.

Teopema 4. [Tycre &(t)— cummerpudnowl 00HOPOOHLLL NpO-
yecc ¢ HedasucumbLmu npupaujenusmu, a g(t)— GyHkyus peeyaap-
Ho2o pocTa, ydoeieTeopsOwas Yycaosuro: Oaa ecex a>1 pad

> P {e(d®) > g(a"} pacxodurca. Toeda Ag(t) Oyder nudcred
k=]

(ynryuet 0as npoyecca E(t) das aoboeo he&(0,1) npu t—oo.
JlokazareascTeo. PaccMOTPUM fBa CJaywdas.

1) Ilycts
lim P{[£(0) < g (#)} =0.

>0
Torma HaljfeTcss Takas MOCJeIOBATEIBHOCTb fp —> 00, UTO
Pt < gt} <27

CiegoBaTenbHO, B cHay JeMMbl Bopenas — Kantenau

= JE (fe)] .
P{,}‘L‘o g (k) >1}'~1'

Ho torpa, kakoso Gel Hu Oblio A (0, 1),

=— [E()] -
P{tllglo > 1}._1. (5)

lim P{|&() < g®)}>8>0.

t->co

2) Ilyctb

Torpa asst BceX AOCTaTOUHO GOJBLIMX ¢
P{le@®I<g®}>0.
Pacemorpum nezaBHcHMEIE COOHITHS
By = {E (a**!) —&(a¥) > g (a**") — g (ah)}
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rae a > 1. Torga

a(ak)
PBa=> | Ple@+)—2>g@)—g(@)P () = dz}>
- (ak)
’ gla®)
>PE@)>e@)) | Ple)sdg=
—g{a®)

=P{E@**) > g(@*NP{|E(e" < g (")} >
=P {E(@*) > g(a*+)} s

/I JOCTATOYHO GOJbLIIHX K.
00

CaenoBateasno, pax 2, P {B,} pacxoantcs, u NO3TOMY Ha OcC-
k=1

HoBaHuu JieMMsl Bopeas — Kanrtesnu ¢ BepostaocTsio 1 npousofiner
GecKOHEUHO MHOro cOGHITHH Bp. 3aMerum, uto coObiTHe B, BJieyeT
OJHO M3 COOLITHH

{—8H) > g}, {E(ak!) > g(a*+) —2g (a®)}.
ITostomy ¢ BeposTHOCTBIO 1 MPOUCXOANT GECKOHEYHO MHOrO COGHI-

THH
{IE(@*) | > g(a*) — 2g (a*-1)}.
Bribupasi a rak, 4ToGni

_ -1y — _2g(a*")
g(a¥) — 2g(a*-) gmﬂp gw)]>
e[l — 5] >re@  @<a<y

(BOBMOXKHOCTL TaKOro BHIGOPA @ OGECNEeYMBAGTCA PEryJasPHOCTBIO
pocta g(f)), ybexpaeMmcsl, uTo U B 3TOM Cayude BHIIOIHEHO (5).
Beegem co6riTus

c~{ A% > 1) o=( 1)

Torna us (5) Boitekaer, utro P(CUD)=1. U3 cummeTpun mpo-
uecca §(f) saxawuaeM, uto P(C)= P (D). Hakouen, n3 «3akona
HyJasi ¥ efuHuLbl» (Teopema 7 § 4 rui. II) caeayer, uto P(C) u
P (D) moryr paBusaTbCa JHIUb HYJIIO WAH eaunuue. 3uauut, P (C) =
= P (D) =1, rax kak B nporusuoM ciydae P(C) =0, a 3Hauut, u
P(CUD)==0, uto nporusopeunt (5). B

3ameuanue 1. He mensas gokasatennctsa TeopeM 3 u 4, 6eps
Juus o <1, ybexpaemca B CrnpaBefJHBOCTH CJAEAYIOMINX YTBEPK-
LeHuii;
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nycto @ (f)— pyurkyua pecyaaproeo pocra;
a) ecau E(t)— cummerpuuroLi cenapabersrold 00HOPOOHbLL CTO-
XACTUHECKU HenpepolBHbll npoyecct ¢ He3a8UCUMbLMY NPUPAULeHUIML,

1

{LPit)>ow)ya <o,

0

ro npu A > 1 yuryus Wp(t) Oyder sepxneil 0an npoyecca &(1)
npu t}0, 1. e

= £ () .
P{‘t‘&} e < =1

6) ecau E(t)— 00nopoOHbLI cummeTputnbLi npoyecc ¢ He3asu-
oo

cumbimy npupaujeruant, 048 KOTOpo2o pad ; P {¢ (a*) > @ (a*)}
L

pacxodurcs npu awbom a << 1, To npu b <1 (}Jy=mmuﬂ Ap(t) 6yder
nuocredl 0aa E(1) npu t{0, 1. e

— () .
P{l‘fé o > 1}=1.

TIpuMeHHM TOJyyeHHbe Pe3yJbTaTel K Mpoleccy GpOyHOBCKOro
IBH:KeHUsI. DTOT Npoilecc fABJAAETCS CHMMETPHUYHBIM.
Ucnonb3ya ouenku

i S 2/ 1 \ u 2/ 1 2/
—— \ w2 du<——:s — e WP dy = ——=—e~%" (2> 0),
Nor P /2% J = Vo 2
) z+1
1 0 1 - 1 -
Vom S e du > e S TR duZ s €= (2> 0),
2 P4

y6exkgaeMcs B CIPAaBefJMBOCTH HEPaBEHCTBA
1 p 2 T -Z
L expd — (2= LI <N/ L1
Wi exp{ ('\/t - 1) . }\P{w(t)>z}\ P e

Iokaxewm, uto (1 -+ ¢e)4/2fInint u (1 —e)4/2fInlnf npu JoBom
e< (0, 1) 6yLyT COOTBETCTBEHHO BepXHEH H HUXKHed QYHKIHAMH.
JlefcTBUTEBHO,

Plo@®) > +e+/Amni}<

! (I4+e72lnint .
< _Maeyslinint g [ ,
\’\/2ﬂ(1+8)22lnlntexp{ 3 }—0((r1t) )
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3 dt )
a uHTerpas S W opu ¢ > 1 cxopgurca. C apyrofi cTOPOHH,
P {w(ak) > (1 —e)\/Qaklnlnak}}
= 1/;7 eXp{-—%((l —e)A/2Inlna* 1)2 }:

-1/2

==-:’ﬁ_——exp {— (1 —epinlna* —(1 —¢)A/2lnInd* >
T

—1/2
>i/T7c— [In af] ™" =2

TA€ ¢} — HeKOTOpas NMOCTOSIHHAS, €CJH TOJbKO
2
a>(l—ef+(1 —s)/\/

In In a®
OueBnaHo, 4TO A AOCTATOYHO GOJBIIMX B MOXKHO B3SITh o << 1.
CaenoBatensro, pan 2. P{w(a*) > (1 —e)/2a%1In In a” } pacxo-
autcs. TakuMm o6pasoMm, noKasaHa
Teopewma 5. Ecau w(t)— cenapabeavroui npoyecc 6poynos-
CKO20 08umceHUs, TO
P { im —2® 1}: 1.
t>co A/2f0InInt
Hcnoabays samevanne 1, MOXKHO YCTAaHOBHTb, UTO CNPABelJUBA
Teopema 6. Ecau w(t)— cenapabeavruoi npoyecc 6poynos-
K020 O8UINCCHUS, TO

Pliim—20 __ —1)=1.
£>0 /\/2t1nln;—

Teopemsl 5 u 6 Ha3LIBAIOT «3aKOHOM HOBTOPHOro Jorapubmas.

ITpu usyuenuu Bepxnux uw HmKHMX OQysxiui aas [E(4) |, rae
E(f)— mpormecc ¢ He3aBHCUMBIMH NMpPHUPAUIEHUSIMHA, HCNOIb3YIOTCH He-
KOTOpBble BCIIOMOTaTe/bHBIE TPEIA0KEHNS.

Jlemma 2. ITyero &y, ..., &, — He3asucumole caywaiinvie seu-
qunst, Sp=E 4+ ... + & u npu nexoropoix o<1 uc>0
P{S,—S:1>c}<aq, k=1,2,..., n.

Toeda npu a >0
P {sup| Sy1> a4} <25 P{IS,I> a}.

Hokasareasscrso. Umeem
P (Ul sup1Sil <a+e}n{isei>a+ein
N{ISs—Sil<ell) <P{IS,I> a}.
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[ToaTOMY

YP(sup ISiI<at+eN{ISeI>a+ )P IS, —Sil<o}<
<P{IS,| > a},

[ZPsup ISiI<atelN{ISil>at+eh](1 — ) <P{IS,| > a).

B kBaapaTHHX cKoGkax cuaeBa crout P {sup|S,|>a-c}.
k

JJemma 3. [ycre (1) — cenapabeavnolil cTroxacTuuecku nenpe-
puIBHOLIL MPOYECC € HE3ABUCUMbLML NPUpAULeHUsn, 048 KOTOPO2O
cywecreyer takoe o << 1, uro npu 0 <<s<< T P{E(T)—E&(s)|>
> ¢} << a. Toeda Oaa scaxoeo x >0

P{sup [5()1>c+0)<7zPUEDI> ()

l—a

Hoxazareavcrso. VI3 geMMbl 2 BHITEKaeT COOTHOUIEHHE

k 1
P{ sup [e(57)[>r+e}<q=gPUEMI>y,
IMepexonss K Inpefeaqy NpH n-—>o0o, MNOAyYdeM [JOKa3areabCcTBO

aemmbl. B
Teopewma 7. ITycry E(t)— cenapabervuoii 00HOpoOHbLE cTOXA-

CTUHECKU HENPEPLIBHBLEL NpOoYecc € He3A8UCUMbIMU APUDAULerHUAMU
u g(t)— ynkyus peeysapHozo pocTa Takas, 410 npu  A1060Mm
e>0

t@P{IE(t)I>eg(t)}<1

oo

S %P{li(t)l>g(t)}dt< 0.
Toeda npu aw6om h > 1 ¢gyncyus hg(t) 6yler senvuel GyHK-
yueti das |E(t)], 1. e.

Y B
P{tl_‘f?o cr<1f=1

Hoxasareascreo. Beibepem a<=(1,2) u ¢2>0. O6osnauum uepes A,
cobbite {sup [E(f) | > (1 + 2¢) g (a**1)}. M3 ycioBull TeopeMbl BbI-
t<ak

TeKaeT, uTo cymecTByioT Takue ¢ > 0 u Ty, uro P{|E(f) | > eg ()} <
<1 — ¢ npu t > T [ToaTOMY 7151 5OCTATOUHO GoabmuX k npu ¢ < a

P{g") —g@®) > eg (@)} =P{|t(a* — )| >eg (@)} <

sup P{Eg(s)l >eg(s)}
<1sup Pl 1> gy [0

STy
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Tak YTO IJIS BCeX A0CTATOYHO GOJBIUKMX 2 HA OCHOBAHHH JEeMMH 3
1
P{A} < P{lg(@|>(1+¢ga**)}

Yuuresas, uto npn ¢ & [af, '] umeem t — af (e — 1) a* <at y,

snaunt P{{E(t) —E(a®)| > eg (@)} < 1—c¢ aaa mocTaTouHo 6oJp-
mux k, noaydaem

P{Ak}<%P{!§(ak) > (1 4+e)g@t)} X
XPUEWN —5@) | <eg @} <EHPUED]> g (@) <

<L P{:01>g W),

TaK 4To
a1
-1
Pd<9” § Legroi>emyar,
ak

o

Y P{A)<(na e | LPEO1> g at.
k=1

at

3HayuT, ¢ BEPOSITHOCTbIO | MPOMCXOAHMT JIMIIL KOHEYHOe YHCJO CO-
ooituil Ay, Mcmonb3ys paccyxaenuss TeopeMmsl 4, y6exkpaeMmcsi, uTo
dynkuns A (1 -+ 2e) ke (a®) g (f) npu A > 1 6yzer sepxued nas |&(f)].
Tak kak ky(a)—>1 npu a—> 1, To u3 toro, uto a— 1 u & > () Moryr
6LITh CAEJAHBl CKOJb YTOJHO MaJbIMH, H BLITEKAeT YTBEPKAEHHE
teopembl. B

AHannsupysi nOKa3aTesJbCTBa TeopeMbl 4, HETPYAHO yOedHUThbCS,
4TO CHpPaBeINHBa

Teopema 8. [Tycre E(t)— o0nopodubLi npoyecc ¢ Hesasucu-
moimu npupaweruami. Ecau pynkyus pezyarsproeo pocra Takosa,
4ro npu aobom a > 1 pacxodurcs pad

3 P> 2 (@),

10 npu scakom 0 < A < | pynryus Ag(t) 6yder nuoknel pynkyued
oan |E() ], 1. e
e 18| .
P{tILHEo g (1) >1}"1'
Pesyabrarsl TeopeM 7 B 8 MOXKHO nepe(opMyaHpOBATE AJsi TOTO
cayuasi, korga ¢— 0, aHa/JOTH4YHO TOMY, KaK 3TO CAeJaHO B 32
meuanud 1.



TJTABA VII
CKAYKOOBPA3RbIE MAPKOBCKHE NPOUECCH!

§ 1. OGuee onpeeneHHe MapKOBCKOro mpoluecca

B § 4 ra. I yxe paccmaTpuBanuch MapKOBCKue NPOLECCH B IIH-
pokom cMmbicae. Tam e GblTx BBEJeHb! BEPOSITHOCTH Iepexoia Map-
KOBCKoro npouecca P (s, x, !, A)— BepOSITHOCTb HaXOAUTbCH MPO-
1LecCy B MOMEHT ! BO MHOXeCTBe COCTOfIHMH A npu yCjaoBHH, 4TO
B MOMEHT S OH HaXxOAm/cs B COCTosiHuM Xx. BeposdtHocTH mepexona
103BOJIAIOT OCTPOUTH IpH moMouiu Teopembl Koamoroposa (ri. 111,
§ 2) nenoe ceMefCTBO BEPOSTHOCTHBIX Mep B NPOCTPaHCTBe (PYHK-
UHH Ps, x, 3afaBaeMbIX Ha LUIHHAPHYECKHX MHOXKECTBAX NPOCTpaH-
ctBa Fis «) BCeX (YHKIMI, onpefeeHHbIX Ha [S, 00), PAaBEHCTBAMHU:
mpu s << H1 << ... <1

Ps,x{x(- ) x(t) =4, ..., x(tr) = A} =
= S P(S7 x, by dxl) ‘e SP(tk—l, Xe—1s ty, dxk). (1)
4, Ay

Mepnl Ps, x €CTECTBEHHO TPAKTOBATh KaK YCJOBHble pacrpeAe/eHHs
MapKOBCKOIrO Ipoliecca, paccMaTpHBAeMOro Ha NpoMexyTke [s, 00),
PH YCJOBHHM, 4TO B MOMEHT S OH HAXOJMJCA B cOCTOAHHM X. TakuM
o6pasoMm, B OTJIHuHe OT OGLIYHOIO ONpejes]eHHus CJAYJaiHOro fpo-
necca, KOrjga HMeJIOoCh JHIIb OJHO BePOATHOCTHOE IPOCTPaHCTBO, PH
paccMOTpeHHy MAapKOBCKHX IpOLECCOB MLl Oyjaem HCXOLHUTh H3 IIe-
KOTOpOro cemeficTBa BEPOSATHOCTHBIX NPOCTPaHCTB, KOTopbie GyayT
pasnuuaTbes Kak C-aareb0paMu, Tak ¥ MepaMu,

B ra. IV 6bi10 nmoxasaHo, 4To BO MHOTHX C/lyyasx yaaercs no-
CTPOHTL MepY, COTJIACOBAHHYIO C KOHEUHOMEPHBIMH pacnpejeJe-
HHSIMH npoliecca, Ha GoJsee Y3KOM (QYHKIHOHAJbHOM NPOCTPAHCTBE,
yeM mpoctpaHcTBo Beex ynkuuid. [Ipoueccsl, BeiGopoutbie GyHKUHH
KOTOpPBIX 006J1aJal0T ONpeLe/JeHHLIMH CBOHCTBAMH  PETyJIAPHOCTH,
npencTaBiAoT coGoli Gosee GoraTell OODBEKT AN M3YdeHHsd, H LIS
NpHuaOKeHHil oHu Gosee Baxupl. IToaTomy Mbl Oynem npeanosarars,
4TO BHIGOpOUYHble (YHKIHH Npollecca MpH YCJOBHH, YTO OH HauH-
HaeTcs B MOMEHT §, NPHHAJ/IEKAT HEKOTOPOMY (YHKIHOHAABHOMY
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npoctpancTBy fs (s == 0). PyHKIHOHAABHBE NpocTpaHcTBa Fy co-
rJacoBadbl CJAeLyROUAM 06pasoM: 1as Bcex x(-) & Fs orpanuuenue
¢byskuun x(-) Ha [u, 00) (u > §) npunauleKuT F,.

Haxkouen, npd H3yueHHH MapKOBCKHX IIDOLECCOB OYeHb Cylle-
CTBEHHYIO POJIb HTpaeT Takoe MOHATHE, Kak «npoiuaoe», Eciau npo-
IleCC HAUAJCS B MOMEHT §, TO «IIPOILJIOe» B MOMEHT ¢ omnpejensercs
TEMH COOGBITHAMH, KOTOPBIE MOXKHO HaGJI0/aTh HA NMPOMEXKYTKe Bpe-
MenH [s, t]. MuozecTs0 Takux co6niTHil 060o3Haunm &F. EcTecTreHno
NpeanoJoXuTh, 4To ©; ecTb HekoTopas o-ajare6pa, npuueM &; <
&, npu #,<tp, © uTO 3HAaUYEHHE NPOLECCA B MOMEHT ! H3MEPHMO

otHocHTeNbHO & (3TO 03HAUAeT, YTO 3HAYEHHE MPOLECCA B JAHHBI
MOMEHT MOXKeT GBITh HaGJIOAaeMO).

Hrax, 6ynemM TOBOpHTB, YTO 3aLaH MAapKOBCKHH mHpolece, ecdi
3allaHbl c/aedylolme 06 beKTH: ‘

a) usmepuMoe mnpoctpaHcTBO {X, B}— dasoBoe mpocTpaHCTBO
npoliecca;

6) ceMelcTBO (PYHKIMOHAJIBHBIX TNPOCTPaHCTB Fs (s = 0) ¢yHk-
uuil co 3HayeHHAMH B X, YIOBJETBOPAIIIHX YCJOBHIO COrJ1acoBa-
HHA: OrpaHHueHHe GYHKOWH u3 F; Ha [4, oo) npuHamiexur F, npu
u>s;

B) uaMepuMoe mnpoctpaHcTBo {Q,©}, COBOKymHOCTL G-ajire6p

;< ©, ompepenennsix npu 0 << s << t << oo, Takux, uto &j'c &}
IIpHu [Si, l‘w] = [Sg, tg];

r) ceMelCTBO BEPOSITHOCTHHIX Mep Py x, § &[0, 00), x = X, onpe-

JleJIeHHBIX Ha o-ajarebpax @S=U@§;
t

1) QyHRUHS X(f, ®), oIpeieJieHHast Ha [§, 00) H YAOBJETBOpPSIO-
mast yCJOBHAM:

1} x:(-,0)=Fs nipn 0 = Q;

2) xs(f, ®) msmepuma otHocuteabio &f, KakoBpl 6b1 HH OblIH
S<cu<t;

3) Psx({0: xs(s, @)= x})=1;

4) mpu B9, s <<u <t

P, . ({0 xs(t, ©) = B}|&5) =
=P, xg (U ©) ({o: x4 (t, @) = B}) (mod Py, ,). (2)

MapKOBCKHH mpoliecc, OnpelessieMblii NEPEeYHCHEHHBIMHE 00beK-
tamy, 6yneM 00603HA4aTh {xs (¢, ), &, P;, x}; %s(+, ®) — BBIGOPOY-
nble GyHKuuH npouecca; &f — c-aare6pa coGbITHI, HabJI0LaeMbiX
Ha [s, f]; Ps, « — pacupeie/eHne BepPOATHOCTEH AJs mpolecca, Haud-
Hawlerocss B MOMEHT § H3 TOUKH X; (2) ompeneJisieT OCHOBHO#
CBOIICTBO MapPKOEOCTH (MapKOBCKOe CBOHCTBO)— He3aBHCHMOCTb OT
NpoLLIOre NPH 3aJaHHOM HACTOSILEM. )
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Hepexoaﬂme BEPOSATHOCTH NpOoLecca Tenepb MOXKHO BBECTH CO-
OTHOIIEHHEM

P (s, x, t, B)=P;, « ({o: x5({, ©) = B}). (3)

ByneM mpennosarath, YTO BCErjia BBHIIOJAHEHO YCJIOBHE
5) nepexonHas BepOATHOCTb U3MepPHMA MO X OTHOCHTEJNBHO G-aJ-

re6pnl B.
Torpa us (2) Jerko noayuaeM ypapHeHHe Koamoroposa — Uen-

MeHa: npu s << u << ¢
P(s, x, t, By=Ps »({0: xs(l, o) = B}) =
=—-“Ms,ng, x({(’): Xs (t, (.O)EB} ]@Z): Ms, xPu, xg (4, 0) ({0): Xy (i: UJ)EB}):

= M;, P, x5, o), {, B)= S P(s, x, u, dy)P(u, y, t, B).

3pech U B najbHelillieM uepes M, ., o603HauaerTcs MaTeMATHUECKCE
oxunanue no mepe P, . nna &3-uaMepumol BesHUHHB E(0)

M;, 52 (0) = { (@) Py,  (do). 4

Coornontenne (2) MOXHO 32HHCATh B TEPMHHAX MaTeMaTHYECKHX
oXUAAHUN: npy S << u <!

Ms, « (g (v (1, @) [€0) = Mu, x (0 0€ (xu (¢, ©)) (mod Py, ) (5)

s mioGoit orpaHuueHHON B-uamepuMofl  dyukuuu g. HeheTBH-
TeJbHO, B3AB g (x)= ys(x), rae ys— uHguxkarop B, us (5) noay-
yum (2). C npyroi cTopoHbl, u3 (2) BbITeKaeT CipaBemJuBOCTb (D)
AJSl HHAMKATOPOB H3MEDPHMBIX MHOXKECTB, 4 3HAUHT, ¥ JJIA IPOCTHIX
OYHKIUH, SBJASIOUNXCA JHHENHBIMH KOMOMHAIMSIMH HHIUKATODOB;
OCTAEeTCsl 3aMEeTHTh, 4TO JI00asl orpaHuyeHHas H3MepHMas (QYHKIHS
SIB/ISIETCS PaBHOMEDHBIM NpPeleJOM MPOCTBIX. 3aMeTHM TaKxKe, 4TO
M; «g (xs(f, ®)) siBasiercst B-uaMepuMoil QyHKIUHeH 1O ¥ LIs BCeX
HEOTpHLaTeNbHEIX B-H3MEPHMBIX g. DTO BLITEKaeT H3 H3MEpUMOCTH
M, «x5 (x5 (¢, ®)), a 3HAUUT, H3MEPHMOCTH YKa3aHHOrO BbIPaXKeHHS
OPU NPOCTHIX g M g, ABJAAIIUUXCA NPEAeNaMH MPOCTLIX.

Mycrps<<u<<thi<< ... <ta, g1, g2 ..., &n — OTPAHHUECHHBIE
8-usmepumbie ¢yuxunuu. Toraa

... ([T & (s o op12L) =

=M, o L1 & (5t @) (modP, ). (©)
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IefcTBUTEAbHO, HCMOJb3YS! MOBTOPHLIE YC/OBHbIE MaTeMaTHYECKHe
OXHJaHHUS, NONYYHM

M, (1T . x, o)1) =
—,. (.. (L 6o 1)) =

M ([T Gt ) M5, (o 9)[2):

Tenepb nOA 3HAKOM MaTeMaTHYeCKOTO OXKHMIaHHS CTOHUT IPOH3BELE-
HHe yxe n— 1 QyHKHU{, ecJH CUNTATh MOC/IEAHIOK (QYHKUUIO PaB-

HOH
g, (%) Mtn_‘, +8n (xtn—l (tn’ "3))

[TosTOMy, BOCHOJIb3OBABIINCh HHAYKUUeH, HaliaeM

M, . (/f-‘[x g, (%, m))]@;) =
=M x(gl (%, (s ©)) Mfw £y (ty, )82 (%, (%5 co)) X
XM, 21, (t )83 (xt2 (ts co)) X ...
e XMyt 080 (Bt (tnr @)) | 1) =
=M, 2y, 081 (% (s @)) M, . %y (1 )82 (%1, (ty @)) X .5
. XM o fn (i (b @) (modP, ). (@)

[Tosiaras B nocJaepnueit ¢popmyie s==u, HaXOAUM

Mu.x(k:[;[l & (xu (tr (’)))) = Mu, xg] (xu (t, 0))) X

M %, (4, @)) ... M x t, @))
X ‘v"u(tx"”)gz( tl(Z, )) tt‘l—l’xtn—g(tu'—l'm)g( tn—l(”’ ))

| (8)
Ecnn B (8) BMecTo x moacTtaBaM xs(4, ), TO 110JIy4HM BhIpameHHE
naa npasodl wactu (6). Ilockosabky oHO coBmajmaer ¢ mpaBoi ua-
cteio (7), (6) mokasawo.

Beenem o-anre6pn N — 370 G-anre6pbl COOBITHH, MOPOXIEH-
Has BedMUHHAMH Xy (¥, 0) npu u<s, ' &[s, 1] N — o-anrebpa
co6biTul, MOPOXKIEHHBIX MpolleccoM, HabalofaeMbiM Ha OTpe3ke
[s,t]. Taxk Kak B cuay yciaoBus A, 2) X, (', ) ©i-uamepumo npt

tp—p %, o
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<cs<t/ <t 10 NS o-aarebpu N; YAOBJIETBOPSIOT BCEM

U S =

YCJIOBHSAM, KOTOPHIE Halaraiicbh Ha O-ajreGpl ©{ npu onpenese-
HUM MapKOBCKOTro npotecca (310 yeaosus 6), 4 2) u a 4)). B npo-
BepKe HYyxXKIaeTcs JHb ycaosue A 4). Ho no dopMyse NOBTOPHEIX
YCAOBHBIX MaTeMaTHYECKHX OKHIaHHH

M. « (g (xs (7, ©)) 195 = M;, (M, < (g (x5 (¢, 0)) |S})|RE) =
= Ms, X (Mu. Xg (u, o0& (xu (t’ 03‘)) | Sﬁi) == Mu. xs(u. m)g (xu (t’ @))
(mod Py, ,), s<u<t,

rak kak N, = S, u x5 (u, ©) — Ny-usMepuMas Besuunsa, a GyHKUUA
M., .2 (x, (¢, ®)) — B-usmepuma. Mu noxasanu, uro (5) uMeer
Mecto, ecan &, samennts Ha Ny

Takum o6pasoM, ecau {xt (s, ®), &}, Ps, ¢} — MapKOBCKHE Tpo-
nece, To H {x; (s, o), 9N, P.. <}, TIe B, . — orpannuenne Meph P, &
Ha ERS==LtJ?Rf, TaKKe sBJfeTcs MapkoBcKmM. Ouesuumo, uto Nf —

ceMeHCTBO MHHUMAJBHEIX 0-aare6p, OTHOCHTENbHO KOTOPHIX X (S, ®)
MOXeT OBbITh MapKOBCKHM.

Ipusenem, HakoHel, COOTHoueHHe, ofobmaromee (6) u BBIpa-
Kalollee MapKOBCKoe CBOACTBO B caMoM ofmem Buze. Ilyets &(w)
AiBIseTCs orpaHuueHHoi R-u3mepumoii Besuunno#. Tora npu § <<
<u<t

Ms. % (E (03) [@fl) = Mu £g(us 0% (0)) (mOd P., x)- (9)

(9) BmiTekaer u3 (6), Tak Kak BCsiKas orpaHuucHHas R'-u3Mepumas
BeJMYMHA NpPEACTaBHMa KakK Mpele] MO BEPOSITHOCTH Pgx CyMM
BUH A

2 T (+ (57, o))
IMycrs, panee, 1 (o) — &i-namepumas Besuuuna. Ha (9) BeITekaer
M;, & (©) Ms, < (1 (@) 1) =M, (@) (@) =M;, a1 (@) Mz, 1 ¢ o (@)=
=M, (M, . of @) M, (0, | T) =M, 2@ M,  (n(0)I%).
3uauur,
M, . (n (@) 1) =M, . (n ()| 7).

Beuay (9) u M, , (£ (@) [N) =M, , (E(0) |N}). [TosTOMY, KaKOBa GHl
HH Onlja OrpaHuueHHas usMepuMas QYHKUHA g (x),

M, (o) g (x ¢ 0)E@) =M, n(0)g(x{ )M,  (E)IR) =
=M, ,g,(x,¢t, )M, (&) [ R)M, , (n()|N).
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OTciofa BhlTEKaeT PaBEHCTBO
[ Y — t ¢
M,  (n(@E@ MY =M, (1@ IR)M,  (E@)IN), (10)
BEIDa)Kawijlee HE3aBHCHMOCTb MPOMIIOrO OT OYAYINEro NPH 3a71aH.
HOM HaCTOAUIEM.

Yxamem ceflyac HEKOTOPBIE MOJIE3HbBIE PACUIHDEHHS 0-a.1re6p N7,
OTHOCHTEIBHO KOTOPHIX MapKoBOCTb OyaeT coxpauarscs, O6oszua-
una NPT nononnedue c-aareGpet N o Mepe Ps », P, — momod-
HEHHE MepHl,

. o x
RN =[]0~
X
Toraa {x; (s, o), N;, Py, x} (Mbt OyneM 0603HauaTh CYXKEHHE Mephi
Ha MEHbUIYIO 0-a/Jredpy TeM e CHMBOJOM, eCJH 2TO HE BHI3LIBAeT
NYTaHAIB) TAKKE SBJIAETCS MApKOBCKHM mpoueccod. Yrodwr yde-

JHTECS B 9TOM, LOCTATOUHO HPOBEPHTH, UTO BHIOMHEHO (5), ecan &
savenuts M. Ilyers & (o) — orpannuennas Ny-usMepumas byHK-
st Toraa ona u My “~usmepuma. Tloaromy cyiiecTByeT TaKas &) (o),
HaMeprMas oTHoCHTEIbHO Ry, U410

P, s {E(0) =81 (0)} = 1.
3naunt, npu s < u < ¢ (o6osnauas M urTerpan no P) 6ygeM umetsh
Mo, 28 (%5 (8, ©)) & (0) = My, 18 (%, (t, ©)) (0) =
= Ms, 181 (0) My, 2 (g (x5 (¢, 0))| €2) = ,
= My, <£1 (9) Mu, x o, 08 (u (t, 0)) = M5, (& (0) My, 0, w8 (54 (1, ©)).

M3 s10ro eootHolleHus H BeiTeKaer (B).
[TycTe Temepp X — meTpHYecKoe MpOCTPAHCTBO, G-aarefpa B co-
nepxut Bce chepnl. O6osHauuM

S S
ERt+ = ﬂ 7
u>t
Teopema 1. Ilycrte o-aseebpa B nopoxcdaercs MHONCECTBOM
nenpepolerolx pynkyull, a cepoarnocts nepexoda P (s, x,t, B) He-
NPepbleRo20 CNpasn MApKOBCKOz0 npoyecca ixs(f, o), N, Ps B
y0081€T80pAET Yyca0suwio: 048 8CeX § i I U O2PAHUYEHHOU Henpe-
poieHol B-uamepunol Qyusyuy g(x) PyHKyus
gs(x)= Ngs <8 (x5 (2, ®))
HERPEPOLIBHA NO X 1t YOOBAETBOPAET YCAOBUN
lim l Es+n ()‘) - gs+h (y) l =(.
AYO
y-rx
Tozda npoyece {xs(t, ©), N, Ps <} Takmce asasercs MAPKOBCKILM.
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Jlokasareascr8o. JIOCTAaTOUHO NPOBEPHTL COOTHOLIEHHE (D), ec/H
& =N}, nas HenpepuiBHBIX QyHKuuH g (x). Ilyctb E(0) — Niy-us-
mepuMasi orpannuensas gynkunsa. Toraa aas aoboro h >0 oHa
NS 1x-usmepuma. CiefoBaTelbHO,

M., <5 (0) g (45 (7, ©)) =M, & (@) Ms, < (g (x5 (t, ©)) | Tiss) =
=M;, <& (@) Musn xg tuth, 08 (Xu4n (t, @)=
= Ms, xg ((0) gutn (xs (” + h: (‘))) (1 1)

3aMeTHM, uTo QYHKUUSA Gy (¥s(U, ©)) ABAACTCA OrpaHH4YEHHBIM Map-
THHT&JIOM, TaK Kak mnpu iy << U

MSX X [gu (xS (u’ m)) | mi[] = MS, X [ [MS‘ Xg ('xS (t’ 0))) | mi]/mls‘l. =
=M, , [g (x, ¢, )] E)lfh] =g, (%, (4, ©)).

TTosToMy cymecTsyer ¢ BeposiTHOCThIO | mpegen (em. § 6 ri. 1V)

lim 8u+n (xs (u + h: (’)))
hvyo0

Tak kak B CHJY YCJOBHS TeOpeMbl H HEMpPEPLIBHOCTH Ipolecca
cripaBa ¢ BepOATHOCTHIO 1

}11?3 [gu+h (xs (u + h’ (D)) - gu+h (xs (u’ (1)))] = 0’

To lim g, 4, (% (e + A, @) = lhim Guin (x5 (1, ). Uycte 1 0o603HagaeT
hv0 vo

06llee 3HAueHWe STHX NpeledoB. 1 coBNajaer ¢ Ny-H3MepH-
MOfl BelMYHHON (KaK mpeldes TaKUX BeJHYHH) W, CJeloBa-
TeabHO, HMeeT BHA A(xs(4, o)), rie A(y)— Hekotopasa B-U3MepH-
mas @yukuus. [lepexons B pasemctBe (11) x npeneay mpu h {0,
HAaXOJIUM

M, <& (0) g (x; (¢, @) = Mg, 4& (@) & (s (u, @)). (12)

Ecan £ (o) Mi-usMepuMa, TO JeBas YacTb ITOrO PABEHCTBA COBINa-
IaeT ¢ BHIpaxKeHHeM

Ms, xE ((0) Mu, xg (a, 14 (xs (t, 0)))
[TosTomy

Ms *& ((0) Mu, xg @, o0& (xs (ts (D)) == MS, x5 ((’)) A (xS (u’ (D))
05 BCeX MNi-H3MepHMBIX OTDAHHUEHHBIX BEJNHUNH &(®) M, SHAUMT,

A (xS (u: 0))) = Mu, xs(m g (xS (t: (D)).
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Toncrasasa Bupaxkenue aas A B (12), ybGexxmaeMcs B cnpaBeau-
Boctn (5) mpu & =Ni4. B

Sameuanune. Mcmosbays wmapkosocth mnpomecca {xs(f, ),
Ny, P, +}, Moxem Touso Takxe, Kak (10), yCTaHOBHTb aHaJ0ruy-
HOe DaBEeHCTBO, ecad 1) (o) Eﬂt_l_-usMepnma Ilyers B = R . Torna y,

apasietcs Niy-M3MepUMON H N'-namepumoit. 3uauut,
Py« (BIT) =M, (xpxs| M) =
= Ms, x (XB I Sﬁ;) Ms, x(XB I mi) = Pg, x (B I mi)

[Tostomy & ycaosusax reopemnst 1 F’s’x(Bliﬁﬁ) MOXNCET PABHATHCA UAU
0, uau 1 0an BN, . Ir0 yreepidenue HOCUT Ha3sanue «3a-
kona 0 uau 1y 0asn Maproscxkux npoyeccos.

B panpueifimeM Mubl 0yJeM HCNOJL30BATH MOHATHE CTOXACTHUe-
CKOl 5KBHBaJIEHTHOCTH MapKOBCKHX mpoueccos. [1ycte uMeercs OBa
MapKOBCKHX mpouecca {xs(f, ®), &5, Ps o} n {%: (¢, @), Si, Ps. o}
¢ OLHHM H TeM Xe (azoBeIM npocTpaHcTBoM (X, B) ¥ 3aaHHBIX HA
ONHOM H TOM € NPOCTPAHCTBe 3JeMeHTapHBIX cobbiTHii {Q, &}.
Onu Ha3bIBAIOTCA CTOXACTHUECKH SKBHBAJEHTHBHIMH, eC/H Cylle-

CTBYET TaKOH Xe MapKOBCKHH npoiece {xst ®), &3, Ps ), nas
KOTOPOro:_a) & =@, &= &;; 6) mepn Ps, 4, Ps vy Ps.x cosna-
IaloT Ha @s, B) 4Js Bcex (¢

Pox{x:(t, o) =%, o)} =1, P {%(, o) =5t o)} =1.

OueBHIHO, CTOXACTHYECKH SKBHBAJEHTHBIE MPOLECCH HMEKT OfHHA-
KOBbIe BEpPOSITHOCTH Mepexoa.

Ilyctb {xs (t, o), &f, Ps, x} — MapKoBCKMH mnpolecc. HeoTpuua-
TeNbHasd chayyaiiHas BeJHYHHA T HA3BIBAGTCA MAPKOBCKUM MOMEH-
TOM AN 3TOTO mpolecca, ecan npu t>>0 cobuitne {t >t} e S},
T. e. Habaojas npouecc Ha OTpeske BpeMmenu [0, f] M MOXKem CY-
IUTh, HACTYNHJ MOMEHT T WJIM HeT. Boo6mie rosops, Gyayrt pac-
CMaTpPHUBATbCA MOMEHTBI, MOTYIIWe NPHHUMATh 3HayeHue - oo.
Kpome MapKxoBCKHX MOMeHTOB GyaeM paccMaTpuBaTh S-MapKOB-
CKHe MOMeHTH (s == 0); B 9TOM cJyuae T == S u npu f == S COGLITHE

{r >} =&}. 0-MmapKkoBcKHE MOMEHTH fBJAAIOTCA MPOCTO MAapKOB-
ckuMHu. Ilyerb t— s-mapkoBcku#i MomeHT. COBOKYHOHOCTb COOLITHI
u3 &%, 1J151 KOTOPHIX

AN =6,

o6o3nauum &i. Ouesunmo, uro &3 ssasgercs o-anreSpoit. Oue-
BHJIHO, YTO T M3MEPHMO OTHOCHTENbHO &i.

JTemma 1. Ecau X — merpuneckoe npoctpanctso, B noposdero
HEeKOTOPbIM KAQCCOM Henpepolrblx Pynkyull u xs(t, o) HenpepvigHO
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cnpasa, 10 Xs(T, ©) Taxxme Sr-usmepumo 048 4106020 S-MAPKOG-
CKO20O MOMEHTa T,
Hokaszareavecrso. VimeeM anst no6ofi HeNpepHIBHOH H3MepPHMOH

dyHKUHE g (X)

Zn
g (x (x, m))xﬁgt)=r}i+rr;; g(x(t 5=, m))x{%;_ltqg;%,}.

- . =s .
CJe10BaTe/bHO, g (x,(z, 0)) Ay <y  BATETCS ©}-nsMepuMoii
pesiHunHoll, [losToMy 3TO cnpaBeisHBO H s JIOGOH H3MEPHMOH
GbYHKUHH g, B YaCTHOCTH AJsl B-H3MepHMBHIX B:

XB (XS (T: (0)) X{r <t

&§-uamepumo, sHauut, {(Xs(1, o) € BNt G, {(x:0, )=
=BG B

HauGoJiee uHTEpeCHBIMH TpHUMEpaMH MAapKOBCKHX MOMEHTOB $iB-
JISIOTCS MOMEHTH [MepBOro JOCTHIKEHHA HEKOTODOro MHOXKeCTBa
(MM BBIXOZA M3 HEKOTOPOrO MHOXKECTBA).

[Mycts X — MeTpHuecKoe MNpPOCTPAHCTBO, X,(f, ®) HENPepLIBHO
cnpaBa. Ilycts G — OTKpHITOE MHOMKeCTBO. 10ria BenHuHHA T ==
= sup[t: xs(u, 0) & G, u << t], Ha3bIBaEMAaSA MOMEHTOM Nepeoeo no-
nadanus B G, GyaeT S-MapKOBCKMM MOMEHTOM. [leACTBHTEJLHO,

(1> t}=[j{w: %5 (L, ®) & G} {0: x,(¢, ©) & G},

rae {{x}— BCIOLY NJOTHOE MHOXeCTBO Ha [s, f], a MHOXKeCTBa B Ipa-
BOM wuyacTH 3Toro paBeHcTBa mnpuHamiexat ©f. Ecam wnt7t H
Tp — S-MapPKOBCKHE MOMEHTH, TO U T — S-M2DPKOBCKHH MOMEHT:

fi>t=U{r.>1.

n

ITosToMy ans BCsKOro MHOXKecTBA F = ﬂ G,, rae Gn~~ MOHOTOHHO
yObIBAIONAs NOCAEA0BATENbHOCTD OTKpr"’fszX MHOKECTB,

T=suplt x;(u, ©) & F, u<t]
6ymer TaKkxkKe S-MapKOBCKHM MOMEHTOM, TaK Kak

T == SUp T,
n

roe T, -— MOMEHT MEepROro monaganus B MHoKecTBo Gn. B gacrtHo-
CTH, MOMEHT [EPBOFO NONaJaHHf B 3aMKHYTOe MHOMKECTBO TaK¥Ke
ABJSETCA S-MAPKOBCKHM MOMEHTOM.

Ouenb BaxKHBII KJjacc NpOLEcCOB — 3TO TaKHe MapKOBCKHe MpO-
Lecce, Yy KOTOPBHIX MAapKOBCKO€ CBOHCTBO COXpaHAeTcd H B
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MapKOBCKHe MOMeHThl. TakHe mpollecchl Ha3bIBAIOTCH CTPOrO Map-
KoBckymu, [IpuBeneM TOUHOe onpejeseHHe 3TOTO MOHSATHS,

Onpexeaenne. [poyecc {xs(t, ®), &, Ps o} Hasvisaercs
CTPO2O MAPKOBCKUM, €CAU BLINOARAIOTCA CALOYOWHE YCAOBUA:

I. aa awbozo s-mapkosckoeo MOMERTA T 8esudura Xs(T, ©)
ssaqerca Si-uamepumoii. ,

L das t >0 v B-usmepumoti pynxyuu g(x)

M, (g (5 (v + 1, 0)187) =M ¢, v, & (%c (T, ®)) (mod Py, ). (13)

[IpaByio wacte (l3) HyKHO NOHHMATh KaK pPe3yJibTaT I[OACTA-
HOBKH U = T, ¥ = X5(7, ®) B QyHKUHIO My, g (xu (4 + £, ©0)). UTo6H
pe3yJabTaT TAaKOH MOJACTAHOBKH OBl CAyYalHOH BeIHYHHOH, OyIeM
TpeGoBaTh elle BBIMOJHEHHUS CJelyIOLlero YCJIOBHS:

1. das seakod uzmepumoti oepanutennold ynkyuu g dynxyus
Mu, 28 (xu (U -, ®)) usmepuma no COBOKYNHOCTU NEPEMEHHbIX U, X
OTHOCUTEAbHO npoussedenun o-areebp A X B, ede A -—o-arcebpa
6opeaesckux muoxcects Ha [0, o0).

Jlemwum a 2. Coorrnowenue (13) gvinoanaercsa 0aa 4106020 s-map-
KOBCKO20 MOMEHTA T, NPUHUMAIOUE20 CHEeTHOe MHONECTBO 3HAYEHUL.

Hokasareasctso. Ilyets #y, &y, ..., f,, ... —BCe& BO3MOXKHBIE
snauenust v. Torna {t=#H}=E},. Ilyets A=©:. Torza Af

N{r=1;} =&j,. 3nauur,
Mg 208 (5 (T 8 0)) = XM, ot 8 (5 (T + 2, @) =
== Zk: M,, ko=t )8 (*; (8, + 1, 0)) =
= Zk: My, XgemtynaMs, x(g (55 (t+ 1, @) |€],) =
= 1M oMy, o 10805, (e 1 @)=
= zk: M, xXAX{1=tk}M1, xg (5, 8 (%, (v + 1, 0)=
=My Moy 0 008 (F: (T 1, @),

M3 storo pasenctsa u Bhitekaer (13). M
[TpuBefeM OQHO DOCTATOYHOE YC/JIOBHE CTPOTOi MapKOBOCTH.
Teopema 2. [Ilycre X -— merpuueckoe npocrpancrgo, B-—

o-aa2ebpa, nOPoNOeHHAA HEKOTOPbIM KAQCCOM HENpepbleHbiX (DyHK-

yuil, u MapKosckuli npouyecc {x: ¢, o), &, Ps, x} ydosaersopser

YCcA08UAM:

1) x:(¢, ») HenpepoisHo cnpasa no t;
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2) 045 BCAKOU UBMEPUMOL 02PAHUYEHHON HEnpepuleHod (hyHx-
yuu f(x) pynryus

Rifts, 9= e Pis, 5, s+ d)(0) (149

y008.1eTBOPALT Y€ AOBUIO
lim Ryf s+ h, )= Rif (5, %)

y->x

To2da npouyecc {xs(t, ), ©F, Ps, »} asaserca cTpozo MaprosckiM.

Horasareascrso. I1yeTh T — HEKOTOPHIA S-MAaPKOBCKHH MOMEHT.
k41 k41

m .

n

OueBHIHO, T, =T

k
,oecan — < T <
nt nt
" {rn<1}={rn<_[71}={r<[_n]} = @s[ﬂ = ©] (smecy [x]
n
o6o3Havaer MeJayild uYacTh X). 3HAUHUT, T, — TaKkKe S-MAPKOBCKUH
moMeHT. [TosToMy B cuay JeMMBl 2

Ms, < (2 (v, (v, + 1, 0))|@%,) = |
=Me, 5, (v, )& (¥x, (T + £, @)) (mod Py ). (15)
JleBas uacte (15) coBmamaer ¢
M., g (x4 (u + ¢, @), (16)

eCJIH TOJMOXKHTh U == Tp, X == X¢(Tn, ®). B CHIy HenpepbBHOCTH
Xy (u -1, @) no t cupasa npH HenpepHIBHEIX g BhIpaxeHue (16)
Tak)Ke HEMpepBIBHO MO [ crpaBa M, 3HAUHT, HHTerpupyemo. IToatomy
u QyHKUHH, cTosiKe B paBeHcTBe (15), unterpupyemsl no f. Caeno-
BaTeJbHO,

o0

S e_MMs, X (g (xs (v, + ¢, ®)) | @in) di =

0

TIoJMOKHM T, ==

[

— S e MMc i (1, )€ (%, (va -+ £, @))dt  (mod P, - (7)

]

IMyers A= &:. Torna

ant<p=an{n<Ell=an{z<bl}<=e

n

3uauur, A E@in. Vuuoxast (17) na 4 u 6eps M;, ,, nonyunm

[ &M, o (0 (5 -+ 1, @) 4 dt =My (RyZ (T %4 (5 0) 2
0
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ITepexons K mpeneay OpPH A —> 00 H YUUTHBAA, UTO T, =T, T,—>T,
a x,(t,4 ¢, @)-—>x(v+ ¢ o), 1 ycroBue 2} TeopeMbl, HAXOZHM
S e*_MMs. P (xs(t+1, @) xadt= Ms, Rrg (T, x(7, ®)) %4 =

0

=M, [ e Moy g (s (s +1, o) radi =
V]

= { e M, Me s, r, 0 (0 (0 42, 0)) adt.
0

M3 Toro, uto ABe HENpEepHIBHBIX CrpaBa (YHKUHH HMEIOT OJHHAKO-
Boie npeo6pasopanus Jlamiaca, BbITeKaeT COBNAfeHHe 3THX (YHK-
uufi. TToatomy

M, ,g(x,(t+1t o)) =M, MT,x w41 @), (18)
s Bcex A< ©;. 3wnauut, (13) BbINONHEHO [Asi OIPaHHYCHHBIX

HenpephIBHLIX H3MEPHMBIX g, a CJAE€JIOBAaTE/JbHO, H AJA BCEX orpa-

HUYEHHBIX H3MepHMBEIX g. ©i-u3MepuMOCTb Xs(T, ®) BBHITEKaeT H3
aeMmvul 1. B

Coornomienve (13) mnst CTPOTO MAPKOBCKHX INPOIECCOB MOXKET
651Th 060611eH0 CIeyIOIHM 06pasoM.

Itycets £ <<t gi1(x) u gQ( )— IBe OrpaHHuYEHHBIE H3MEpHMLIE
¢yHKIMH, a T—s-MapKoBCKkuii Moment. Torma ©-f; Takxe fB-
JAETCA S-MAapKOBCKAM MOMEHTOM: IPH 4 >t -+ s

Ht<uli=r<u—t}) =€, =8,

Jlerko yGeanthes, uto &F4s > ©{. 3amumem coornourenne (13)
o1a QYHKUHH g2 U MOMeHTa T - fi:

M,, x(g2 (5, (v + £, 0)) | ©; ) Miis, o, v+t 082 (Foie, (T By @)

VMHOXHB 3TO paBeHCTBO Ha g1 (Xs(T + {1, ®)) 1 Gepa ycaoBHOe Ma-
TeMaTHyeCKoe OXHIaHHe OTHOCHTeabHO ©7, mosyuum

M, « (g1 (xs (v + 1, 0)) g (x5 (T + £, ©)) |@:) =
= M, x(gI (G +1t, @) M, %, v+, 0)82 (JCT_HI (v + 1, m)) | @:)

Hcnonb3yeM Temepb Caefyiollee paBeHCTBO: ecsu f(X, S)— orpanu-
genuasi B X Y-namepuMas QyHKUHA, T-— S-MAPKOBCKHH MOMEHT, TO

Mo (f (s (5 1, 0), ) [30) =
=Mz, x, o, 0f (% (t+1 0), 1) (modP ) (18)
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(npaBasg wyacTe (18) ecTb pe3y/abTar NHONCTAHOBKH U =1, X =
== %:(7,0) B Oyuxuuo My of (X, (44 £, 0),4)). PaBescteo (18)
oueBHAHO, ecau [(x, u)=[i(x)g1(4) B cuay S;-H3MEPUMOCTH BeJH-
YUHH T # cooTHouwenus (13). Ilanee MOXKHO BOCIONBL30BATLCH TEM,
urto (yHkuus f(x, u) gBasercs InpegeaoM no J000H Mepe Ha
B X Y-1oc/IeJOBATEIbHOCTH (PYHKUNHE BHAA

2400 g w).

Henoasaya (18), MoxeM 3amucaThb
M(g, (x (10 0)IMoyy o e, 082 (Basr, (T 1, 0))|8]) =

=M @ (e (T )Moy i 0 (Yerr, (7 B @)
Takum o6pasom,

M;. (€1 (55 (v 11, 0)) & (x5 (1 + 1, 0))1©2) =

=M, xg (1 @81 ¢ (v 1, @)) X
X Mr+t,, 5 (vt @82 (ese, (v+1, @) (modP, ).

AnaJlornuHo ycTaHaB/AuBaeTcs cieaylomasn gopmyaa: aas 0 << {; <<
<ty << ... < tn, OTPAHMUEHHHIX H3MEpPHMBIX QYHKUHH g;(x),
.., @n(X) B S-MapKOBCKOFO MOMEHTa T

k
Ms.x (;[]1: 8 (x5 (v + t]: o)) | @15:) =

=M, %, (5 )81 (%, (=+1;, @) Mr+t1. % (4, )82 (xf+f1 (41, @) ...
Mt+tk_1, x‘r+tk_2(r + tk—l: (’3) 8r (xr+tk__1 (T+tk7 0))) (mOd Ps,x)~ (19)
Hs (19) ¢ nomompio (8) u (6) mosyuaem caenyouyio GopMyJay:

k
M, « (;[_]l: 8 (xs(v 4+ ¢, o)) | @i) =

k
= My, xg (1. 0) E & (%e (z + 15, 0)) (mod Py, ,). (20)

§ 2. OGmue cKkaykooGpa3Hble MAPKOBCKHE NPOLECCHI
ITycts (X, B) — nponsBoabHOE H3MepHUMOe NPOCTPAHCTBO, a 0-all-
re6pa B CONEPNKHT BCce OLHOTOYEUHBlE MHOXKecTBa. MapKOBCKHA
npouece {x;(¢, ©), ©;, Ps, «} HasbiBaeTCH CTynenuaroim, ecau LJs
BCeX S H X

llmPsx({m xs(t, 0)=x, s<IL<s+8}) = §))
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Ecau BpinoaHeHo yciaoBue (1), To ans Bcex s onpejeseHa NOM0XKH-
TeJpHad cayyafiHas BEJIHUHHA T):

T =sup[t: x; (@, 0) =x(s, 0), s<u<1],

HasblBaeMas MOMEHTOM [IepBOTO BBIXOAA H3 HAUaJBHOrO COCTOAHHA.
OuYeBHAHO, YTO 9TA BEJIHUHHA SABJIAETCHA S-MAPKOBCKMM MOMEHTOM.

3aMeTHM, 4TO @ — MHOXKECTBO, CTOsliee 10 3HAKOM BepPOsTHO-
ctu B (1)— He 06s13aHO GBITh COOBITHEM, TaK KaK OHO fBJSETCSA IIe-
peceyeHHeM KOHTHHyyMa coObiTuil. UToOb 0HO GBLIO co6oiTueM, Oy-
JeM paccMaTpHBAaTh JHIIb HPOILeCcchl, BhOOpouHble (QYHKIUH KOTO-
pLIX cenapaGesibHbl B CJeAyIOIIEM CMbIC/Te: ecin Xs(f, )= x npH
t=(a, p) NA, roe A — HEKOTOPOe CYETHOE NJIOTHOE HA [0, o) MHO-
#eCTBO, TO Xs(f, o) = x ans Bcex { = [a, B).

W3 ycaosust (1) BhiTeKaeT, B YaCTHOCTH, YCJOBHE

kim Ps, x ({or x:(t, 0))=x})=1tivm P(s, x, t, {xh) =1 (2)

({x} — OZHOTOUCUHOE MHOXKECTBO, COCTOsINee H3 OJHOH TOUKH X).
TIpouecchi, BepPOSITHOCTH Nepexoja KOTOPHIX YAOBJICTBOPAT YCJO-
BHIO (2) LJs BCEX S, X, Ha3bIBAIOTCS CTOXACTUHECKU HENPepuLGHbIMU.

JJemma 1. Ecau npoyecc cToxacTudecku HenpepovlGen, TO
CYuecT8yeT CTOXACTUYECKU IKBUBAACHTHbUL emy cenapabenbrolll
npoyecc.

Jokasareasctso. ITocTpouM mnponece is(f, ®) caelyiomuM 06-
pasoM: % (f, ©) = X, eCJIH CyUIecTBYeT Takoe § > 0, uto xs(u, w) =
= x npn ue(t,t+8) N A; Xs(f, ®) = x5(f, ®) B OCTANbHLIX CIy-
yasx. O6osnaunm uyepea U, coObitHe X4 (f;, 0) =x:(f;, @), &, ;€

= (t, t+ 715)’ A={t;, t, ...}. BslfepeM [OC/IELOBATENBHOCTD
In, € A rakylo, utobul t < tnk <t —,]; . Torga
(&t )+, o) = U
3uaunr,
Py« (%0, 0) 7 2, 0)}) < lim P x ({8, 0) 7= x5 (£, @)} N UAp) <
< kl_i)rg Ps, x ({xs (fny, ©) 5 %5 (£, @)} N UAp) <
< lim Py, (%5 (n,, ©)5= x5, 0)) =

k>0

= lim Ms, «M;, xg (@)% {xt (t, ©) #* x; (t”k’ m)} =

k-»o0

k=» oo

— lim SP(s, %, 1, dg)P (b, 9, tay X — {y}) =0,



§ 2] OBIIHE CKAYKOOBPA3HBIE MAPKOBCKHE TMPOIECCH 397

TaK Kak tp, |\t 1 P (Y, y, tny, X —{y}) —> 0 paa scex y. OueBnano,

%s(f, ®) 6yZer MN3MepuMO OTHOCHTEJbHO o-aare6phl &;-coBhITHi,

NOPOXKACHHON COOBITHSIMH H3 G ﬂN:+1, rige Ni+1 nopoxaeHa
m " m

o t s =8
muoxectsom A Afk’ Afk e Sﬂt’;, t, = (t, t+46). Tocxompry & =Sy,

T0 Mepa P, » onpenesena u Ha &§. TokaxeM, UTO {xs (t, m),@f, P«
TaKkkKe SABJIAETCH MAPKOBCKHM TNpPOLECCOM.

[lycts E — npoussoabras ©i-uaMepuMas OTpAHHYEHHAS BeJH-
ynna. Tak Kak ©; comepxkutcss B momoanenun &f mo mepe Py
TO CymiecTByeT Takas Si-usMepumMasi BelHUHHA g, uto Py, . {t=E}=1.
TlostoMy upu u >t

M, &5 (%s (4, ©)) = M, (Bxp (x5 (1, ©)) =
= M,, ngt, x5 (F, 0B (%, (u, 0)) =M, &My, xg (F )1B (% (u, @)).
O1ci01a BHITEK2ET PABEHCTBO
P, ({x: (1, ©) & B}| &]) =Pt », 1, ({x: (4, ©) = BY).

Ho Torma, yunTHiBasi paBeHCTBO Ps x{x:(y, o) = Zs(4, 0)} =1,
y6exgaeMcs, YTO [OC/Ae/lHee COOTHOWEHHE BHIIO/HEHO, eClH (o *)
3aMeHuTb Ha F(-, :). H

Bynem npeamosarare, 4TO BCe paccMaTpHUBaeMble Jajee [pO-
flecChl CTOXACTHYECKH HeNpephiBHLI U cemapabeabHul. Haiinem ycno-
BYE, IPU KOTOPOM BLINOJHeHO (1).

Teopema 1. [Zlas Tozo urclo. cenapabeabrvil MmapKoBCKul
npoyecc 8 ¢pazosom npoctparcree (X, B) Obiar CTYnen4arovin, Heob-
X0OUMO 1 OOCTATOYHO BbINOAHEHUS Yycaosus: 0as 6cex s & [0, 00),
reX

clsim 11_____m Z P (tgl), X, tf’en—{)-l, X— {x}\_:o, @)
VO ax ("'2")-%”_)1)»0 S<tgn)<---<t’fz”)=s+5

83

caxosa 6ol Hu Goiaa nocaedosareasnocts pasbuesuil s =190 < ...
s <1 =548, 021 oropoii max ({§) — #2,) 0.

Jlokasareasctso. Heobxonumoctb. Ilycrs BHITIOJNHEHO YCJIO-
sue (1). Torna

Ps,x({m: xs(t, (o)=x, S<t<s+6})=

== lim Ps, {2 (), @) =x, k= I,n}=
max (P -#" ) >0

== lim
max ( t(kn)-tgzn_)_ ])-—>O k

P(tgllls X, tgl)’ {x}) =

=

i
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— lim TG —PER, x &, X — () <

max ( t%")—fg‘ll)-ﬂ) k=l

<exp{ — lim Z PR, x, £, X — {x})}.

max (tgen)-tsen—)l)_)o k=1
3HauuT,

lim Z PGP, x, 9, X —{(x)) <
max(t(n) £ )—>o
— InPy (o x(f, 0)=1x, s<E<s -+ 6}).

IMepexons k npeneay npu 6 0, u3 (1) moayuum (3).

JocTaTouHOCTb. HyCTb BbIHOJIHeHO (3) BrifepeM mnocJenoBa-
TeJbHOCTh PasbueHul s=tP << ... <tP =35+ 61aK, uTo6H
muoxectea A, ={", ..., t%2,} Mouoronro BospacTaiM ¢ n H

UAn=An(s,s+6) Torna

Ps ({x (¢ o)=x, s<I<s+8}) =
'—Ps,x({xs(t, 0)) ——-)C, tEAﬂ(S, S+6)})==
= lim P, ,({x, (¢, @) =1x, t = A, })=

= lim HP(tg”l, 19 {x}) =

n-»oo k=l
= lim I}(l Pt x, &8, X — () =
= li_mexp{ Z in(l — PR, x, 67, -—{x}))}, (4)

Ecau 6 Bh6paHo Tak, uTOOH

lim Z PEM,, x, £, X —{x}) <e,

iam 4
1o 1 lim supP(tk L ox, B9 X —{x}) <e u, 3mauur,
lim Z n(t =P, x, 1, X — {x})) >

> k=l

>[1+ 0(g)] lim Z Pt x, £, X — {x}).

n>o k=1

ITosTomy, yuutmBas (3), us (4) mosyuaem (1). B
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Paccmorpum B X AHCKpeTHYW TODOJOIHIO, Pk KoTopol {x} fB-
JSE€TCH HAMMEHbIIEN OKPECTHOCTHhIO ToukH x. Beakas ¢ynkuus Ha
X Ttorma Gyaetr HenpepoisHoii. M3 cooTHowenu#

Pes, x, t+h A=Pis, 5, 1, dpP(t, 4, t+h A)
imP(, g, £+ h, A)=24),
hvo

P(s, x, s+ h, {(x)hP(s+h, %, 1, A+
-+ S P(s, x, s+ h, dp)P(s+h, y, t, A)=P(s, x, £, A)

X—{x}

BLITEKAET, 4TO JJIA CTOXacTHUECKH HeNpephBHOTO mponecca
P (s, x, t, A) nenpepriena cnpasa 1 no s u nof. [losaromy u QpyHKuuA

oo

(et (PG, 5, 145, dpy gy at
0

HenpephiBHA cnpaga 1o s. M3 Toro, uto mpouecc CTYNEHYATHIH, BHI-
TEeKaeT, 4To Kayk[oe CBOe 3HAuyeHHe OH MPHHHMAaeT Ha HEKOTOPOM
HHTepBaJe, NpH 3TOM 3TOT HHTEPBAJ MOKHO CHHTAaTh 3aMKHYTBHIM
ciaera (rakum Oyaer mpoiecc, nocrpoeHHslfi 8 gemme 1). Oamako
3TO He rapaHTHPYeT HeNpephIBHOCTH Ipolecca CNpaBa, Kak NOKa3hl-
BaeT MpuUMep

x{{)==F npn ‘;T<t<?¢l:T: x(0)=0.

HenpepbiBHble cnpaBa B AHCKDETHON TOMOJOrMH mpoueccs GyAyT
o6si3aTenbHo cryneHuaThiMH. Onn ofpasyioT Gosee y3kuii Kjacc,
yeM cTymeHuaThle npolecchl. VX Mbl u Gylem Ha3wlBaTh CKa4k000-
pasubimu. B cuiy teopemsl 2 § 1 ckaukooGpasHblii npoiece fBJsfeT-
€Sl CTPOrO MApKOBCKHM.

PaccMOTpHM MapKOBCKHE MOMEHTHl Tn — MOMEHTHI R-FO CKauka
npouecca Xs(f, ®). OHH ONpenenalOTCa PEKyPPEHTHO CJEAYIOLHM
06pa3oM. T;— 3TO MOMEHT BbIXOJ4 H3 HayajbHOro COCTOSIHHS, OH
yKe onpellelien Bblle, B caly CcTporofi MapKoBOCTH onpejieseHa Be-
JHUHHA X(T1, ®). M3 ckaykoo6pasHoCTH mpouecca BblTeKaer Cylle-
CTBOBaHHe TaKOro mHTepsasa (T, Ty -+ 98), uto xs(f, @) = x4(71, ®)
npu t& (1, 11+ 6). IMyere 1o == sup[t: xs (4, @) = x5 (11, 0), 01 <<
< u << t]. Jlerko npoBepUThb, YTO Ty — TAKKE S-MAPKOBCKUH MO-
ment. OueBuaHO, T; << Tp. Ecau onpegened MOMEHT Ti—j, TO Ty OI-
penesnserca Tak:

Tp=suplt: x;(, 0)=x(Tp—, 0), Tp—; Ku <ft].

MoxeT 0Ka3aTbCsl, 4TO OpPH HEKOTOPOM k T4 = - oo, Torpa v; npn
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i >k pe onpenenexnl. He ompeneneno Ttakke u X(th, ©). Uro-

OBl mocTpouTh mpouecc (ero BeIGOpOUHbIE (YHKIHH) HA HHTEp-

Baje [s,sup Tx], JOCTATOYHO 3HATb [OC/JENOBATENBHOCTH Nap
k

{(th, %s(th, @), B=1,2, ...}

Teopesma 2. [locaedosarervrocts {t, %s(th, )}, b= 1,2, ...,
obpasyer, oobue eoeopsa, obpvisarouyrocs 00HOpoOHYto yens Map-
koga 6 ¢asosom npocrparcrge ([0, 00) X X, A X B), 2de A — c-ax-
eebpa bopenesckux mroxcects Ha [0, 00), ¢ 8epOATHOCTbIO nepexoda
3a o0un wae, onpedessdemoll US COOTHOUIEHUS

P(":m <t, xS(Tm, O))E Blrm’—l» xs(Trn—h (,))):
=Py (1, <1, (1, o) € B)|,_, , t>s, B=®. (5)

ﬂl/—'l’
=55 (Tp—p ©)

Hoxasareascrso. Jna noka3aTesbCTBa TEOPEMBl JOCTATOUHO NO-
Ka3aTh, UTO npasas yacTb (5) coBmagaer ¢

Pos({tn € 4, x,(tm, ©) = B}|EF__ ).
Ho B cuay ckaukoo6pa3HOCTH Npelecca HMeeMm

{tm <1, x5(ts, ©) = B} = U Uk [bh‘ {xs(fm—1+'2i7:®)=

Tt o < =1
= X (Tp—1, co)}]ﬂ {xs ('v,n-l-}—Q—kn, o) & B\ {x;(tp-y, (,))}},

Has Besxof 5i’rl_!-IIBMep!'iMO§I OTDaHHYEHHOH BeJHUMHBl £ B CHJIY
cootHomenns (18) § | moxkeMm sanucaTh

k—1
Ms,xg Z H%{xs(Tm—l'{—Q_in‘r m)zxs(rmml, @)}X

ko, i=1
“m-1tom <!

X% {xs (Tm-—l**"—;n_: 0)) EB\{xs(rm_l, (s))}}:

k—1
= Ms, xEMrm_l, Xg (T (@) Z H % {xrm_l ('Vm-l + 5%’ 0)) ——
k

i=]
Tm—-l'*';ﬁ' <t

’:sz{Tm“l; (’J} } 4 {xfm_l (tm-l + Ekn“» (D) e8\ {x.s (Tm—h (’))}} . (6)
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Tlepexons K mpeseay mpd #—> o0 CieBa, NOJYUHM
Ms. xgx {Tm < t: xs (Tmy (D) = B}'
3aMeTHM Tenepn, UTo

k=1

’}Ln;Mu,x Z x{xu(u-{—Q—i,m):x}X
u+‘—ﬁ‘<ti=1

k
Xx{xu (u+7, (D)EB\{X}}=
= Mu. x% {Tl <, xu(le (‘)) = B} = Pu. x {"71 <t xu(Tl’ (’3) = B}'
Taxkum obOpasowm,

Ms. xE% {Tm <t %(T, 0) & B} =
- Ms xg u, x{Tl < t xu(rl, )E B}]u=1 * !

m=1
=X (Tyep @)

Ckaukoo6pa3Hblli [POLECC HA3bIBACTCH  PE2YAADHBIM,  €CTH
SUp Ty = -+ 00 C BEPOATHOCTBIO Py x = |, KaKoBhl OBl Hil OBLIH S, X.

TMpuBeneM OMHO AOCTATOYHOE YCJIOBHE PeryJ/sipHOCTH.
Jemma 2. [Tycre cywecrsyer takoe 6§ >0, 4ro daa 8cex s, X

Ps,x{rl>s+6}>6~

Toeda npoyecc ABAAETCA peeyrApHOLM.
Horasareascrgo. Vicnoasayss TeopeMy 2, MOXeM 3anucaTb, 4TO

/IS BCEX N
Plt.—tu>0180 _J=P. {n>ut 8}, >8 (7
, x=Xg (Tpm—ypr @)
TTonomum &, =1, — t,—;. 13 (7) BEITEKAET, 4TO
P{Cn > GICI’ sevy gn“l}»>/6: P{§n<.61§1’ vy gn“l}<(l _6)

m
Has gaxkuporo us coOHTHH A,'p,,_, 1, = k@}{;ikgé} HMeeM OLEeHKY
P(A,-l",,, ,-m)<(1 — 8™,

Hanee, cobmrue {f,+ ... 4+ §,<C kO} Bjeuer omHO H3 CcOGhITHH
Ay iy 1< L0 <= <. TTosTOMY

P{Li+ ... +5,<k)<Ch(l —8)" "0

npH n— 0o, KaKOBO OBl Hu Obl10 k. 3mauur, Py , {7, <} -0 npu
n—>oc. H
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BriBeneM 0fHO WHTErpajibHOE ypaBHeHHe /sl BEPOSTHOCTeR ne-
pexoga cKaukoo6pasHoro mpouecca. Obosnaunm n(s, x, A, B) =
= Py, » (T € A4, 5(71, ®) & B) coBMecTHYI0 QYHKIHIO pacnpejeie-
HHS T; H Xs(T), ©). UMeem
P(s, x, ¢, B)=Ps s ({x;(t, 0) = B}) =
=Py, . ({x:(t, ©) = By N {r <)) + Py« (%, (¢, ©) = BIN{z > 1}) =

=% (M, e 5 5+ My, Hecals (25 ¢ @) =
=t (M, Kooy T M, Ko M, . (X5 (%, (t, ©))| &) =
=% IM, sy + M HecnM: xg (v, 0)KB (*: ¢, @)) =
=% )M %o s+ My XecnP (7 %,(7, @), ¢, B).
Takum o6pasoM,
P, x, t, By=yz(x)n(s, x, [t, 00), X)+

t

+ S S (s, x, du, dy)P (u, y, ¢, B). (8)

8

PaccMOTpHM Tenepb OAHOPOIHBIA CKaukoo6pasubift npouecc. [Las
TaKoTO npolecca BeposTHOCTb nepexona P (s, x, £, B) 3aBHCUT JHLIb
OT pasHOCTH {— S, KoTopylo 6yaem obosnauats P(f—s,x, B). Ve-
JOBHE CTOXACTHYECKOH HENpepbhlBHOCTH TEIepb MMEET BHJ

limP (4, x, () =1. ©

U3 TeopeMbi 1 BhITEKaeT, 4TO A/ TOro, uToObl cenmapabelpHbifi
OMHOPOAHBIN npolecc GBI CTyNeHYaThiM, HEOOXOAHMO H LOCTATOYHO,
4yTO6Bl BHINOJHAIOCH YCJIOBHE
1—Ph x, )

- < o0, (10)

lim

YO
Ecan 370 ycJjiOBHE BBHINOJHEHO, TO BEJIHYHHA T)-— S-MOMEHT BbIX0/a
¥3 HayaJbHOH TOYKH mpolecca Xs(f, w)-— HMeeT nokasaresbHOe pac-
npeiesienne, T. €. CYLIECTBYeT Takoe A(x), uto

Ps.x{rl >t+ S} =exp{—7"(x)t}'
Heo6xogumocTs yeaoBust (10) BhITeKaeT u3 TOro, 4YTO INpH
s=t<tP< .. <tP=s+8 h=1 —1l =8n
tim 3P @2, x5 &, X\ ) =lim (1=P (5. 5 X\ (8})) =
n-»oo
— 5 lim 1=F P————-(";’ IRCII
Y0
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M3 3TOro COOTHOLIEHHS MOXKEM MOJYUYHTb M AOCTAaTOYHOCTB YCJIO-
Bus (10), yuuTniBast TO 06CTOATENBLCTBO, UTO B KayeCTBE MHOMKECTBA
cenapabenbHOCTH MOXKHO B3STh MHOXECTBO BCeX JBOHYHO-PALHO-
HaJbHBIX uKces. [agee,

Pos{n <t+sy=1— lim (P (57, =, {x}))kn=

n-yce

=1—tim(1 +[P (g7, x (1}) — 1])""=
=1—exp{l_i_r£1§—,’i(P (-21—,1 X, {x})— 1)}=1—exp{— A (x)},
rie A(x)=liﬂl-———P—(—%—ﬁ{—x}—)-, k,=[2"—1]41, [:]— uenan
iyo

YacTh YuCNA.
Ilycts Temepb mpouece X (¢, ®) ckauxoobpasunlit. Torna

P {11 <t-+ s, x(7,0) = B} =nll>nzo Z Ps,x{xs(s%—?’;-;, m)=

E<to®

—x,i=1, ..., k—1, xs(S—*-';n“, co)EB\{x}}=
i 3 [P (e )] P e )

n~» o0
r<te®

1

1 —P*n = %, {%}
=limP(—217,x,B\{x}) (12 ),

Bo>eo 1P (g = 51)
npHuYeM STOT NOpeles CYIUECTBYeT. 3HAUMT, CYIECTBYeT U Ipefe.

1 1

Pl—=7, x, B\ {#} P{—=, x, B\ {*}
lim (2n ) = lim (Qn )

npoo | P(';T: %, {x}) S P (-21—,1, % X— {x})

OGosHnauast aror npefena n(x, B), moJayuuM
Ps x {11 <t-+s, x,(t, o) € B} ==n(x, B)(1l —e=?W).  (11)

TakuM o6pazoM, T; H X,(T;, ®) HE3ABHUCHMHI.
3ameTuM, uTo T M. , [t; — s] — cpennee BpeMs npeGrBa-

Husi B cocTOsiHHH X. Ecaum A(x) =0, 10 Ps«{ty >t+s}=1 aasa
BCEX §, T. . MPOLECC HAKOTAA He NMOKHHET COCTOSTHHSA X, eC/IH TOJIBKO
OH 6Ll B 3TOM COCTOSIHHM B HAcTOALIMA MOMeHT. Takoe COCTOsiHHe
Ha3bIBACTCA NO2AOUAIOUYUM.
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PaceMotpuym BedHUHMHBL {Tp, X5 (T, ®)} B OAHOPOAHOM cayuae.
®opmyaa (11) mo3BossieT ¢ NOMOIBIO TeopeMbl 2 MOJAYYUTh 3[eCh
GoJiee CHJABHOE YTBEPXKIEHHe, yeM B TeopeMe 2.

Teopewma 3. Ecau y npoyecca oTcyTcT8yiOT no2A0UQIOUUe CO-
CTOAHURA, TO NOCALO08ATEAbHOCTL {Xn () = X5(Tn, 0}, n =1, 2, ...}
o6pasyer 00Hopodnyro yeno Mapkosa ¢ 8epoATHOCTbO nepexoda
n(x, B):

P {xn ((’)) EB !xn—l (u))} |x =n (xn—l ((D), B),

a sesudursl [y =T1,—S, Lo==Tg—1T1, ... YCAOBHO HE3QABUCUMDL,
ecau sadanst {xn(w), n =1, 2, ...}, u umeror nokazaresrvHoe pac-
npedeaerue:

P {Ze > tlxp—1 (0)} = exp{— tA (x5—1 (0))}.
Jloxkaaareavcreo. B cuay teopemsl 2 u dopmyan (11)
Po,x{te >t @Bl ..y Le-1, X1 (0), -0, tp—1(0)} =

=Py, {v1 >t -+ u, x,(7(0) € B}| =

u=tp_,
x=Xp . (©)
=7 (¥4 (), B)exp{— A (xz— (@))}.
CJjefoBaTe bHO, COBMECTHOE pacnpenetenne BeJMdHH Ci, ..., Cn,

x1(®), ..., ¥x(w) 3anaercs GopMmyJoi
PS.X{EI >tl7 €2>t2, DR €k> tkv xl((’))EBl’ ] xk((‘))EBk}=

: :
- Sn(x, dx,) ... S 7t (%1, dxk)exp{ — >t (xi-l(m))} (12)

B, By

(ko(co) = x). U3 s10#l Qopmyanl, nosaras ¢; =0, HaxonNM

Porlti@ &8, ..., @) =B = (s, ax) .. | nlnny, du),
B, By,

OTKyJa CJeLyeT, 4To Xx(w) 06pasyioT OJHOPOAHYIO Lenb MapkoBa

¢ BeposiTHOCTBIO mepexopa ni(x, B). Kpome Toro, us (12) MOxHO

HafiTH YC/IOBHOe pacrpejeleHHe BeJHuHH Gy, ..., Cal

Ps.x{§1>th v §k>tk|xl(w): sy xk((l))}_——:
k
=exp{— z‘z=:l Y3 (xi_l(m))}. [ |

Ilenb Mapkosa {xx(®)} HaspiBaeTcs BA0MEHHOU yenvlo Map-
K08a I/ LaHHOTO Ipoliecca.
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3ameyaHue. FEcau x— morsiolliaiollee COCTOAHHE, TO {f ==
= + o0, x;(w) He onpeneneHo. [Tosoxum aas Takoro x n(x, B) =
== yp(x) u Gylaem cuurate, uT0 Xx(®) = Xs-1(®), L = + oo, ecan
xr—1(w) monajo B poryoliaiollee COCTOSHHE, Torna {xx(w)} mo-
npexHeMy 6yjeT OJHOPOAHON 1enbi0 MapKoBa ¢ BEPOSTHOCTBIO ne-
pexozna w(x, B).

Ecan nepenucarts cooTHoulenne (12) B BHIe

Po 0 <ty oony Lo <lp xnweBs, ..., xk((‘))EBk}:

k
= {nle, do) ... §alne, do) [[0—expi=tdlam @),

B By i=]

1

TO OHO 6y,ILET crpaBelMBO M IpH HaAHTHA NOTJICHIAIOWIHX CO-

CTOSTHUH.
OTMeTHM ellle, yTO ypaBHeHHe (8) IJIs BepOATHOCTeH nepexona
B OJLHOPOJHOM cJlyyae HMeeT BHI

P (t’ X, B) == ¥B (X) exp{—" th ()C)} +
t
42 (%) S e=h (9 ds S a(x, dg)P(t—s, y, B). (13)
0
Ecau A(x) orpaHuueso, To METOJLOM MOCJIE10BATEIbHBIX npuéanKe-
HMHl yCTAaHABJIMBAeTC CYyWIECTBOBaHHE M eIHHCTBEHHOCTh PCIICHHA

(13). Kak BbITeKaeT M3 JIeMMbl 2, IPH 3TOM TpPEANO/NOXKEHHH MPO-
mecc GydeT PeryJaspHBIM, TaK Kak

P, {1, >s+ 08} =e & =gt
[pusesem ofliee yc/OBHE PEryafpHOCTH mpolecca.
Teopema 4. JHaa 1020 4r066L 00HOPOOHLUL MAPKOSCKUL nPO-

yecc 6bia  pecyAspHoLM, Heo6xo0umo u OOCTATOHHO, 41066l 0AA
scex s, X

o1
Psx —_—=+ ::1’ 4
. {;h(xk @) °°} (14)

20e x, () — saomennan yens Maprosa.
Jlokasareasctso. Taxk Kak

M, « (e_mk kaﬂ ((’3)) =

o0

=Se*%ukmmn*”%ﬂm“w=
0

A(xg—y (@)
AT (5 @)
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TO

A (51 (@)

Mo (@), o m@) =[] Gy

k=1

e=hs. (15)

TMosToMy, ecan t* = SUp 7, TO

AT s =1 (@)
MS x€ ™ e—h Ms, H————————-} l.(x —1((’3))

(e~ =0). Tlepexons k mpemeny npu A | 0, mosyuaem

RO
Ms, xX{T*<oo} }’IE} H A -+ l I(m)) (16)

Ho nerko Bumers, uTo

1
1, ecan —————— < 00,
. A (5 @) [ ,; A (% (0)
lim H 3 =§

Ay0 T4 (% (0)) 0 i
, €c S S .
" kZ TEAC) B

3maunr,

Ps.x{r*<°°}=Ps.x{kZﬂm<°°}~ = (17)

§ 3. OpHoponmHble MpoueccH
CO CYETHBIM MHOXKECTBOM COCTOAHHI

B stoM naparpade paccMaTpuBaiOTCst OAHOPOZHBIE ITPOIECCHI
B cyeTHOM ¢asosoM npoctpaHcTBe X. B 3TOM ciyuyae eCTeCTBEHHO
0TOXAeCTBHTE X ¢ MHOXKecTBOM N BceX HaTypaJ/bHhIX uucel. Ecau
o-aarebpa B cOmepXKHT BCe OAHOTOUeyHble MHOMKECTBA, To OHa CO-
IEPIKHT BCe MOIAMHOXKecTBa N, MOCKOJbKY JI060e TaKoe MHOXKECTBO
ABJASIETCS] CYMMOi He 6OJiee 4eM CUETHOrO YHcja OJXHOTOuYeyHHX. Ha
5TOM e OCHOBAHMH JOCTAaTOYHO 3HATH BEPOATHOCTH Hepexoja
P(t, x, B) auwb B TOM cayudae, korja B oxHorouedHo. OGLIYHO HC-
NOJIB3YIOTCA 0603HAUYEHHS

P, i (i =py ).

dyukuuy pi;(f) Takke HA3LIBAIOTCH BEPOATHOCTAMH mepexona. Hs
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06X CBOACTB BeposTHOCTe! nepexoga (cM. ra. I, § 4) BniTekaer,
YTO OHH YAOBJIETBODPAIOT YCAOBHAM:
1) pij(t) =0, =0,pi(0)=8i; (b =1,i=]; 8;=0,i5):

2) igN py)=1,
3)mput>0,s>0
pii(t+s)= k;v Pir () Pry (s)

(ypaBuenne Uenmena — Koamoroposa). Mu Gynem Takxe Npeamno-
Jlarath, YTO NPOIECC CTOXaCTHYECKH HEeNPEepHBEH, T. €. 4TO BLINOJ-
HEHO yCJI0BHe

4) 1i H=2s,,.
) t‘fg””() 1

Hrorga samensitor yciosue 2) Gojee cnabbIM:
D py <1
jeN

Cryua# /Z pi; () <1 MOXHO HHTEpPNpeTHPOBATh CJAENYIOWMM 00-
eN

pasoM: CHCTeMa, HaXOAAMAACA B HEKOTODHIH MOMEHT BpEMeHH B
{-M COCTOSIHMH, C TIOJOXHTEJIbHON BepOSITHOCTBIO, paBHOH | —

— Z Pij (t), yepe3 NpoMeXKyTOK BpeMeEHH ¢ OTCYTCTBYET B (paSOBOM
jeEN

npocTpancTre. MubiMu caoBaMu, B $a3oBOM NpPOCTPAHCTBE He XBa-
TaeT TOYeK /sl OMHCAHUA BCEX BOSMOXKHBIX COCTOAHKM cHcTeMBl. [Ipo-
1lecchl MOAOGHOTO THIA YCAOBHMCS Ha3bIBaTh HECOGCTBEHHbIMU MaAP-
KOBCKHMH TIpolieccaMH. HeTpyIHO 3aMeTHTb, 4TO, npubasass k da-
30BOMY [POCTPAHCTBY HEKOTOPOEe MHOXECTBO TO4YEK, MOXKHO A00M-
peleJuTh HeCOGCTBEHHBIH MapKOBCKHH MNpOIeCC, HEe H3MEHsAs IpH
9TOM 3aJaHHBIX BepOSITHOCTEH nNepexojia, NpeBpaTHB e€ro B Map-
KOBCKHH mpouecc B cobcTBeHHOM cMbicae. llpome Bcero 3rtoro
MOMKHO JOCTHYb ApDHCOefMHeHHeM K (as3oBOMy INPOCTPaHCTBY Ol-
HOro <«I[OTVIOMIAIOIEro» «BecKOHEYHO [AaJ/eKOro» COCTOSHHA «00».
TTosoxum

N'=NU{=}, pi=1—= X pu(®),
P, ()=0, ieN, p, @)=L
Jlerko y6emuTbCsl, UTO COROKYNHOCTb BEDOSITHOCTEH MEpexoia
Py} 4 jeN,

o6pasyer npolecc Mapkosa B coGctBenHoM cMbicie. [las Iokasza-
TeJbCTBA NOCTATOYHO MPOBEPHTH TOMLKO BLIIOJHHMOCTb YCAOBHA 3).
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Hmeem
Pult+9)= 2 pia®pui)= X pi,() Py (8) 1) o fs) =
2 Pupals), b JEN,
Poy(t+5)=0=_ Z Peoi @) Poy () + 1y s (D) Py, (8) =
= X e, Opyls), iV,

P EF ) =1= 2 Do ()P, (8) F Pooes () P (6) =
= X PPy (9),

as=N*

Pic t+sy=1- a;Npia t+s)=1~— aéN ﬁ;/vpis (® Pgo. (s)=
=1= Z ps® X p@=1— T py0(1~pye(s)) =
=Pinl)t 2 PipO) Py ()=, (1) Py () -+

+ 2 P 0P =T 1015 (5):

Taxum o6pasoM, HecoGCTBeHHBIE npoLeccH MapKoBa, 110 CyTH, He
pacuupfoT Kaace npoueccoB Mapkosa. B yactHocTH, ofiiiie cBOM-
CTBa NepEeXOJIHbIX BEPOSTHOCTEH OJHOPOAHBIX NpoueccoB Mapkosa
SIBJIAIOTCS TAKXKe CBOHCTBAMH MepexXORHBIX BEPOSATHOCTEH B Heco6-
cTBeHHOM nponecce Mapkosa. Boiee Toro, mist HeCOGCTBEHHBIX MpPO-~

neccoB BeJIHYHHA
P H)=1— vaw(n

e/

o6sajaeT TeMH K€ CBOKCTBAMH, 4YTO H BEPOSITHOCTL mepexoja
Piq (1), o & N. MoxHO 3aMeTHTb, YTO BeJIHUYHHA pPic(f) sABASETCH
MOHOTOHHO HeyOmIBalomel GyHKuueH. JlefCTBUTENBHO, KaK MMl
TOJIBKO 4TO BHIEJH,

Pio (t+ s)= p,w<t)+2piB O pgu(s)=p (),  s>0.

B cuny BblmecKasaHHOTO MBI B Jla/bHEHIIEM OTpaHMYMMCS pac-
CMOTpEHHEM MapKOBCKHX NPOLECCOB B COOCTBEHHOM CMLICJE.

Y CTOXacTHYeCKH HeMpepLIBHOTO NMPOLECCA NEPEXOJHbIE BEPOsiT-
HOCTH PaBHOMEPHO HenpephlBHBL npH { = 0: a1 s > 0

Ipiy (4 9)—piy (1< Z 1pia (8) = de | pay () <
Sl I)”(S)-{" Z pzk(s)_Q(l pii(s))
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U, 3HAYHT,
[ iy (1) — pij () | K2(1 — pi (18—t ).

Kak suaum, p;;(f) paBHOMEPHO HeNnpepEIBHLI PaBHOCTENEHHO [0 j.
PaccMorpum BOTpOC O CYLIECTBOBAHHH NPOM3BOANHEIX ¥ QYHKIHH
pi;({). CHauana mnokaeM cylLlecTBOBaHHe MPaBbIX MPOH3BOJAHBIX
B Toyke 0.
Teopema 1. Bceeda cyujecrsyioT Koneurvie uiu becKouneunoie

npedeast
. Pij (h) — ‘5;’,'
ai]' = lim _‘T—_‘ .
A0
Ecau i=%=], 170 a;; KOHeHHO; @;; AUOO KOHEUHbl, MO0 a;; = — 0,
i] i ’ ii y
B0 B8CEX CAYHAAX > ;<< — ;.
f#i
Horazareascrgo. [lyers i=7j. [Tosoxum
1 — P (h)
h>0

1— P (fo)

(Moxer OwTh, s=-4 o). Eciau c¢<s mu > ¢, TO Upu

tO
- :0-1 <t < i—;’ yuuTHiBas HepaBeHCTBO py; (¢t h) = pi (f) pus (h),
0yieM HMeTb

¢ < -t—l— (1 —[pu (N pii g — n7)] <

L=[py O+ (A —pylg—nm)) [t—p; @0 | 1—p;E—n7)
nt < nt + to ’

<

[lockonbky npu ©—>0 #y—nt—0, p;; ({, —nt)—>1, T0

1 — Pii (T)

lim =c,
— T
Ty

KakoBo Onl Hu Onl10 ¢ < 8. Tak kak
— l—=p,. (1)
H 123
11m——T—— <s,
Ty 0

TO H3 HTHX JBYX COOTHOIIEHHH BHITEKAeT, 4TO
l—p.. (T 1—p.. (A
lim———~p“~(—)—=su 1z .
Ty 0 T h h ’
[Mycrs is~j. BuiGepem & Tak, uto6b npu 0 <s<<nh <98 Bh-
NOJHANNCh HepaBeHCTBA py;(s)>c¢, p;(s) >e¢, rtoe 12<c¢<I.
MMycts {E,, £=0, 1, ...} —uenp MapkoBa ¢ (a30BbHIM NIPOCTpaH-
cteoM N H Bepomuocmo nepexoza sa OAMH wmar p;; = p;(h).
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Torna
p,;(nh)=P{§n=J’I§o=i}>

Z P{E&i75), ovvs G125, B=illo=i} PP & =181 =/}

n--1
Py L PEHT o bl B=il8=1).
Ho
P{gl:;&j:'--’ gr—l#]’, Er=tlg0=l}=P{§r=Ll§0=l}—
_l;rp{gl#j’ ""gl—l#]., §z=]|§o'—=l}P{§,=ll§1=1}>

Ze—(l=0 LPEs~) o0 b b=ilG=i} 22— L.

3uayut,
pij(nh)Z=c2c— )np;; (k).

IMycre £ <8, £ <9, n=[7] (nesnast wacts). Torga

(D)

A TS c(2c—1) [t—]h
h

ITepexona k mpefesny npu A} 0, noayyaem
p;/ ( ) 1 pz] (t)

L‘f} F o STee S <™
IToatomy

—_ 1 t

lim p,,h( ) < lim Py ) .

Ho BriGopoMm ckoJb yrogHo MaJjoro 6 MOXKeM CHEJdaTh ¢ CKOJb
yrogHo 6.u3kuM K 1. 3Hauwr,

— p; (R (¢

hvO vo

tim 240 g 2@
By 0 By O

Hanee, ecin Ny < N — 060e KOHEYHOE MHOXKECTBO COCTOSIHHH, HE
cojepxaluee i, TO

1—p,, (b 1
—== ), 5 rul),
ieN
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OTKYAa — a;; = Z @;;; 3HAUMT,
jeN

1

—a; => Z ;-
js*=li

C nomoIbI0 BEeJHYHH @;; NPOU3BOLHTCS KaacCHDHKAUHs CO-
crosiiufl mpouecca. CocTosHHE [ HA3LIBAGTCH MEHOBEHHbIM, eCJIH
Qj; = — ©O; B NDOTHBHOM CJy4ae OHO HA3BLIBAGTCS HEMEHOBEHHbIM
HIU 3adepocusaroujum. HeMIHOBEHHOE COCTOsIHHE | Ha3biBaeTca pe-
2YAAPHBIM, €CIH

Z Qi = — Q.
f&i

B nmpoTHBHOM caydae OHO HA3BIBAETCS HeEpecyAApHOLM.

ITycTp coctosinue i HemMrHOBeHHO. Bynem mpeamosarath npouecc
cenapabenbHBIM. Torga MOMEHT { mepBOro BBIXOJA M3 COCTOSHHS i
HMeeT rokKasaTelbHOE pacnpefeseHue:

P{L>1tIx 0, o)=i}=1lim P {x;(t;s, 0) =1, k=1, ..., n},
n-»oo
rae O0=1,<t,< ... <t,,=t u max(t,,; —t,,) =0, MHOKe-
crBa A, = {t,1, .. ., Ins~1} MOHOTOHHO BoapactaT u U A,=A N[0, 1],

rie A — MHOXecTBO cenapabesbHocTH. IloaToMy
n
P{E>11%0 o) =i = lim I pi(tw — tu-1) =

= EXP{ lim Z Inpy; (tne — the—1) } =exp {a;t},

n>c k=]

Tak KakK Inp;; (L —toe—1) ~ pis (tan — tar—1) — 1 ~ @y (b — fop—1).

[Ipexnonioxum Tenepb, 4TO Mpouecc HENMpepLiBEH CnpaBa B MO-
MEHT { nepBOro BBIXOAA M3 PEryJsipHOTO cocTostHHs i, Halizem pac-
npejieneHHe BeJHUUHB! Xo (L, 0). ViMeeM

P{x(C ©)=17]%(0, 0)=1i}=

=,3iflop°"{lgj {xo (52 0)=is ..., o (5ot 0)=i, % (4 w)=i}}=

(=]

1
— i Y (] () = i ) e
1 ”ii(2")

kws]

TakoB BepOATHOCTHHIl CMBICA KO3()GHIHEHTOB ajj.
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Paccmorpum tenepb anddepeHuHpyeMoCcTs BepOSATHOCTH nepe-
xoma npu ¢ > 0. Ecan { — peryasipuoe cocrostitie, To nps o >0
Pyt -+ h)—py ()= Z; [Pir (B) — 0] P (t) =
= (pu(h) — D py )+ k;i pie (1) pi; (B).
BuiGepeM Taxkoe KOHeuHOe MHOXKeCTBO N, He copeprkauiee i, UToOH
—Q;; — Z a; <.

feN;
Ecan A HacToabko Mano, HTO

1 —p,; (W) pi; (A
IECHINUHPHE | CTLNH P
jEN,;
TO
pi () 1=py(h) pij (1)
A h + Z h <
Ts£i, laN jEN,
1 —p,, () piy (A)
<_ait+zai]+1—__h“——+aii +Z ”h "aui<33=
jEN JEN; .
TTostomy
pij(t+h)—py (B pi; () —1 Py (A)
Rk DR L pk,<t>|<
ke N,
Pin (1)
< ), e (<3
ki
ke Ny
CJenoBaTe bHO,
Py b+ 8 —py; (D)
4 7 i _aiipij(t)'_ Z aikpkj(t)|<58-
k=N,
TTockoabky Z_ aipr; () < Z Q= Qy; — a; < e, TO
ki REN, boki, EZ N, jEN
py (t+ ) —py; ()
. i 7 M —Zaikpk,-(t)l<63.
. o o d+P1](t)
Orciona BHTeKAeT CyMeCTBOBAHHE NPaBOH NPOHSBOLHON —

H paBCHCTEBA
atp,; (t)
—"‘étl—“= Z aixPr; (8).

Takr kak upapas 4acTp 3TOTO paBeHCTBA HenpepriBHAZ, TO W IpaBas

d¥p;, (8)
IpousBogHast —é—;"‘—' TOXKE HeOpepeiBHA H, cnea1oBaresbHo, COB-
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najaet ¢ ol0siuuoii nponssoiHoil. Takiy o0pasoM, AoKkasauo coor-
HolueHHe

dp, ,
pj "Zaikpk;(t) {1)

Teopewma 2. Ecau ace cocrosnus npoyecca peeyasipHsl, 70 8-
posinoctu nepexoda p;;(t) (i, j & N) ydosaergopsior cucteme ypas-
nenud (1), nocawell nazsanue nepsoi {(obparnod) cucremsr {{o.a-
Moeoposa.

ITokaxeMm, uTo cucteMa ypaBuenuit (1) HMeer Bcerga pelueHue
prj(t), yoos/iersopsiloiiee ycaoBHAM 1)—4), ecau T0abK0 K03dhdu-
IIHEHTBl @i, YILOBJETBOPSIOT YC/JAOBHAM:

1) —aii>0,‘aik>O, k=1 2) ;aikzo-

IT0 pellleHHe MOXHO [OCTPOHTH C NOMOILBIO MeToia [10CJdeH0-
BaTenapHbix npubauxenuit. [as storo nepenuiiem (1) B Buie

t
Pij (t) = 51;0a”t + S eaii (t=s) Z QP (S) ds. (2)
3 Bomi
(TTockoabKy
dp,, (1)
_"%"— npzj Z aikpkj
k=i
TO
4! %[Pij(t)e_a”t] == kZ: aixpr; (1),
=i
d —dy; —a
——[pije ] = g7 eu® Z A1y (8).
Eti

Hurterpupys 370 cootHouweHnude ot 0 mo ¢ u moayuum (2).)
[MonoxuMm, paJgee,

pij () ="8,,", (3)
t

PO =0, 4 () T a i (s)ds (>0, (4)

H Py
Torga
P () — p (t) = Se 1 (=) Z a,,pQ) ds, (5)
ki

¢

(n+l ()_pn) ; Sea”t s) Z ‘k[p (s)—p(n D(s )]dS (6)

Bk
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W3 coornomennit (5) u (6) Burekaer, uto 0<< (“(t) P (<

- <pP (9. Hanee, ecin st (t)=;p(i';’ (), To u3 (3) u (4) Bu-
TeKaer
sP (t)=e“n'<1

s (1) =it 4 Se i (E=9) Za sE(s) ds <

t ¢
t - t -
Le't' 4+ Sea”( DY ay ds=e1t' —ay S 179 ds =1,
0 ki 0
ecrn Toabke PP (f) << 1. CnenosaTensbHo, A9 BCEX 7

2P O<L.
7
Tlo3TOMy CYIIECTBYIOT NpeneJsl
GES lim P (2). @)

Tlepexons K npeneay B cootHouweHun (4), y6exnaemcs, uto fi;(?)
yroBieTBOpsiloT paBeHcTBY (2). IloxaxeM, uto p;;(f) aBaswores
HaHMEHbUIMMH HeOTpHIlaTebHbIMH pemenusmu (2). [Tyctb pi;(f)—
HEKOTOpoe HeoTpHlartesbpHoe pemenne (2). Torma

B, (1) =8, =pf (1)

Ecan p,, () = p}~ D (f) upu negotopoMm n >0, ToO

By (2) = 0,11 + S @ (=9 Z a,,pi" (s) ds = pi (2).
Eei

3uauur, ﬁ”(t)>p(i';)(i) st Bcex n. Ilepexons K mpeneny, moJay-
yaeM p;; () = p;; (). IT0 pemenne p;; HA3LIBAETCS] MUHHMAJbHBIM.
Ipexne uyem BuiBecTH ypasHenue Koamoroposa — Yenmena, mnosay-
yHM 1J5 py; (f) HeKOTOpOe mpencTaBjeHHe.

Hcnoabays pekyppeHTHBle cooTHoueHus (4), MoxkeMm yb6enuThed,
4To

n
(n) — al-t
piy (=8, + ), D G, e Gy X
r=1 kil
kzqkk‘, ceuy kr—l#:kr—:’

X S exp{aus; + azpSe+ ... +a,_p,_ S+
b ks, <t

+ayt—s— ... —s)}ds, ... ds,
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(cuuraem k,=1i). [ToaTomy

oo
= a;;t
iy (t) = 6,;e" 0 + Z Z Qigy oo v Qe X
re| kizki
hythy e Ry AR,

X S ekp {ausi+ ... + e, S+

sl+s2+...+sr<t

ta;(t—s;— ... —s,)}ds; ... ds,. 8)
O6osnauum uepes II(f) wmarpuny [p;(f)l; nyers ===
4 .,
= —E:Z-’ l#]" AMi=—ay, II=|n;l, A=[A8;|. Torna (8)
MOXKHO %epenlnai]*’b TaK:
I (f) = le=*A +

+3 g e SMATI T AATL L, e~ (S ms) A g L ds. (9)

re=| sl+...+sr<t

(I — exvuuunas marpuna).

®opmyaa (9) nonmyckaeT mpOCTYIO BepOSITHOCTHYIO HHTEprpeTa-
unio. [lyets {#n(w), n=0,1, ...} —uens MapxoBa ¢ ¢a3oBLIM
npoctpancTBoM N M MaTpHleH BepOSTHOCTEH Mepexona 3a OLHH
war [I. PaccMOTpHM [0C/I€X0BATEJIbHOCTh CAYYAHHBIX BEJHUHH
€1, L2, ..., CBA3aHHLIX C Llenblo MapKoBa, COBMeCTHOe pacnpenee-
HHEe KOTOpBIX MPH 3alaHHBIX Xo(®), X1(®), ... COBnagaer ¢ pacrpe-
Le/IeHHeM He3aBHCHMBIX MOKa3aTe/bHbIX BeJHYHH, [IPH 3TOM

P{e> t1x(0), xi(0), ...} =exp{—2s_ wi}.

Hpyrumu cnosamu, {x,(w)}— BJIOKeHHad Nenb MapkoBa aas npo-

liecca, BEPOATHOCTH NEpexofa KOTOPOrO Mbl XOTHM [OCTPOHThb, a

{1, Lo ...} —BpeMena npeGriBanus B cocTostHuAX. [Tycts £ (¢, 0) =
n

n+1 0
= X (0), ecnu kZ:l L <<t< kz Ty (Z == 0). [pouece X (¢, @) onpene-
‘ = =1

1

oo o0
JIEeH Ha [0, Z Z_‘,k) " ToCJe MOMEHTa ng obpriBaetca (HJIH MO-
k=1 k=]

XKHO CUMTaTb, YTO OH MONAfAeT B NOIJIOUIAOIIEe COCTOsHHE + ©00).
O6o3Hayum

r r+1
qu(t)=P{2(t, O)=j Nt:<I< L ulz, w)=i} (10)
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(BepOATHOCTL HEPelTH H3 i-rO COCTOSHHUA B j-€, COBEPHIHB POBHO f
nepexonos). Toraa

gy (1) =0,e”"™,

(r) __ —A;s —Aps
g;; () = Z S e Ty e R g T g, XL
Ry ey By Syboo s <t

—hj (t=sy

—hy s, sr)
. Xe r kkrnkr]-e dSl SN dSr.

TaxuM ofpasoM, obosHauas QU (f)=|q\) (f)], moxem (9) nepe-
NHCATh B BHjE \

() = Y, Q) (#). (11)

r=0

Hcnoassys pasenctso (10), Jerko HOJYyYHTDL

g%} (1) Z }r]P{ (t+u 0)=] X, 0)=4&,

=0
] 41 r r+1 _ .
PEa<t< Nt X L<<u< X %0 OJ):l}:
m=1 m=1 a=l+41 n=I+1

=2 X a0 e (W,

Q¢+ 1) = X 00 () QY (@,

Tlostomy

o0

M+u=3 @ t+0=3 ¥ e00Qr ()=
= 2 Q" ()@Y W =11

q=0

TeM caMbiM aas pi;(f) ycranosseHo ypaBHenne Kosamoroposa —-
YenmeHa.

Bomnpoc 0 eIHHCTBEHHOCTH pelleHHA nepBoit cucTeMbl Kosimoro-
poBa C HauaJNbHBIM ycaosueM pi;(0) == 8;; HemocpelICTBEHHO CBs3aH
C pery/ispHOCTbIO npoiulecca. [leACTBHTENbHO, 3aMETHM, 4TO A7
€JIMHCTBEHHOCTH PelieHHsT AOCTATOYHO BLIMOJHEHHS yCAOBUS

Zjl pii () =1 (12)
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(BepOATHOCTL HEPelTH H3 i-rO COCTOSHHUA B j-€, COBEPHIHB POBHO f
nepexonos). Toraa

~tA
q(;}) (t) = 0,e i

GEIDY

Fpoor k

—A;s —Ap s

e TN e R Ty, XL
p SyEeEs <t
—Aj (t—sl- ey =8

—Ay S
k )
PR >< e r r}\'k,ﬂkrfe r dSl e dSr.

Taxkum o6pasom, oGo3Hauas Q(’)(t)=|1q(i'/’(t)|{, MoxeM (9) nepe-
nHCaTh B BHAE \

() = Y, Q) (#). (11)

r=0

Hcnoassys pasenctso (10), Jerko HOJYyYHTDL

-

=22 2 {fc(t+u,m>———f,£(t,co)=k,

=0
] 41 r r+1 _ .
Dtn<t< Nl 2 L<u< X xﬂw):l}:
m=1 m=1 a=l+41 n=I+1

=2 X a0 e (W,

QU (t+u)= 2 Q" Q" w).

Tlostomy
I (¢ +u)= Z QP (t+u)= Z ;0 QY (1) Q=1 (u) =
= ), QO (1) Q) (u) =TI () IL (u).

r=0
q=0

TeM caMbiM aas pi;(f) ycranosseHo ypaBHenne Kosamoroposa —-
YenmeHa.

Bomnpoc 0 eIHHCTBEHHOCTH pelleHHA nepBoit cucTeMbl Kosimoro-
poBa C HauaJNbHBIM ycaosueM pi;(0) == 8;; HemocpelICTBEHHO CBs3aH
C pery/ispHOCTbIO npoiulecca. [leACTBHTENbHO, 3aMETHM, 4TO A7
€JIMHCTBEHHOCTH PelieHHsT AOCTATOYHO BLIMOJHEHHS yCAOBUS

Zjl ﬁii(t)=1 (12)
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st Beex i, 1 >0 (p;j-—— MuHUMaJdbHOe pelienue). JelcTruTEIbHO,
ecsin p;;(f)— Epyroe HeoTpHiaTe/bHOe peIIeHHe, AAf KOTOpOro

ZPi}(t)———‘l: 10 py; () — p; (H =0 n
Zj:(pij(t)_ﬁij(t))=1""l=0.

3uaunur, py ()= p;; (). Ho us (10) sbitexaer

00 r r+1
% ps0=%P{ T r<i< iz w)=i}=
7 E=1 £=

r=9
=P{Slrlpk§1€k>f|)—6(0, o>)=i}=P{k;§k>tlfc(0, m)-—r—i}-

TTostomy ycsoeue (12) 3KBHBaNEHTHO pEry/asApHOCTH npolecca.

B cayuae HeperyJlapHOCTH IIpolecca MOXKHO IIOCTPOHThL M ApYyrue

pelnenust nepeoil cucteMs Koamoroposa. ¥YkameM JHUIb OJHH CIIO-

co6 TaKOro MnocTpoeHus. 3aiajuM NPOU3BOJbHBIE BepOSTHOCTH Pr,
o0

> ps=1u 6ymeM cuuTaTh, YTO B MOMEHT Z Zp (ecad OH KOHeueH)
k=1

npolecc ¢ BePOSATHOCTBIO pp, lONajaeT B COCTOAHHe k. [l Takoro
npoiecca BepOATHOCTH nepexojga OyAyT YROBJETBOPATh CJEAYIO-
ILEMY YpaBHEHHIO:

pij(t)=P {x(f, 0)=], Z€k>tlx(0, w)=i}—|—

k=1
1
+ZSP
[

0

{ jngdS“E(O: m)=i}p,p”(z‘—s) (13)
k

(MoxeM mepeliTH u3 [ B | 38 KOHEYHOE UHCJIO CKAauyKoB JuGo roc/ae
TOro, Kak IPOH30WIIO OeckomeuHoe uHc/aI0 cKaukos). Ilepmoe cia-
raemoe crnpasa B (13) coBnagaer ¢ py;(f). PynxuuH

CD,-(s)=F’{k§§k<s|JZ(O, m)=i}

MOXKHO CUHTaTh 3afaHHBIMH. ¥YpaBHeHHe (13) mpuHUMAaer BHJ
t

P =py @)+ Y. | pipy (£ — ) dDi s). (14)
[

Pemenue 3T0r0 ypapHeHus, yaosJjerBopsiomiee 1)—4), CTPOUTCH

TOYHO TaK Ke, KaK MUNHMaJbHOe penlesie ypaBHeHHs (2).
Paccmotpum Tteneph BTOpPyIo (mpsiMylo) cacremy Kommorope-

Ba. QopmasibHO OHa MHoJydaerca u3 ypapHeHuws Koamoroposa —

14 U. Y. Tuxman, A. B. Cxopoxox
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UenmeHa crenyomuM o6pasom:

Py t+ k) —py (D) Py (h) — 6
LR R e

k
H IIOCJE Mepexoja K npeneny
dp, ; )

= Z pir (£) ag;. (15)

VYpapueune (15) ymo6HO TeM, 4TO H3 HErOo MOXKHO IOJIYYHTh
ypaBHeHHe JJs 0e3yCJOBHOTO pacnpeleleHus mpoluecca: eciaH
P {x(0, 0) = i} = p;, TO

P{x(t, 0)=i}=2 pipy (-
VYmuoxkan (15) Ha p; u cymMMupyd 1o i, HallleM

LPxt, o) =1} =) Plr(t, 0)=k}ay. (16)
k

[MpuBeneM OQHO DOCTATOYHOE YCJIOBHE, MPH KOTODOM BTOpas CH-
creMa KoaMoropoBa BBIMOJHSETCH.

Teopewma 3. [lycts 8ce cocTosanusa npoyecca peeyriaprol u npu
sadannonm i

; Pire(f) apy > — oo, (17)

Tozda npu 3adannom i Oaa ecex | sunoaneno (15).
Hokasareascrso. [1pn pokasarenbcTBe TeopeMbl 1 ycTaHOBJEHO,

1 — P (h)
h

4TO
< —ay.
3uauut, npu k=i

P (B) _ 1= py, (B)
k;l < hkk <—ap

HmeeMm

pyy ¢+ ) — py; (2) p (h) 8
i - 4 Z Pis (t)[ ki u]

TTocKo/BKY AJS psifia B MPaBOf 1acTH CYIIECTBYET MaxKopaHTa Io A

(h)
P (%) fﬂ———'—'—l< lelk (8 are |,
%

TO MOXKHO nepeﬁTn K npezneny npu h { 0. CyulecTtBoBaHHe NPOU3BOJ-
HOM c/eBa YCTaHOBJEeHO B Teopeme 2. W}
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3ameruM, uTo psAA cnpasa B (15) cxomuTcst Bceraa, Kakosnl Gbl
HH GblM BEepOSATHOCTH nepexofa, ecli TOJLKO BCe COCTOSIHHSI [pPO-
1ecca peryJasapHbl. Jleﬁcmmenbﬂo,

put+h) —py ) | 1—p,h)
if - ] + Il

l/ (t)_

k]
nepexonss K mpexesy npu A} 0 ¥ yUHTBIBAas CYIECTBOBaHHE IPoO-
H3BOJHOA —= py; () (reopema 2), y6e>xuaeMCH, uTo

(t)
Z P (t) )ar < ll — QjiPij (®.
k)

ITokaxeM, uTO MHHHMaJjpHOe pemeHue p;;(f) nepsolt cucTeMu

KoJamMoroposa ynoBJjeTBopsieT W Bropoil cucreMe. Ms mosyuennoi
OLIEHKH BHITEKAeT, YTO OIpeNeJieHbl CYMMEL

; P (f) ary = Zk: P (£) Aptg,

a 3HAYUT, ONpeNeJeHO NMPOH3BENeHHE MATPHL

I (u) AIL
Us (9) naxonum

t t
S I (u) Alle=A -0 dy = S e~uAAlTe-¢-w A dy 4+
0 0

[- T 4
+ Z S eTSMAL L., e mE ) ApTLe = A gy

r=1 0 sl+...+sr<u

IMosiarasgs B r-M cJaraeMoOM CyMMBI S,y ==# — 8§ — ... —§,, IO-
Jy4IHUM

t
S T () Alle= -0 A dy =
0

= Z S e SAIA L. e s TS A g L ds, =
r= s!+...+sr<t :
=TI(f) — e~ 1Al

I'Iocnem{ee COOTHOIIIEHHE MO3JIEMEHTHO MOXHO 34NHCaTh Tak:

Z Pun (@) agge™"1" ™ du= py; (8) — e~ 18y,
k]

© e
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OTKyJa

t
S Z pir (1) akjeh"u du = py; () ehit — B
0 kotj

Hduddepeniupya no f, HaXoLuM

D Pt anget = poy (0" 4 2oy (1) €15
kEf

At
IojcTaBJsAd A; == — a;; ¥ cokpamas e, moayuaem (15).
TIpuBeneM eile OMHO YCJAOBHE PeryaspHOCTH nponecca. HoJoxum

g (A)=M (exp{ i } (0, co)—L):Miexp{—hkg gk} (18)

(uepes M, Mu oGosmauaem M;,; mocnennee c6osnavyeHHe BBEILEHO
B § 1). Oyuruuu g; (A) yIOBIETBOPAIT CHCTEME yDaBHEHHH

&) =M, eXP{—Kél}M(exp{—k Z gk} x (24, o), ;,):
=;‘ M, exp {~ 22} % ¢, =M (exf’{ —* k; Eelx (5 @)= 1})

ITockouabky

MeXP{"}VkZQQaIX(@l, m):j}=gi(7");
TO
g; ()= Z M, exp {—2C} Ape.. wp@: M) =

7\‘[
=Z“wmgf(7v) T=a, 8ih)-
i &

OxoHuateabHO AJ7 g;(A) MosyuaeM caenyioliee ypaBHeHHe:
Ag; ()\’)::Laiig] (A). (19)

Teopema 4. Jasn Toeo urobut npoyecc Gvia pecyiapen, Heob-
x00umc u docrtaro4ro, utodvl ypasnenue (19) He umeso npu A >0
02POAHUYEHHbLX PeWEeHU, OTAUYHBIY OT HYAA.

Hoxasareavctso. Ecnu nponece Heperyiasapet, To GyHKunH g; (A),
onpeleasieMble papenctsama (18), 6yayT orpaHHuYEHHBIMH HeHyJe-
BrIMU pemrednsimu (19}, Ilycts renepn npouecc peryasiped. Paseu-
¢tBO (19) 3KBHB2JIEHTHO COOTHOMIEHHIO

gi (}"): Mi exp {—' 7\@,} gxl(w) ()") (20)
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i

(3TO yCTanoBJEHO B NPOMEKYTOUHBIX BBEIKJIAAKaX npr srBoae (19)).
U3 (20) suitexaer, uTo

oo M) =M e7g ()
Takum 00pa3oM,
g, (M) =M, exp{—2 (5 + L)} g, P
Ucnosissys coothoiieHke
8y, M) == '\'ixk @ eXp{—2L, .} Gp) @ (A},
TOYHO Tak iKe ybHexJaeMCs, 4TO CHPAaBeIJHBO DABEHCTBO
g (y=Mexp{~2(¢,+ ... +,)} 8 ()
Ilepexoas K npeneny npu n-» oo B HepaBeHCTBE
lg: () [<Miexp{—a &+ ... +L)}suplg.(1)

H YUHTBIBas, 4TO AJs peryaspHoOro rnpolecca

lim Miexp{—x(él'{- +ﬁ:n)}=03

n-=>20

y6exxnaemcst, uto g;(A) = 0. B

PacemoTpum reoGpbiBaomiyiecs NpouUecCh ¢ KOHEUHBIM MHOXKe-
cTBOM cocroanuil. Bymem cuntarte, uTo (HaszoBoe NPOCTPAHCTBO CO-
Bmanaer ¢ MuoxecrsoMm {1, 2, ..., r}. OueBupHo, 4To AJM TAKHX
NPOLECCOB CHPABEAJHBE BCE pE3YJabTAaThl, KOTOPBIE MOJYUEHbl BbLIIIE
JJIs1 IPOIeCCOB CO CUeTHBIM MIIOKeCTBOM cocTostHuil. (MoxHo no-
6aBuTb K (a30BOMY NPOCTPANCTBY OECKOHEUHOE MHOMKECTBO [1OIJIO-
malomnx cocrosinui {r+1, r4+2, ...} Takux, uro p;;(f)=0 npn
i<Cr, j>>r) Ecan paa seposiTHOCTeH Nepexoaa BHINOJHEHH yCJ0-
Bus 1)—4), To BCe COCTOSIHHS MpOLECcCa Dery/sapHBl, Tak Kax

Cl=p, (B 0
—aiz=11m—h”—=11m Z ” Z Q;y
{
B¥0 AR [#i

(nepexon K npeiesy .4 3HAKOM CyMMBl BO3MOXKEH, TakK KaK UHCJIO
cinaraembix kouneuno). [To3ToMy BepOsITHOCTH mepexoja YAOBJIETBO-
psiror nepBoit cucreMe ypasnenuit Kosmoroposa:

dp;, (1) L.
_—_l_—zatkpk] z, ]=19--', r. (21)

Mockoabky — Z pe(ya; < — > a; < oo, T0O B culy TeopeMnl 3
= =

BbINIOJIHEHA W BTOpas CHCTEMa ypaBHeHHI/I KO.HMOI‘OPOBH.
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IMycts II(¢) = || ps;(¢) | — mMaTpuna BeposTHOCTEH mnepexoja.
Ecan A = [ a;;1l, To (21) MoxkeT 6biTb nepenucaHo B BHAE

LT (t) = Al ().

Tak kak M(0)=1, 10
II(f) = e?A.

ITpouecc peryaspen B cui1y Teopemsl 4. JleficTBUTeNBHO, OTpaHHYEH-
HOe pelleHHe ypaBHEHUS Ag; = ), a;;g; YAOBAETBOpPSIET HEpaBeHCTBY
i

A—ay)l g < 'g.aijlgf|<m?xlgi|[aiil-
] H
3HauuT, ecJaH [ TAKOBO, 4TO | g |=max| g,
]

(7\'"—aii)mjaxlg]l<laii Imfxlg;‘ I,

YTC BO3MOXKHO JIMHIIb NIPH YCJIOBUH max|g;|==0.
i

§ 4. Mpouecc poxaenns u ruben

Tak nasciBaeTcs ONHOPOIHBIH MAapKOBCKHI TpOlecC ¢ COCTOS-
nuamu {0, 1, 2, ...}, B KOTOPOM M3 COCTOSHMS N BO3MOMKEH JHIIbL He-
NOCPECTBEHHBIH Nepexol B cocTOsIHUA n— 1 u n+ 1, a u3s cocros-
Hust 0 — B cocrosnne 1. CocTosiHMe mpollecca WHTEPIPETHPYeTCs Kak
YHCJA0 ocoGell HeKOTODOH MONYJSIUUH, Hepexof H3 COCTOSHUSA 1
B 1+ 1 — poxzienye 11oBoft oco6H, mepexon us 1 B n— 1 — ruGesn
HEKOTOPOil 0colH; B 06ILeM clyyae He HCKIIOUAETCA CaMo3apoxje-
Hust (nepexox 0—1). ITycTe Taxoi mpolecc CTOXacTHUECKH Hempe-
PBIBEH ¥ BCE €ro COCTOSAHHA peryusplibl. Torga KOHe4HB BEeJHUYHHBI

.op; () —1
llm——————”(h =ay
hy 0
aasi Beex i =0,1,2, ..., u ecan
. Py (A) .,
a;; = lim —L’h—“, 11,
P

TO BEPOSITHOCTb MEPEATH U3 COCTOSHHUS [ HENOCPEACTBEHHO B j Gyaer

a;;
-——a—‘L WMs onpenesenns mpoiecca poxaeHus u rubeju BHITEKaeT,
il
UTO JIUIWb &4, i+1 U Q4 4—1 MOTYT OLITb OTJIHYHB CT Hynas. O603HaYUM
@i, i1 = Ai, @3, 4-1 = ;. Torna

Pi,it1()=~t+0(t), pi-1(O)=pt+o0()
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H, CJefloBaTebHO, A;Af C TOYHOCTBIO 10 O(Af) ecTb BeposiTHOCTh
pOXJeHHs1 HOBOH 0CO6GH B MONYJAANHH U3 [ ocobedl, a pAf -+ o (At) -~
BEPOATHOCTHL THOean ocobyu B 3TOH NONyJsAUHH. B cuay peryJssipuo-
CTH a;; = —A;— 4. [lepBaa cucrtema ypasHenuit Kosmoroposa

HMeeT BHI
gt—pu )= — Qi+ ) piy )+ Aipisr, 1 (&) wipiey, (8, po=0, (1)
a BTOpas CHCTeMa ypaBHEHHH —

%Pti O=—;+ 1) pi (&) FAj=1ps, =1 () + Bys1ps, 141 (D) (2)

(npu j =0 cuuraem A_; = 0). Uro6bl BTOpas cucTeMa ypaBHEHHH
uMesa Mecto, 6yfeM CuuTaTbh, 4TO Npollecc OOpLIBaeTCs Nocje mnep-
BOrO HaKomjieHHs cKaukoB. M3 (2) mosyuaeM ypaBHeHHe A1s1 Oe3-
YCJIOBHBIX BepOSTHOCTEH:

Ly ty=— 0+ 1) B+ Aymipyat O+ ppapp @ (3)

(p;(0)— BepOATHOCTB TOrO, YTO CHCTeMa B HayaJbHEIH MOMEHT Ha-
XOIHTCH B COCTOSIHUH ], — CuHTaeM H3BecTHOH). HMccnenyeM BaKHBIH
BONPOC O CYUIECTBOBAHHHU CTALlMOHAPHOTO pacnpejeseHHs mpolecca,
T. €. TAKOTO HAUYaJbHOTO paclnpefe/eHusl BepOATHOCTeH, HPH KOTOPOM
p;(t) nocrosnue. Ilycte p;(f) = p;. Torna us (3) Haxoxum

— A+ u)p+A—1pj-1 + Bprp 4 =0. 4
[Tpennoaoxum, uro u; >0 npu j > 0. Toraa, nonaras B (4) j =0,
HAXOAHM

— Aopo + wipr =0, P1=%(:‘Po,
nanee, npH j==1

MA Aoh
Bopy = Ay + 1) Py — Agpo = llho Do, P = P«?H; Po-

C noMoluplo MHAYKUHH Jerko yOeIHTbCs, UTO pelleHHeM CHCTEMBI
(4) Gyner

. A.o?\q “e 7vk,——1 5
Pe= ", P (5)

Ias Toro uto6el {pr} OblIO pacnpefeseHHeM BeposTHOCTel, HEOO-
XOAMMO H NOCTATOYHO, yTOOH 2, p,=1, Tak Kak pp HEOTpHIA-
rTeJbHbl. [103TOMY A5t CYIECTBOBAHMS CTALIMOHAPHOTO pacnpenene-
HHSI HeO6XOLHMO H AOCTATOYHO, 4TOOBI

oo
Aody - Ap—)
) Sl < (6)
By oo By
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NpY BHIIOJHEHUM 3TOr0 YCJAOBHS CTAllHOHADHBIE BEPOSITHOCTH 3a-
nanTcs Gopmyaamu

oo -1
___ n .}E}” o 7\,}3._1
pO —(1 _‘! Z HIHQ e ka ) ’

o -1
pn — ;’\,g?vl e ;‘vn—-g (1 + )\0 . . '}\-k—] ) . (7)
k=i

Bibly oo iy

[Mpouece pokpensst u rubesin MOXKeT CAYKHTb M 8 ONHCAHUS
liOBENICHHS UYHCTO TeXHHUECKHX cucTeM. [IpHBejeM HEKOTOpHIE NpH-
MepHhL.

1. Obcagocusanue cranros. Ilyctb 1 CTAHKOB OBCIYKHBAIGTCS
Gpuranofi, cocrosiefi u3 s paGouHX.

Korga cTamox BLIXOAHT H8 CTPOS, OH HEMEJeHHO OBCTyXH-
BAaeTCs OAHKHM paCOuuM, C/IH He BCe paboure 3aHATH OGCTYKHUBA-
HHEeM panee BbIIEAIIMX U3 CTPOS CTAHKOB, HJIH OXHAAET OBCIYKHU-
BaHudA, ecsik Bee paboude 3aHATBL. CTAHKH OOC/HAYXKHBAWTCA B I10-
pAAKe, B KOTOPOM OHH BBIXOAAT M3 CTPOS.

[TpumeM caenyroline npeanosoxenus. Jas oTmeabHOro pafo-
TAIOUEro CTaHKa BEePOATHOCTb BBIXOJA H3 CTPOST 3a NPOMENKYTOK
BpeMenH (I, t + Af) He 3aBHCHT OT { u paBHa A(Af) = AAf -+ o (Af)
HE3aBUCHMO OT «HCTOPHH» ero paboTh (T. e. OT IPOAOIKHTEILHO-
cTd paboThl, yucsaa BLIXOJOB H3 CTPOS. M NPOAOKHTENLHOCTH 06-
CJYXKHMBAHHA) O MOMEHTA BpeMeHH f. AHAJOrHYHO, eC/IH CTAHOK 006-
CJy:KHUBaeTCsl paGoYyuM, TO BEPOSTHOCTb OKOHYAHMSA OOCAYKHBAHHS
3a IpoMexyToK BpeMeHH (f, ¢ Af) paBHa p(Af)= pAf-- o(Af)
H He 3aBHCHT OT XapakTepa ero paGoTsl H NPOAOJIKHTENbHOCTH 006-
CHYyXHUBaHHA [0 MOMeHTa BpeMen#u f. CTakku paGoTaloT, BBIXOIAT
H3 CTPOsl H O06CAYKHMBAKOTCS HE3AaBHCHMO APYr OT Apyra.

YcnoBUMCSL TOBOPHTh, YTO INPOH3BOACTBEHHBIH Ipollecc Haxo-
JHTCS B COCTOSIHAM &, €CJH B JAAHHBIH MOMEHT BPEMEHH 4HCJIO0 06-
CJYXRHBAEMBIX WA OXKHIAAIOUIHX OOCNYXHBAHHS CTAHKOB (T. €. 06-
liee YHCJI0 HepaGoTaIUX CTAHKOB) paBHO k. JLONOJNHUTEIbHBIH BbI-
XOJ U3 CTPOsl OJHOTO CTAHKa O3HAYaeT NepPexOf B COCTOsiHHe &hyj,
a OKOHYaHHe OOC/yXKUBAHHS OJIHOTO U3 CTAHKOB O3HAYaeT Mepexoi’
B cocrosinne &p-1. Takum o6pasoMm, Mbl HMeeM OJHOPOJHYIO Map-
KOBCKYIO CHCTEMY C KOHEUHBIM YHCJIOM COCTOAHHE &, &, ..
Ilpu stoM M3 HAIUHX MpEANOJOXKeHHH BHITEKAaeT, yTo

.y me

Peiri D) =(m—R)AM +0(Al), k=0, ..., m— 1
Pre-1(8f) = ku At 4 0 (At) mp 1 <<R<Cs;
Pr k=1 (Af) = sp At 4 0 (AF) mp s <Lk <m;



§ 4] TIPOJIECC POXILEINIS 1T THBEJN 495

T. €. MBI HMeeM DNpOlLecC POXAEHHS H THOeJAH ¢ KOHEUHLIM YHCJIOM
BO3MOXHBLIX COCTOAHHUIl, B npeawayuminx cGo3nadennsx

Ap==(m— R)A, k=0,1, ..., m
ne="rku npa O0sChR<{s;, jp==sp Ipu S hk<m.

CraunonapHoe pacnpefenerHe Bcerja CyUiecTByeT u B CHIY
ypaBHeHuil (7) 3ajaercd CAelyMHUMH (QOpMyJTaMHu:

p,=Ck (%)k,vu, k<s,

szcfnk(k_l)“'(s+]) (%‘)kpo, s < ksim,

Sk—s
T s m -1
- e ELMYE R oR(E—1D ... s+ D /AN
Po - [1 T Z C‘1 ( " ) : z; C”l Sk_s (‘u‘) .
k=0 ’ o= 5+ !

Dty POpMY/B MOTYT OHITh HCMOJNbL3OBAHBE HpH DacueTe HaHOO-
JIge BBLITOALGTO COOTHOIIEHHS MEAY YHC/AOM CTAaHKOB K KOJAHUECT-
BOM OOCAYXKHBAIOHISIO [EpCOHATA B KOHKPETHBIX TPOH3BOUCTBEH-
HBEIX YCJOBHSAX.

2. Tenegpornag cerv. B psije caydac Mbl HMeeM Ty xe CXeMY,
4TO ¥ B MNpeJbIAYLIEM NpHMepe, HO ¢ m == co. Takoe MOJCHKEHHE
MMeeT Mecto, HanpHMeEp, B Cayuae MeEXKAYrOPOAHOH TenedOHHCH:
CTaHIuy, o6Jaafaloulell S AHHHSAMH CBSI3k K OOCAy:KuBaloiled npax-
THUECKY HEOTPAHHUYEHHOE UHCJI0 aOOHEHTOB. Poiib eluuun, Tpedyr-
WHX OOCAy:KHMBaHusi, B HaCTOSILeM MpHMepe HIpalT aloHEeuTHl, 4
POJDb OOCIYKUBAIOUIMX eNHHHI — JiliHKHKE CBg3d. Homep cocToanHs
CHCTEMB! MOKa3biBaeT 4yHCA0 afOHeHTOR, TpeOYIOWHUX B JaHubii MO-
MeHT ofcayRuBalisg, Ecan ux yHeao =S, 70 OHH CTaHOBSITCS B OUC-
pefib B OXMHAAIOT CBOGOAHOM JuKiH., B OTIiHUMe OT npeAnoyoxens
NpeabAyIero NpEMepa NpUMEeM, YTO BEPOATHOCTD TOrO, 4TO B Tee-
Hue mpoMexyTka BpeMeHu (I, ¢+ Af) norpeGyer oOcayxHBaHuA
oaun abonenT, paBHa A(Af)==AAf -4 0(Af), a BEpOATHOCTb TOLG,
gto moTpebyer ofcaykuBanus Oojee ueM OLuH aBOHEeHT, paBHa
0(At), npuueM 5TH BEPOATHOCTH HE 3aBHCAT OT uMc/ia abOHEHTCB,
noTpe6osaBmuX O6CAYKHBAHHSA 10 AAHHOTO MOMeHTa BpeMeHH. Uro
KacaeTcsl pekuMa ofc/ayXKuBaHHs: a0OHEHTOB, TO Mbl COXpaHHM [0J-
HOCTBLIO TPEANOJIOXKEHUs] IpeAbAyliero rnpumepa. Toria umeem

Ae=MXA, He==kp 1npn R<{s; Wp=Su nOpu KR =s.
Jast CyUiecTBOBAHHA CTAIMOHAPHOTO pacipejesenus HecOx0-
OuMa W JOCTAaTOuHa CXOHHMOCTL psifia

S o0
AE 1 A Ve
=t £ w2y <o
; Rlp® + Z sls®=s \

k=s+1
T. €. ycaoBHe A < W
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B stom cjlydae CTalWOHapHOEe pacnpele/eHHe HaeTcA (pOpMy-
JaMhu

1 ANk
pk—'———"a—(?) K 0SEk<s,
1 ANk L
=— ) =>s.
Pe slgk=s (u) s’ k=>s

3. Texcruavnas Huro. TeKCTHIbHAS HUTb HpeicTaBiser cOBOMH
IIY4OK BOJIOKOH, NMpHYEM YHCJIO BOJOKOH B AAHHOM TOYKe MEHSETCS
BIOJb ee AJAHHBL. Ec/IH Npeanosouthb, 4To IJIHHA BOJOKHA HMeeT
(uKCcHpOBaHHOE OTPHIATEJbHO MOKA3aTeJNbHOE DPaclupejedenue, He
3aBuCsllee HY OT YHCJAA BOJOKOH B KaKOH-AHGO TOuKe HHTH, HH OT
HX JUIMH, H YTO BEPOSITHOCTh MOSIBJICHUA HOBOTO BOJIOKHA HA yuacTKe
(¢, ¢+ At) Hutn paBua AAf+ 0(Af) ¥ He 3aBHCHT OT uHC/Ia BOJO-
KOH W HX JJIHH, TO YHCJO BOJIOKOH v(I) B TOUKe ! HMTH MpPEACTaB-
JisieT cofoi mporece poXkAeHHs M THOeNH ¢ mapaMeTpaMH

hy=h, Wy == 11,

rje | ecTh BeJIMYHHA, ofpaTHas cpeiHedl [JHHE OLHOTO BOJIOKHA.

PaccvMotpuM nnis mpollecca poxjeHHst ¥ THOenn 3agauy o6 or-
pelleJieHHH pacnpejeeHus BPEMeHH T, s MePBOTrO NMONAAaHHS U3 CO-
CTOSIHUS ¥ B COCTOSIHHE S TpH r < §. [TomoXKHuM

Frs(t)ZP{Trs <t},
% s@={ e¥dF, () =Me™rs  (2>0).
0

Hcnoabsyst cTporyio MapKoBOCTh NpoIecca H TO, YTO MOMEHT Tr pij
SIBJISIETCA MApKOBCKUM, X (Tr,r41, ©®) =71+ 1 (x(f, ®)— BoI6OpOYHan
¢yuKuHMsa npouecca), a Takxe paBeHcTBO (20) § 2, Haxonum

0
POr{Trs>t}:M0rP {T’S>“@trr+1}=

=M,, lim P{x(—%;+r,,+l, co) <Ls, i< tQ"I@%rﬁ_l}:

n-»o
. i i
=M, ’}1_11;10 PTrr+1’x('rrr+1"") {x(éﬁ_l- Trrth CO) <s 2_ﬁ+r”+l <t}=
==} MOY‘ (Ro r+1 {T,-}.ls>t~’u} 'ua‘r’, f+1) = MOr[l_FT‘}‘lS(t_—rff‘l’l)]‘ (8)

ITosToMy

Frs(t)”:SFr+Is(t—u)dFrr+l(u)'
0
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CienoBareJbiio,

q)rs(z) = Qr4 s(z) Prrt1 (2)
H

Prs (z) = Qrr+1 (2) Pr+1r+2 (Z) vee Ps—1g (Z) (9)

s HaxompeHus QYHKUHHM @r r41(2) BOCIOJIb3yeMCH CJAEAYIOUIUM
ypaBHerHeM: npd r >0, ecau {, — BpeMs HepBOro BHIXOAA M3 CO-
CTOSIHHSA r, HMeeM

POr{Trr+l<t};‘=P0r{€r<t: x@p, 0)=r-+ 1}

t

+ S POr{grEdS;x(gnw)=r'— 1}P()r--l {Tr—lr+l <t— S}' (10)

0

D10 ypaBHeHHE MOXeT ObITb NOJYYEHO C HCIOJbL30BaHHEM CTPOrOH
MapKOBOCTH Ipollecca TOYHO TaK XKe Kak H cooTHouenne (8). ITe-
pexoas B (10) k npeoGpasoBanusam Jlannaca, HaxoIum

)"Y I
@r p41 (2) = Me—%r + & Pr—1 r1 (2) | =
A+

Ae 4 br Hr
— Artp, Ar Pr -
z+Ar+pr [}"r'i‘ur + Artu, (Pr—lr(z)(])r,+1(2)]——

o A Up
= Ao, + ZF Ay T 0y @r-11 (2) @r r41 ().

ITosTomy

— A:r
q)rr+l(2)_‘z+}\,r+p,,.(l-—(Pr—1r(2)) ) (D

®opmyna (11) nosposser mociaefoBaTeJbHO ONPeNesiTh §rry1(2),
€CJIH TOJBKO H3BECTHO §g1(2). Ho B cuay ompenejenus npouecca
To1 = Lo H, 3HAUHUT,

Ao

1) =125 (12)

@opmyan (12), (11), (9) nosBoasioT onpenenmb ¢rs(s) mpu
r<s.

UccnenyeM Tenepb yCA0BHA Pery/spHOCTH Npolecca DOXKAeHHst
u rubean. Bocnoabsyemcsi nast storo teopemoit 4 § 3. Cucrema
ypasHenu# (19) § 3 npuHumaer BHI

Agy = — ho&o + Mo&,
Agr=— (A + Be) && + Ap8rs1 T+ Br&r-1, k> 0.
H3 ypaBuenuit (13) mocienoBaTeqbHO MOXKEM BLIPa3HThb BCe gr Ue-

pes go. Ecan go=0, 10 u Bce gr=0; ecin go % 0, T0 OTHO-
weHHsi gu/go onpepensiiores us (13) oanosnauno. OGoszHaAyHM

(13)
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gri1— gn = fr. Toraa us sroporo coorhomenns (13) €axoaum

Ao by -
fo= =8t 5 - Tem1=

et [ b B (et )]
= Gt alng et g et
» “k A Plk “k—‘ A
= g,k-i‘ﬂ‘rkﬂ- S e v lk s 8r2 + ...

cee o
R M T ;” g +M—lfo (14)

Myctb go = 1, B aToM cayuae Bce gx > 0 u fr > 0. [TosTomy gx
Bospactaer ¢ k. [lockonbky f0=%o—g0, TO, 3amensia B (14) Bce
gr Ha go =1, 6yzeM HMeThb

1 By Belp—y Bpooo Bt ]
— € r 1
fe=>2 [?»k + Aehg— + Aphe she— ' 7T + Mves Mido 17

n
TIoCKOMBKY . f4 = @ni1 = &0, TO ycJaoBue
9

D e e SRR v vy RS ()

Heo6XOAHMO [ CYIWECTBOBAHUSA OrPAHUYEHHOIO pELIeHHs CHCTe-
mol (13). 3avennm veneps B (14) Bece g; Ha gr. [loayuum

A By eos HA
fk<[T+ +7{‘:—_—l]gk,

By oove M. A
gk+1 [1 —L————'l' + 7\,:... Kz‘?\u}]gkg

! Bpeeo b
<gkexp{7v[7;+ e kal]}

CaepnoBateabHO, NpH go =

P , v[l ”k--'”x]
su xp3 A — 4 ]
npgn\er{ ,f{:f K + + Ay oee Bo

Takum obpason, coorrcigenyde (15) »w JocTaToyHo AJiss orpaHHyeH-
HocTH pemenusa (13).
Teopewma 1. aa pecyasproctu npoyecca poxcenus u eubeau
HeoOx00uMO U OOCTATOUHO BbINOAHEHUS YCAOBUS
o0

Yl o A=t e a8

ne=}
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PaccMOTpuM crieuHansielid caydaii npouecca poKACHHA 1 TH-
Genn, y Kotoporo ug =0, k == 1, 2, ... Taxoil npoilecc HasuiBaerca
HPOLECCOM HLCTO020 PASHMHONCeHUs (WIR pocTa). Y 3TOro mpotecca
13 COCTOSIHHS { BO3MOXKEH JHIb Nepexo B cocrosuue i -~ 1. Bubo-
pounbie (YHKIHU TAKOTO Npouecca ABJIAITCH HeyObIBaIOUUMM Ie-
JOUHC/IeHHbIMHE QYHKUEANH, BCE CKAYKH KOTODLIX PaBHL! 1. Hono6-
HOTO pOJia IPONECC MOKET CAYKHTb MaTeMaTHUECKOH MOAEJBIO Npo-
1IECCOB PErucTPaliy HEKOTOPOTO SIBJEHHHA, NPOHCXOAALIET0 B CJty-
yafiHble MOMEHTH! BPEMEHH.

Hanpumep, npu nociefoBaTe/lbHOM paiHOaKTHBHOM pacnaje H3
FCXOJHOrO PaJMOAaKTHBHOIO BellleCTBA (MAaTEPHHCKOro) ofpasyercs
Lpyroe papuoakiuBHoe pemectso (l-e ﬂoqepﬂee) u3 l-ro nouep-
Hero —2-e ® T. 4. PHKCHpyeM HEKOTOPBIH aTOM HCXOJHOro Bellle-
cTBa. B TeueHue cayualHOTO NPOMEXKYTKa BpeMeHH OH HaXOAMTCH
B HCXOJHOM COCTOAHHH M 3aTeM pacliafaercs, npeBpailaich B aToM
1-ro nouepnero semectBa, ¥ T. 1. [Ipn 3TOM BepOATHOCTL pacnaia
aToMa B NPOMEXRYTOK (f,§) He 3aBUCHT OT <IPOJOJKHTEJBHOCTH
KH3HH» aToMa [0 MOMeHTa BpeMeHH [ M KaXX[0oe COCTOsIHHe aToMa
HUMEeT ONpeAeeHHYIO CPELHIO MPOAOJKHTIbHOCTE XKH3HH I =
== 1/An. TlpuMepamMu Takux Lenef NOCAeNOBATENLHOIO PaJHO&KTHB-
HOTO pacnaja sB/MfIOTCS MPESPALCHUS ECTECTBEHHLIX H30TOMNOB
ypama u TOpHSl, 3aKaHUHBAIOIINECH 00pa3oBaHHeM YCTOMYHBBIX H30-
TONOB CBHHIA. M3 CKazaHHOTO BLILE BBITEKAeT, UTO CJAyYaHHBIH
npolece, ONUCHIBAICIIMN INpeBpallelus: atoMma, fB/sgeTcs MapKoB-
CKHM.

YpasHenuss KosnMoroposa HMEIOT C/AEAYIOWUHE BHIL:

Pg;(t):-—‘%Pif(t)"*‘?vipiﬂ,(t), iz=0
(nepBas cucreMa ypaBHEHHH), U
Py =—p,Ok+p, Ok,  IZit1,
p;i (l) = Pii(t)}\'o
(BTOpas cucTeMa ypaBHeHHIl).
K 3TuM ypaBHEHHSIM HYXKHO NDHCOENKHNTH ellle HayaAbHLEE yC-
n0BHS p;;(0) == §;;. Pemnm cucremy ypasrenuii (17).

Ecan i > j, To B COOTBETCTBUH C OIpejeseHHEM Ipouecca YH-
CTOro pocTa IoJiaraeMm

(17)

pi{H)=0 (j <),

uTO, KOHEUHO, TaKXKe ABJAeTCd pemenneM cacreMbl (17) u yaAOBJeT-

BOPSIET HAuaJbHBIM YCAOBHAM. Ilocie 3TOro cucreMa YpaBHEHHH

(17) (npum duxcuposanHoM i) npuoGpeTaeT peKYPPEHTHBIA XapaKTep.
Crauana onpepnensieM p;;(¢) U3 ypaBHeHHs

put)y=ap, ), p,0)=1
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a 3aTe€M MocJAef0BaTeNbHO PYHKUHH pjiy1 (1), Piare(f), AAA KaXKAOH
u3 Kotopbix (17) sBJasieTcss OGBIKHOBEHHBIM JHHEHHBIM AUddepeH-
UHaAbHBIM ypaBHeHueM. Ha nepsom ware umeeM py(f)=e ™' u

34aTeM
t

pi () =A;— S exp{—A;(t — )} p;j-1(s) ds.
0

Pemenne cucreMnl (17) B sBHOM BHJe MOXKeET OLITb JIETKO MOJY-
4YeHO OOGLIYHBIMH METOJZaMH ONEePalHOHHOTO HCYHCJACHHUS,
C 3To# 1eJbi0 paccMOTPUM npeobpasoBaunus Jlannaca QyHKuH#

pi;(t): .
Piy (2)=S e~%p,, () dt.
0
Torna
- 0
S e~#p], () dt =29,,(2) — b,
0

M IpHu Nepexole K H3oOpaxeHuaMm oyHkuui ypasnenus (17) mpu-
HUMAIOT BHJ

20, () = — A (2) + Aj—1@; -4 (2), i>i,
29, (@) — 1= —1,9;4(2),

OTKy1a
1 Ap— . .
) =cga =gy % 1>
H
1-1 1
@i (2) = (H 7»1;) @’
k=1
rje

j
w(z)=g<z+xk>-
Ecau cpenu uuces A, HET DaBHBIX, TO

i
1 1
P (2) —kz-:i (z+2e) ¥ (—Ap) °

C nomomplo 3T0H GOPMYJB BHpakeHHe A @ (2) 3amuchH-
Baercs CJeAylolHM o6pasoM:

I-1

; .
1
@;; (2) = (H )‘k)kz-.; (zF+ AV (—Az) *

hesi
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1
Tak kak cp,,—(z)=—z—+Ti ecTb mpeoGpasoBaHHe Jlannaca ¢QyHK-

11939 e"‘i‘, 10 py;=0, ecn j<li,
=t i e—-kkt
p”(t):(n ”k)Zm- i>i,  puly=e,
ki k=i

rge .
"l’,(— Ap) = ]:__]; (A'r — Ag).

iy

TTonyyeHHble BHIpaX)eHHS H NPEACTABAIOT COGOI0 pellenne ypas-

nepuil (17) B SBHOM BHIE.
B npoctefimem cayuae Ay = kA COOTBETCTBYIOUIHA Npouecc Ha-

3bIBAETCS TIPOLECCOM AUHElH0e0 pocTa.
B stoM cayuvae

pyy=i(i+1)... (—1A"X

3~

! =Mt
ng N TRt =F) (=Dl =R
e el (PP

CooTBETCTBYIONIEE pacnpefe/eHHe HOCHT Ha3BaHHe pacnpedeae-
aenus IOaa — Pappu. 3amerum, uro (E(0) = i)

Mg (f) = ie™, Dg(t) = ieM (e — 1).
TTocKobKY BJIOXKeHHas Lelb LIS npollecca YACTOTO PocTa yHOBJET-
BOpsAeT YCJIOBI/IIO
POr{xn(m)=n+r}= 1,

TO B cuay TeopeMmsl 4 § 2 ycsoBue

ABJsieTcSl HEOGXOAMMBIM M JOCTATOYHBIM AJIsl DPEeryJsipHOCTH Mpo-
mecca. B uacTHocTH, Hpouecc JHHEHAHOro pocTa sBJAAeTCs pery- .
JISPHBIM.

§ 5. Bersamuecs npouecch

Ba)XHbIM KJIaCCOM MapKOBCKHX MPOLECCOB CO CYETHBIM YHC/AOM
COCTOSIHHI SIBJISIIOTCS BETBSILIHECH MPOLECCHI.

IIpeanosoxuM, uto HabJl0faeTcs HekoTOpas ¢uauueckas CI-
cTeMa, COCTOAIMIAs M3 KOHEYHOrO YHCJa YacTHI OAHOro H TOro Xe
HJIH HeCKOJNbLKHX PasiuyHbiXx THHOB. C TeyeHueM BpeMeHHM Kax[as
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YaCTHI'a He3aBHCHMO OT IPYTHX UYACTHI MOXKET HCUE3HYThb WJH fpe-
BpaTHTHCH B IPYnIy HOBBLIX Gactutl. $IBAeHMs, ofUChLIBAeMble TAKOH
CXEMOIf, KOBOJBHO Y&CTO BCTPEYAlOTCS B MPHPOJe U TexHuke. K HUM
OTHOCATCS JIHBHH KOCMHUECKHUX JAydel, MPOXOXKAeHHe dJIeMeHTaPHBIX
YaCcTIL yepe3 BellecTBO, DPA3BHUTHE GHOJIOrMYECKUX MONYJIAIUIL, pac-
NPOCTPaHEHHe SNHAEMUH M Jp. '

Touuoe onpeaenenre npoieccoB noA0GHOTO THIA B PAMKAX TeO-
pHH mpoueccoB MapkoBa NPHUBOAHUT K INOHATHIO BeTBSILErccsd Mpo-
necca.

[Tycte n—uncso pasnuuBbBIX BO3MOXHBIX Tunos uacteu., Co-
CTOSHHE CHCTEMBI ¥ B MOMEHT BPeMeHM ! XapakTepHsyercs LeJo-
YHC/IeHHBIM BeKTopoM v (f) =={vi(f), v2(f), ..., va(f)}, rae v;({)—
UMEJI0 YacTHll (-FO THMA, CYLIECTBYIOWIHX B MOMEHT BpemeHu I
B nansuefimieM Mbl GymeM OTOMKIECTBJASITH COCTOMHKE CHCTEMBl X
B MOMEHT BpeMeHH ! ¢ BeKTopoM v (/). OTHOCHTe/bHO XapaxTepa
JBOJIONNY CHCTeMBl X BO BPEMEHH NDPEeNOJOXKHM Ccaenyiollee: Ka-
KoBa Obl HH Oblla yacTHila, CYIIeCTBYIOIias B MOMEHT BDEMEHH f,
ee TMOCAeRVIOIIAs SBOJIONHS He 3aBHCHT OT TOro, Korja H KakKHM
cOpa3oM 2Ta YACTHIA TMOSBHJAACL, H OT XapaxrTepa SBOJIOUHH BCEX
CCTAJBHEBIX YacTHI, BXOAAILIMX B T B MOMEHT BpeMeHH f.

HyCTb x, ﬁ, ... o6o3HayaloT n-MepHDIe BeKTOPLI ¢ LeJJOYHC/IEH-
HBIMH HEOTpHLATEJbHBIMH KOOpJAUHAaTAMHU!
a={alv a2v ey an}7 B={01, b27 veey bn}

BpepneM BeDOSITHOCTH INepexoaa pga(fi, fz) CHCTEMEI X H3 COCTOSIHHSA

¢, HMEEIIer0 MECTO B MOMeEHT BpeMeHH f;, B COCTOSIHUE § B MOMEHT

BpeMenH fg: .
Pag (t, L) =P {v() =B Iv({)=0a}.

Ofozuaunm yepes {i} (i==1, ..., n) COCTOSHHe CHCTEMBHl 3, CO-
cTosflel B3 OOHON YyacTHUL! (-FO THIIA.

C¢opMynnpoBaBHOe BRILLE IPEANOJOXKEHHE O XapakTepe 3BOJI0-
O¥H CHCTeMBI X BO BpPeMeHH MOXeT ObITb 3aI{CaHo CJelylomle#
hopmyJIoh:

n 9
Pop (s 1) = 2 11 ].];Ilp{im“” (¢, 1), (1)

n 9 i=1
3 alilap
=1 =] '

rfie cyMMHPOBaHHe B HpaBOil YyacTH PABEHCTBA NPOU3BOLHUTCS MO
BCEBO3MOKHLIM BEKTOpaM fU9 ¢ HEOTPHUATe/bHEIMA LEI0THCAEH-
HEIMH KOMIOHeHTaMH (j==1, ..., a;, =1, ..., 1), B cyMMe co-
grapasomumu sexkrop B. Ilpu srom, ecau a; = 0, 10 cunTaem

Peyptids (Ifl, tz) = 0.
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Vrak, eereswutica npoyecc ecthb MapKOBCKHH TDOILECC, NPOCTPaH-
CTBO BO3MOXKHBLIX COCTOSIHHH N KOTOPOTO SIBJSIETCS COBOKYNHQCTBHIO
BCEX LEJIOYHCJEHHBIX A-MEPHBIX BEKTOPOB C HEOTPHUATEIbHBHIMH KO-
OpJHHATAMH H NEPEXOJHble BepOSTHOCTH KOTOPOIO YIAOBJAETBOPAIOT
cooTHoweHuo (1),

B pajbHefillieM paccMaTpHBAIOTCS TOJBKO OJHOPOJLHbIE BETBS-
IHEC NPOLECCH, T. €. NPOLECCH, A1 KOTOPBIX

Pag (t1, 1) = pog (b — 1).

Paccmotpum mpoueccst ¢ oauum THmoM uacTum (n ==1). Tak
KakK B BeTBAIIIleMCH MNpollecce Kaxk/aasd uacTHLa IBOJNIOLHOHHDYET He-
3ABHCHMO OT APYTHX, MOXKHO CUHTaTh, YTO B HAyaJbHBI MOMEHT
BpeMeHH CyLlecTBOBa/da oOfHa uactuna. C TeyeHWeM BpPeMEHH OHa
HJIH HCYe3aeT, WJH NpeBpalllaeTcs B R OJHOTHIHLIX YaCTHL — Mep-
BYIO I'eHepailuio.

Kaxpaasi wacTula nepBOH reHepallid «KHBET» HE3aBHCHMO OT
JAPYTHX 4acTull, H AJA Hee HMEIOT MECTO T€ XKe TEOPEeTHKO-BeposarT-
HOCTHBIE 3aKOHB{, 4TO H AJISi HCXOAHOH. B HEKOTOpPBIH MOMEHT Bpe-
MEHM OHA MJIM HCUe3aeT, WM NPEBpalaercs B YacTHLLl BTOPOI re-
Hepauuy H T. I1. Bech NpoIecc OKCHIBAETCS ORHOH LeJOYHCIeHHON
cayualinofi ¢yrkuue# v(f), paBHOH 4HCAy YacCTHI, CYLI2CTBYIOLIHX
B MOMEHT BpeMeHH f, npH aToM v(0) =

MHOXKeCTBOM BO3MOXKHUBIX COCTOSITHHHA [ponecca SIBJsSeTcS nocae-
JOBaTeNBHGCTh HaTypanbhbix umcea 0, 1, 2, ..., npuuem 0O #B-
JISIeTCH TOTVIOIIAIOIMM COCTOssHHEM: ecan v(f) =0 B MOMEHT Bpe-
MeHH f;, TO M BO ECE HOCJedyIOli{He MOMEHTH BpeMenu v(f)=0
(t > to). Ecaiu ¢ BeposiTHOCTEIC | B HEKOTODLIT MOMEHT BpPeMEHH
oxaxertcsi, 4o v (f) = 0, To npollecCc Ha3bIBACTCS 8bIPONCORAIOUUMESL.
B apyrux cayyadgx seauunsa v(f) obpalaeTca 3a KOHEUHBIl NPO-
MeXyTOK BpeMeHH B 0 TOJNLKO C ONpe/ieJeHHO! BEepOATHOCTHIO. ITY
BEPOSITHOCTb Ha3HIBAIOT 8epORTHOCTLIO 6bLpoXcderis npolecca. Bos-
MOXKHO, UTO €O BpeMeHeM BeJHuYMHA v(f) HeOrDaHHUEHHO EoO3pac-
taet. B cayuae siAepHOH peaklIMH 3Ty CHTYAaLHI0 MOXHO HHTEp-
NpPEeTHPOBATb KaK B3pEIB. TakuMm o0pasoM, B TEOPHH BETBSIUIUXCS
MPOLIECCOB HAC MOTYT HHTEPECOBAThL CJEAYIOHINE BONMPOCH: KaKOBa
BEPOSITHOCTbL BHIPOXKICHHS BETBAILErocs Npouecca, KAKOBO aCHMITO-
THYECKOE MOBEJCHNE BENHUHHLL v (1)?

[Tycrb pi;(t) o6o3HauaeT yC/JI0BHYIO BEPOATHOCTb TOrO, 4TO B MO-
MEHT BpeMeHH f - T cHcTeMa COCTOMT M3 j YacCTHI, €CJH B MOMEHT
BpPEMeHH T HMeJoCh [ yacTHl. i peuleHHs 3ajay, BOSHHKAIOLIHX
B TeOPHH BETBAINKHXCA NPOLECCOB, YAOOHO MOJML30BATLCS METOAOM
NPOU3BOAAIIAX (DYHKIHH. Baegewm HpOHSBOILHIllHe (byHKJ.LI/IH fi(z, t)
pacnpenenennit {pi;(8)}, j=0,1,

e =27 pul),  121<1
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Beposarnoctn pij(¢) (i puKCHpOBaHO) COOTBETCTBYIOT pacimpyeje-
JEHHIO CyMMBbl | HE3aBHCHUMBIX CJYYaHHBIX BEJHYHH, Kaxnas H3 KO-
TOPLIX MMeeT OJHO H TO Xe pachpele/eHHe ¢ NpousBojsmel GpyHkK-

nxed f;(z, t). I[Toaromy
fiz, =1fi (=, O] @

HOns onpenenenna ¢yHKUMH fi(2,{) MOXKHO BOCIOJb30BATHCS
aio60i u3 cucrem ypasHenu# Kosmoroposa (§ 3)
B cootsercTBHH ¢ o61efi TeOpHEH CYIIECTBYIOT IIPOH3BOAHLIE

TG l—p ()
lim ”t —————-':‘ ]
t>0

=bjy .’>1; llm =b1-

>0
00

TIpennosoRuM, 4T by = by + ), b; < oo, Torma uMeeT MecTo mep-
j=2

Basg cucreMa ypaeHeHuil KosMoroposa:

dp,; (8) o
pcliﬁ =—bip,; (&) + Z bipe; (f)- 3)

k=0
Rkl

YMuo)xus o6e uacTH paBedHctBa (3) Ha 29 w4 MpOCyMMHPOBAB NO |
or 0 10 o0, MONAYyYHM

aflgj, ) = — b1 (2, t)+kz bfuz, ) (12]1<1)
=0

kol
uay, B cuay (2),

AED — —pife, b+ kz bf* (2, 1),
=0
k1

rae nonoxeHo f(2,t)= fi(z,{). OxoHuaTe/bHO MOJyuaeMm Clenryio-
Iee HeJHHelHOe NH(PdepeHlnaibHOe YpaBHEHHE:

AL =uip) (4)
rje o '
u(2) = by — b1z + k;bkzk (121 D). (5)

K ypaBHenuio (4) HYXHO MNPHCOe[MHHTbL ellle HayasbHOe YC/OBHE
f(z, 0)=z2. (6)

Pemenue ypaBHeHust (4) npu ycaosun (6) MOXKeT ObITb 3amMHCaHO

B BHIE
s —o@=t o@=|% ¢
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[TpeanosioKnWM, uUTO BBIIOJHEHBl YCJOBHS, NMPH KOTOPHIX HMeeT
MeCTO BTOpasi cucreMa AHbdepeHUHaNbHBIX ypaBHeHHit Kosamoro-
poBa. 3aMeTHM, 4TO W3 ONpENEeJNEeHHs] BeTBSIUUXCS POLECCOB BhiTe-
KaloT ciaefyioune GopMyJsl:

P =1 —bt) +o(t)=1—kbt+o(t),

Pre—1 (t) =k (l ol blt)k—l bot "l" (4] (t) = kbot + 0 (t),

Per-jB)=0(), (=2,

Pr k+j(t) =k(l —=bi)by it + o(f)=kb;.it + o(?), i=1,
OTKyZAa cjepyer (mpunuMas o6osnaueHus § 3)

a,,=jb1, a/1—1=fbo, a/;—-k=0, k=2;
@ 42 = Ib+1, k=>1.

Taxkum o6pasoM, ajs GyHKuHi p1;(¢) cucrema ypasHenuit (15) § 3
NpHHHMAaeT BHJ

9py; (1) . .
cl?jt = (j+ 1) bopy j+1 &) — jbrp1; () +-

+ (- 1)b2p1,_1(t)—|— +bjplj(t)° (8)

Ymuoxas (8) ua 2/ u cymmupys no j or 0 1o oo, IOJYYHM HOBOE
ypaBHeHHe [Jisl pOM3BOAsAllell GYHKUHH (2, 1):

of (2, 1) __ of (2, 1)
———a—i———u(z)T (Izl<1)) (9)

rie u(z) umeer 3Hauenue (5). K aTomy ypaBHeHui0 no6asisercs
HauasabHOe ycaoBHe (6). Pewenne ypabHenuit (9) m (6) umeer BHA

o) =¢(t +{ 5 ) (10)

rie V() — obpartnas GyHKuua aaa f=@ ()= S %. Sto pelue-
0

HHe coBnagaer ¢ (7).
ITpuwmep. Ilonoxum

u@=p—(p+q)z+ gz

B stom cayuae ofHa uacTHLa 3a MPOMEXYTOK BpeMeHu ! HCue3aer
C BEpOSITHOCTbIO pt - 0(f), Wau npeBpallaeTcs B ABe YacTHIBL C BE-
- posiTHOCTBIO gt -+ 0(t), Hau ¢ BeposiTHOCTBIO 1 —(p + q)t + 0(¢) co-
XpaHsieTcsl. BepoATHOCTh mpeBpalleHHs OGoJiee ueM B ABe HaCTHIbI
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pasna o(f). Vimeem

1 z—1
(2} — =
)= S § (p+q z+¢ " g—p mz__ﬂ (P ).

Has o6parnofi dynxiun 2 == {(f) nojyuaem BHpaKeHHe
I — Bedt 1=B)

() — _r
=Y =T =

OTKyZAa
2—B—PBz—1e? O
2—B—(z—1)e -0 "

[z, Y=t +o(2)=

Paanaras f(z,t) B pan no crenenam z:

. l—e (g=p) (1 — B2 (1 — ot @=PY*! pt (a=p)
Pz 1) = [ — = ptla~p) Z [g — of ta—p)j*t! o
ﬁ n=] [
OpujieM K CaelylomuM GopMynam:;
] — et a—n)
Plo(t)=—1—"—, (11)
1 — _B_ ot a—p)

o (1 — et @=m)*~T gt ig=p)

Pin (£) = (1 — B 6 — ot (q_p)]n+l

, on=1,2,... (12

B NPEABIAYIIEM HCKJII0Uajlach BO3MOXKHOCTE p = ¢. OcTaHOoBHMCA
ua peil. B sTom cnyuae ’
zZ

dz 1 2
q>(2)=§ pi—2¢ —p T—z: 2= v0=l—13 1+pt’

OTKyJa

1—2 (pt)"~!
t = A =3 — = .L
[, )=z(t+o@E)=1 Tt —2) 1+pt Z T

CuenoBatesbHo,
t
Pio (f)=T|_p“R, (13)
tn—l 5
mn(t)=ﬁ—(:’;—;t—)m, n=1,2,... (14)

Hs dopmyn (11)—(14) nenocpescTBeHHO BBLITEKAIOT caefyIOILHE
ACHMITOTHYCCKHE COOTHOWIEHHS NpPH [ —> 0o: €CaH § << p, TO

plO(t)_)I) pln(t)—>0 upu n>11 t_>°°;
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ecJd Xe g¢q > p, TO
pro®)—>p B<1), pi)—0 nmpu n=1, f-—>oco.

B nepsom ciyuae (g < p) BETBALLM{CS Npolecc C BepoAT-
HOCTbIO, paBHO# 1, BHIpOXKAAeTcd, T. €. CO BpeMeHeM BCe 4YacTHIbI
ycyesatoT. Bo BTOpoM chayuae (g = p) BepOATHOCTb BBIPOKIEHHS

npollecca paBHa (3=-Z— < 1; ecay Ke yacTHIbl He HCYE3AOT, TO HX
YHCJIO HEOTPAHHUEHHO yBenuunBaercsl Bo Bpemend. JleHCTBHTEBHO,

N
1
P{v(t)>N|v(t)>0}=1—m;]pm(t)él,

KakKoBo OBl HH Obl10 N,

PaccmotpuM BOMpoc 06 AaCHMITOTHYECKOM [MOBEASHHH [pH
t-> oo BeTBAIIErocs mnpomecca B o6iieM cayuae. B paspuefimenm no-
HafoBaTCad MOMEHTh BeJHUHHH v (f).

[TOCKOMIBKY MBI HCHO/Ib3YeM NPOH3BOAsUIHe (YHKIHH, BMECTO
MOMEHTOB yH06Hel BBOJAHTH (aKTOpHANbHBIE MOMEHTLL ITonoxum

my)=MPFOO—1) ... v@O—k+ 1)

Herpyano ycTaHoBATH JuHelinbie AnpQepeHlnaibHbe YpaBHEHHd,
KOTOPHIM YAOBJIETBOPAIOT (PaKTOPHANbHbIE MOMEHTDI My (f). [Ipexno-
JIOXKHM, UTO

Z kbk < o0,
k=l

Torma npu |z| << 1 anddepennuanbyoe ypasnenue (4) MOXKHO mpo-
nudbdepeHnEpeBaTh M0 2, B pesyabTaTe Uero NoJyuuM

Imla D) — i (fym 2, 2), (15)

rae ITOJIOXKEHO

mi (2, f) ==z, =My (52",

W (2) = — by + kZ kbg2h—1.
s (15) u paBenctBa m;(z,0)==1 cﬁenyer
t
$a(hat
m (2, ) =¢ (lzI<1).
Ipr z—>1 umeem u'(2)—> — b, +kZ kby=my < oo u f(z, )—>1,

MOHOTOHHO BO3pacTasi, a MO3TOMY W PAaBHOMEDHO OTHOCHTEJBHO f.
CrenoBaTeqnHo,

limm, (2, f) =emt,

EZ 3
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C nmpyro#i cTopoHHl, B cHay TeopeMbl JleGera npu 214 1
limmy (2, t)=lim Mv () 2° O = Mv ({) = Y, kp,(?).
EZ ! zAl k=]

Takum o6pasoM,
m, (t) = g™m#, (16)

DTOT pe3yJbTaT HeMeAJeHHO oGobiaercsd Ha (AKTOpHAJIbHBIE MO-
MEHTHl BBICIIHX MOPSAKOB.
Jlemma 1. IIpednoaoxcunm, uro

[~
m,=Zln(n——1) voiln—r+ )b, <oco, r=1,..., k (7)
=
Tozda ¢axropuarsubie momentol m, (1), r=1, 2, ..., k, sesudaunsl
v(t) KoHeuHbl u YOO0BAETEOPAIOT AuUHelnbiM Ougepenyuaroubin
YPasHEHUAM nepeoeo nopadKka ¢ NOCTOAHHbIMU KO3pduyuentamu.
Ilns pokasaTeqabCTBa IOCJAefOBaTedbHO AHpdepeHnUpyeM mo 2
(]z| < 1) ypaBuenune (4). Ilonaras

m (2, t)=M=M(v(t)(v(t)— 1) ... (v(t) — k- 1)2v 0-Fk),

azk
IIOJTyUHM

i’%‘f'—”—u (f)m @ )+ u” () m2 (2, 1),

. (. t) .......... .. (18)

mg (2,

—Er—=u (Y me(2, )+ Fu (2, 1),
rae Fr(z,t)—muorounen ot m(z,f), ..., mp—1(2,f) ¢ KO3OOH-
UHeHTaMH, JuHeHHO 3aBucawuMu ot u”(f), ..., u™(f). K stuwm

YpaBHEHHAM llOéaBJIi{IOTCH HayaJbHbie YCJOBHA
myg (2, 0)=0, k=23, ...
Peurenne ypaBHenus (18) umeer Bup
t T
§uwihat} =S u (nde
my (2, 1)=& SFk(z, T)e 0 dr.
0

ITo HHAYKUUH, HCIIONb3YA Te Ke COOGpﬂ)KGHHﬂ 4TO U B CJayyae

k =1, nonyuaem
t

my () =limmy (2, ) =ent | Fo(1, v)e-me e,
z>1 3

npuueM, oueBUAHO, My ({) ymoBaeTBopsieT ypaBHeHHIO (18), B KOTO-
poM noJoxeHno z = 1. B
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B uacrtHocTh,

my (f) =T (emt — 1) et (my#0), (19)
my () = mot (m; =0). (20)

ITpu H3yueHHH acCHMITOTHYECKOI'O IOBEJEHHS BETBSILIErocs Npo-
necca BaXKHYIO poJb Hrpaer ¢yHKuus #(2) (cM. (5)), KOTOpyi0 MBI
6yaeM cefiyac paccMaTpuBaTh AJAA JeHCTBHTE/bHBIX 3HAYEHHH 2.
3aMeTruM, yTo

w(0) =000, u(l)=by—bi+ 2 bp=0,
=2
w(@)>0 upu 2> 0;

npH 3ToM OyIeM CUHTAaTh, uTO He Bce bp (k = 2) pamuu mygo. Ta-
kum o6pasowm, u”(2) BuIIyKia BHU3 npHu 2 > 0 H, c1e10BaTeIbHO, HA
nutepBate (0,1) umeer He Gousee omnHoro nynsa. [lepeiinem k ompe-
JieJIeHHIO BEPOSITHOCTH ¢ BHIPOXKJAeHHs BeTBAlerocs mpouecca v (f).
Tak kak cobpitusg {v(f)= 0? 06pasyioT MOHOTOHHO BO3pacTalouIui
KJaacc coObITHH, TO

a =P {lim v (f) =0} = lim P {v(#) =0} = lim p, , (0).
t—>co t—> oo t->o0

Teopewma 1. Beposarnocrs soipoxclenun sersaujeeocs npoyecca
co8nadaeT ¢ HQUMEHbULUM HEOTPUUOTEAbHbIM KODHEM YpPOABHEHUS
u(x)=0. Ecau

u'(1)=m1=_—b1+1§kbk<°°,

0 npu uw' (1)< 0 sgepoarsocte ebiposcdenus o =1, ecau e
W(1)>0, 170 o <1.

Hoxasareavcreo. Tax Kak pio(f) =[(0,¢), To us (4) cuenyer,
4TO

280 (oo (), pro(0)=0. e

Ecnn by ==0, to pemennem ypaBHenus (21) siBaserca pjo(t)==0,
H TeopeMa | TpuBuaabHa. [Tycte by > 0. 3aMerum, uto ecam xo—
HAaUMEHBIIHY [OJIOXKHTEIbHBIE KOpeHb ypaBHeHusa u(x)=0, TO
Pro(fo) < xy nns Becex ¢ > 0. HelicTBUTeNbHO, ecad OB Py o(fo) ==
= xo, {o > 0, TO B CHJ1y eIHHCTBEHHOCTH pellleHUs ypaBHeHus (21)
6b110 OBl po(f) == Xp, YTO HEBO3MOXKHO.

Janee, Tak Kak CyINecTByeT Hpeles o= 11m Pio® <1, TO M3

(21) caenyer cymecrBoBaHKe 11m plo(t)——u(a) Ho orciona BoITe-
#

KaeT, uto 4 (o) = 0, B npoTuBHOM Caiyyae p,  (f) =S Pro® dt+p (%)
. t
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Bo3pacTtasno Obi HeorpaHuyenso. Taxum o0pasoM, AOKa3aHo, 4TO
o == xo. Ecom xo < 1, TO B Touke ¥ = 1 dyuknus u(x) BospacTaet
u npoussoanast ¥’ (1) >0, eciu ToJbKO OHa cywecTByeT. Ecaun xe
x=1, To u' (1)< 0.
Viccneyem Teneps acHMATOTHUGCKOE [OBeJEHHE BEPOSTHOCTH
pro(t) npi {— co AAA BLIPOXKIAWIHXCHA INpoueccoB (o = 1).
Teopena 2 Ecaum =u (1)< 0, my=u"(1)<< oo, 10

1 —p o)~ Ke™ npu m; <0 u nexoropom K >0
u

2
1———p10(t)~71—2—t- npu  m; =0.

Jloxasareascrso. Tlonoxum
gt)y=1—p;o ().

Dyuxuug g (f) yAOBAETBOPAET ypaBHEHHIO

dg "
—r=—ull—q@), q0)=1.
TToub3ysich QopMyJioff KOHEUHHX HNPHPAUIEHU, MOJYYHM

94— () + g €)= () ®),

rae £ gekur MexRny pio(f) u 1. Tak rak ' (x) - MOHOTOHHO BO3-
pacrapouasd ¢yHkuus, §—1 npu £—oo, 1o 0’ (§)=u' (1) —e(¥),

rie effy >0 u lim e¢(f) =0. Takum oGpasom,
t-»o0

d
S=q () (m; — e ),
OTKyAa
t
mit - e (1) dv
gty =e ° .

3ametum, uto << < 1)
0<e()=u' (1) —u' &) =u"@Q 1 =5 <u”(1)(1 —p () <me™,

1I09TOMY HHTerpaJl S £(f)dt xoneueH. Orciona cienyer, 4To IpH
V]
my < 0
g () ~ Kemt, rpe K=exp(———g e(t) dt).
0

Paccmorpum cayuait m;=0. Hmeem

B (=g ) =—u )+ g () — L),



§ 5] BETBINTIECS [TPOIIECCH! 4

rae §, — umcao u3 uHTepana (pyo(f), 1). Tak wax u” (&) —>u” (1)
npu t-—> oo, T0

dg _ ¢ (@)
’—(B‘ - b3 (’n? + S(t)),
rie ¢(f)— 0 npu {—oco. Orciona cienyer
2 2 1
q()= ; = to(7) m

myt - S e(t)dr+2
0
JlonmoqHuM TeopeMy 2 pesyibTaTOM, OTHOCAIIEMCA K aCHMITO-
THYECKOMY TIOBEJEHUI0 BEPOSITHOCTEH Py (f) AIA BHIPOMIAOHIUXCA
IPOLECCOB.
Tax xak lim p;,(&)==0 (n>0), 1o lim f(2, {)y=1. Tonoxum
t—> o0 t>oc0

gz, H=1—f(z, 1.

IMpu 2=0 umeem g0, H=1—7F(0,)=1—p,, () =g () ~ Ke™,
10KHO TIPeANOJIOKUTb, 4TO TaKOH ke OyIeT CKOpocTh yOLiBaHHS
Gyukuuu g(2,t) u npu 2 % 0. B cBSI3K ¢ 3THM MOJIOKHM

, 1—i(zt
0, =45 =2 22)

3aMeTuM, uTo QYHKUHIO

00

Pl =1—g, )= Zoio" (23)
n=|
MO HO pacCMaTpHBaTb Kak NPOW3BOJAAINYIO AJS YCJOBHOTO pacnpe-
JeJeHEs yHcaa yacTui v{(¢) npu runotese v(f) 0.
Teopema 3. Ecau my = u'(1)<<0, my = u" (1)< co, 70 npu
{ > oo ycaosHoe pacnpedenenue ducia dactuy v(t) npu eunorese
v(t)>0 crpemurcs k onpedesennomy npedery, npoussodsyan
¢ynrkyus Koropoeo [*(z) pasHa
¢ dz
™Y uE
f@=1—e * . v (24)
Hokazaresvcreo. Paccmorpum dyHRuHO 9(2,£). U3 (4) cie-
Ayet, 4To ¢ (2, f) yIOBJETBOPsET yDaBHEHHIO
oo 1 _,u— 21—
5 7t —a@®) + ul —q().
Passaras npaBylo 4acTh HOJIy4eHHOro paseHctsa no ¢opmyne Teil-
Jiopa, MOJyYyHM

% = s — g @ )+ LG () o]+

Iy T ,r'Ht} VEER
+ e[y~ gow H+ 5 ) )],
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rae e = u”(§&)—u"(1), g2 = u”(gg)—-u"(l), Ey (&) — umcao, je-
xaiiee mMexay f(2,f) u 1 (mexay f(0,f) u 1). Ilpu £ -> oo PyHK-
uuu g, —0 (i =1,2) paBHOMEpPHO B no6ol 06aactn lzl<p< 1.
[Ipensiayiiee paBeHCTBO MOXKHO 3aMHCATh B BHAE

= — LDy + )+ LGy + ), (26)

Hauunas ¢ HEKOTOPOro AOCTATOYHO OOJbLIOro f, HMeeM

Oq) q (1) 409 " 3
<L - ( ( My + —5- 12 =7 myq (f) P,
OTKyHAa

q (t)yde
oz, )<z, to)e I .
U3 cxomuMocTH HHTerpana S g (1) dv caenyer, yro dynruua ¢(z, f)
o
OCTaeTcsl OrpaHHuYeHHON npu ¢ —> oo, [TosToMy ypaBHenue (25) MOX-
HO Mepenycartb B BH/E

B 900 (l—g)tel, ol 0)=1—2

rae & == gg—@e; —>» 0 npu f-> oo, Ilpeacrasnsa pelleHHe nociael-

HEro ypaBHeHHA B BHJe
t

2 J9 (%) [m2 (1=@ (2, T))+e] dv
q)(z) t)=(1—"2)e 0 »
yﬁe}K,lIaEMCH B CylleCTBOBaAHHH IIpeaena
hm 92, )=K (z)

J—-

Kpome Toro, us (25) caeayer, uro lim —— at P —0. Tak Kak p(21t)
t>o00

SIBJISIETCS aHaJWTHUECKON ¢ynknuell BHYTpH Kpyra |z|<C1 u Bce
HCII0JIb30BAHHEIE OpeIe/bHble COOTHOUIEHHS HMEIOT MeCTO PaBHO-
MepHO BHYTDH BCAKOrO Kpyra |z|<<p<<1, 1o ¢ymkuua K(2)
TaKKe fBJSeTcs 2HAJHTHUECKOH BHYTPH Kpyra H
6g (2, t) _ dK(2)

0z dz

lim

paBHOMeDHO BHYTpH JioGoro kpyra |z|<< p << !. Ilns onpepenenus
¢ynkunn K(2) MOKHO Bocmo/b30BaThCA ypasHeHneM (9). IMoxcras-
ass B Hero [(z,1)=1—gq(t)p(z,t), noryyum

— ek )—q() L = —y(e) g L2zl
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PasnenuB 310 ypaBHeHHe Ha ¢(f) npu {-—>oco, MOJYYHM, YUHTbIBaS,

gto ¢’ (t)/q(t)->m; (cM. D10Ka3aTeJbCTBO TeOpeMH 2),

miK () =u(2)

npuuem K(0)=tlim ¢ (0, )=1. TakuM oGpasom,
“> o0

4

™Y U

K@)y=e ? ,

u (2)

(42)
1—fe, H~qgt)K(z)=e 0 - |

[MpuBeneM Temepb BHIPaXKEHHE /IS CPEIHEro yucja 4acTHIl B MO-
MEHT BpPEeMeHH ! [pH TUNOTe3e, YTO K 9TOMY MOMEHTY BpeMeHH Npo-
necc He BbIpoxkaaerca. Mmeem

mO=MEO0 >0 =2, 26)

OTKyJa, NpUHHMAas BO BHHMaHHE TEOpeMY 2, BBHITEKAKOT CJaeaylouiue
ACHMIITOTHYECKHE COOTHOLICHHA TDH t— co:

/K mpu  m; <0,
m () ~ mgtf2 opu  m; =0,
emtfl—a) upu m>0.

Ipu m; = 0 uncao wactuy v(f) npu runotese v(f) >0 neorpanm-
yeHHO yBeaununsaercd. [TooxuMm

* . ’V(t)
Torna M {v*(¢) |v*(¢) > 0} = 1. H3yunm npepenbHOe NOBELeHHe Be-
JIHYHHBL V¥ (f) mpH f-> 00,

Tak Kak MOXKHO OXHJaTh, YTO IpeNeJbHOe pacrnpelenenne BesH-
ynHbl v*(f) npw runotese v(f)>> 0, eciH OHO CyllecTByeT, Gyner
HenpepHIBHEIM pacnpenelenneM Ha nosnynpsamoii [0, co), uenecoo6-
Pa3Ho mepedTH OT MPOU3BOAAMINX QYHKLUHHA K XapaKTepHCTHYECKHM.
Jas xapaktepuctuueckoli ¢yHkunm g (A, ) cayyadHOH BeNHYHHBI
v*(f) npu runorese v(¢) > 0 nMeeM ciefyOlllee 3HAYEHHE:

iA

ihn *
- “*’(Tpln(t)=f(e’"“’,t)—f(0,f)
g, =Y e™® Lt 7@ '

n=}

o0
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HJIIH ,
_—
1—f\e™® ¢
g, H=1—+=1 @7
Paccmotpum cayuait m; == 0.
Teopema 4. Ecau m; =0 u my << o0, 10
. QV (t) — — 2K
}Eﬂop{“—_mgm <xlv(t)>0}—-l %, (28)

Hoxasareascreo. [lonaras
117(2: t)': 1 _f(z) t)’

NOJYyYHM K3 ypaBHeHHS (4)

oA Y2 o
e w1 =P ==L ) e, v )=1—z
Tax kak mpu m; == 0 npouecc ABASETCA BHPOKAAIIHMCS, HMEEM
P(2, £)—> 0 npn ¢ — oo paBHOMEpHO B o6Jjactd [2| << 1. Orciona cie-
ayet, uTo &({)->0 nmpu {—> co TaKie pPABHOMEPHO OTHOCHTEJNBHO 2,
|z]| << t. UHTerpupys noc/iejiHee ypaBHeHne, NOSYIUM

{
1 1 1
m___l:_;:—f[mgtﬁ— Se("c)d'v],
by

OTKyZa
: g (1)
tl-1>r2 i
P (em* ® 1)
t
. t tq (¢
= lim q()m +m2g()+q(t)ge(t)dr 2_%——!—1
{->00 l_e—-—_m* @ Y
H, CJEeNOBaTeNbHO,
. . oa 1
g(%)——tlggg(/w i)_l_——T}f'

Dyuxunst g(A) sABAKETCA XapaKTepHCTHYECKOH (yHKuMeli pacnpe-
nenennst F(x)=1—e>npu x >0, F(x)=0pu x <<0. B

B ciyuae m; > 0 pennuuna g (f) crpemurcst K npegeny 1 — o 5=
7= 0. [TosToMy HOpMHPOBKA ¢ MOMOLIbIO DYHKUHH g () HIH Mepexon
K YCJOBHBIM MaTeMaTHYeCKHM OXKUAAHMAM NpPH rumorese v(f) >0
HE MOXKET Hrparh CyliecTBeHHOH poau. JloKaxeM CICAYIOWYK Teo-
pemy.

Teopema 5. Ecau m; >0, my << oo, 70 seautuna v (t)e-mt
npu t—> o0 cX00UTCA 8 CcMbicAe Cpedree0 K8adparuweckozo K cAal-
walinod seautune \=1lim.v({)e~™!, xapaxrepucruveckas Gymni-
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yua g(A) koropoti yo0osieT8opAeT (PYHKUUOHANGHOMY YPABHEHUIO
g

U—gmnm{—-g”w_m““”Uw}=—m. (29)

u(w)(v—1)

Hast goxasaTeNbCTBA CXOJHMOCTH BeJHUHHBL % (f) = v (f)e—m¢
B CMBIC/IE CPERHEro KBaApaTHUECKOrO BOCIOJAb3YEMCS KpHTepaeM
Kowu. Tiyers ¢ < t/. Torpa

ME@® —3@)y =My (t_)9 + M3 (' — 2M (5 (1) % (¢')).
B cuay ¢opmya (16) u (19)
M9 () ~ mo/m; npu ¢-—>oo.
Hcnoabsysi onpejesieHHe BETBSIIEr0oCH NpOLECCa H ero OAHOPOA-
EOCTb, MOJYYHM
MEOvE))=MviO)M{E) v} =MV OMv({E — 1
OTKyZa cjenyeT B cuay Tex xe popmya (16) u (19)
ME @) ~ my/m,.

Takum obpasom, M () — 5 (') —>0 upu ¢, ' —>oo u éérxueCTByeT
npepes n = Lim.v({). 3anuceBas ypasHeHue (4) B Bu/e
t-»o0

G a—m =1 .
=T wi—1  df=madt

¥ uHTErpupys ero no ¢ or 0 mo f, monyuum
t

) -— 1( '—‘1
(1 —f)— | 2L O gy =t in (1~ 2).
Q

7
[Mosaras specb z=e¢™ @ 1u ycrpeMuB { K ©o, IpHIEM K pa-
BEHCTBY

g

(v) —m, (v—1 .
In(1—g)— | LQ=mC2D gy — i (— i,

9

OoTKyaa caeinyer (29). B
Teopusa BETBSIIHXCA MPOLECCOB C YACTHLUAMH HECKOJBbKHX THIOB
aHaJoTHuHa, HO GoJee caoxkHA. OCTAHOBHMCS TOJIbKO Ha OCHOBHBIX
COOTHOIIEHUSIX 3TON Teopud. Kak u B ciyuae yacTHi OLHOro THIA,
YROGHO BOCHOJB30BATLCS METOJOM MNPOH3BOAAIINX (yHKIHE.
IMycte M — MHOXKeCTBO BO3MOXKHBIX COCTOSIHHE Ipolecca, T. e.
COBOKYMHOCTH BCEX BEKTOPOB o == (ay, @z, ..., @y) C HEOTPHLATE/]b-

HbIMH eJIOYHCJeHHIBIMH KOMINOHEHTaAMH (yCJlOBHMCiI 0003HauaTh
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n-MepHbBle BEKTOpHl rpedueCKHMH GYyKBaMu o, B, O, ..., a HX KOMIIO-

HEHTHl — COOTBETCTBYIOIUMMH JNaTHHCKEMHE Oyksamu). Onpepenum

npoH3BoAsHe QyHKuHd F;(f,0)== F;({, si, S, ..., Sp) BEpOATHO-

cTell mepexofa pyj, p(f) COOTHOIIEHHAMH
b
Fit, o)y=F,(t, 5, ..., S")::sg:up‘”ﬁ(t) s’l"sz2 szn (30)
(0={Sly Sgy 0oy Sn}’ Bz{bl’ b2; sy bn})'

Hanomnuwm, uto {i} oGosnauaer Bexktop {i} = {di, Biz, ..., Sin}.

®ynxuun F;(f, 0) ABASIOTCA aHAJHTHUECKHMH (DYHKLHSMH rnepeMeH-
HBIX S1,S2, ..., S, B oOnactu |s;|<<1 (i=1, ..., n), npuuem

[Fit, o)1 mpr |51, 31

Fi(tr 19-"9 l)= s Fi(oy 0')=Si. )

Ec/iiy BBECTH n-MepHYIO BEKTOPHYIO (QYHKIHIO
D¢, o)={F\(t, o), ..., Fa(t, 0)},

to U3 (31) caenyer
® (0, o)=0. (32)

Hatinem teneps skBuBasent ¢dopmyns Koamoroposa — Uenmena
JJIS BETBAIIMXCA TMPOLECCOB, BLIPAKEHHBIH Ye€pe3 MNpOH3BOMISALLIHE
¢yuxuun. Umeem

Puypt+7)= agMPm Dpeg®), >0, v>0.

Samensis 3nech py g(t) no dopmyae (1), noayunm T

pmﬁ(t +1)= Z Piya (1) iZBZk: Dop B H ].__[p(k) pik, 1) (7).

b b
YMuoxasi o6e 4aCTH IOCJeHEero paBeHCTBA Ha §,' ... §,* H Upo-
CYMMHPOBAB 110 BCeM f, NMPHXOAHM K CJeAYIOUIHM COOTHOIIEHHSIM:

Fl(t+1", O)=
= B (& D
=G§Mp(z}a(t ) X 2 11 HP * 1) (T)Sb Lo s’ Ve

beM 223<k Nap B=I j=1" (k}B

= agM Pm @ H

kD
k=-l 7=1 ((k NeM {k)ﬁ( !

== t Fak T, 01
Zras0 e

ko ) (&, 1)
(1:)s .. §0n )=
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OTKyAa cJhaenyer
Fi(t+T, 0')=Fi(t, F](T, 0'), seey Fn(T, 0'))’ i=1, ceey S,

HJIN
D (t+ 7, 0)=0(t, O(r, 0)). (33)

Teopema 6. Cucrema npoussodaujux pynKkyul 6eTsau4eecoca
npoyecca yo0osaeTeopseT cucteme PyHKyuonasbrblx ypasnenud (33)
u Hawassbromy ycaosurwo (32)

BuoiBeseM 108 0pOU3BOAAINHX GyHKUHA auddepeHunaJbHbIE
ypaBHEHHsI, COOTBETCTBYIOLIHE NIepBOH 1 BTOPOH CHCTeMe YPABHEHHH
KosmoropoBa fnsi nepexofHbIX BepOSTHOCTEH.

ITyersb
t 1— t
tim 208D gy, im——L000 5,
tyo ' B fan ’

H TIPEANOJIOKHM, YTO

bu= Y, ba<o, i=1,...,n
BeM, Bxli}

Torna BepOATHOCTH mnepexona Py p(!) yIOBIETBOPAIOT NEpPBOH CH-
creMe ypasuenuit Konmoroposa (cm. § 3, (1))

dpy s (9
{Z'ta =—b,pye )+ Z by oPyg (@)

esEM, az{i}

b b
YMHoXast 3TO ypaBHeHHe Ha §!, ..., S,", CyMMHPYS no BceM f
H 3aMeuas, 4yTo U3 paBeHcTBa (1) caenmyer

B§M Pyt shisy? ... spn = ,I_I, [F, ¢, o)]*

'(nocnelmee BbIpaxaet co6010 B3aHMHYIO HE3aBHCHMOCTE 3BOJIIOIIHH
HMEOIHXCA B JaHHBI MOMEHT BPEMEHH 4acTHIL), NOJYYHM
. n
oF; (1, o)
D = —buFilt, )+ Y, big[]IFiGt, )]

aeM, ass (i) i=]

HJH
oOF; (t, .
la(t o) =y, (F((t, 0), ..., F,(t, 0), i=1,...,n (34
rie
U (S ever Sp)==bys,+ aaM aal 1aStt e e St (35)
i=1, ..., n
Oyuxuuy u4:(S1, ..., Sp) NPEACTABAAIOT CO60I0 MPOH3BOAsAIILNE

oyukuun cucreM BedHunH {—bii, big, a &M, o 5= {i}}.
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Uro6bt MOAYy4YHTh BTOPOE ypaBHEHHE, MPEINCJ/IOKHM, uTo |s;| << |
(i==1, ..., n). Torna |F;({,0)|<<1 (i=1, ..., n) U Mb MOXeM
nubdepennuposatsh paBescTso (33) no t. [losoxuB nocae audde-
penuuposanus v = 0, noayuum

n

o0 (t,0) ad (¢, o)

= (o) (36)
k=1

Ypapuenue (36) npencraBsisier coGOK0 CHCTEMY OJHHAKOBHLIX ypaB-

HeHHH LI NPOU3BOASAIMX QyHKUH F;(f, 0):

n
9Fi (o) __ 0F; (t, o) .
—at—-—--—-zuk(O')T, l——l,...,n,
k=1

KOTOpbl€ HYXHO pelliaTh HPU HaYadbHBIX ycaoBasx (31). Takum
o6pa3oM, noJyueHa Chaefylomas

Teopema 7. Cucrema npoussodaujux ¢yuxyuti Fi(t,c) npu
|si|<<1l,i=1, ..., n yoosaersopaer cucreme 0GbiKrHOB8eHHbLY Olih-
pepenyuarsroly ypasHenull (34), ypasHeHur0 8 4QACTHLLX APOUZBO0-
notx (36) u nauaavroim ycaosusm (31).



FTABA VIII
AHPSY3HOHHBIE NPOLECCH!

B 370l ruiaBe paccMarpuBalOTCH HeNMpephBHbBIE MapKORCKYeE NPO-
LeCChl CO 3HAYEHHSAMH B /M-MEPHOM eBKJIHLOBOM TpoCTpanctse F™.
[ToHOCTEI0 TaKue MPOLecchl O CHX NOp He OmHcaHbl. Mpr GyleM
H3y4aTh Ba:KHEHIUHP KJACC TAKHX TNpPOLECCOB, HOCALIHI Ha3BaHue
Quhpyauonrvix. 10 HasBaHUe YKA3LIBAET, UTO NPOLECCH 0A00HOTO
THIA MOTYT CJAY2KHTb BEPOATHOCTHOH MOAENbI0 (PH3HYECKOro sIBJe-
Hus augoysuu. B § 3 ra. VI yxe pacematpusasca npouecc Gpoy-
HOBCKOTO [BHXKEHHSl B KauecTBe BepOSTHOCTHOH Modean AH(ysHu
B oxHopoaHo# cpeme. Mcnoap3ys nonofHoe NOCTPOeHWEe B Cjayuae
HEOJHODOMHOH Cpellbl, MOXKeM NDPHITH K NOHATHIO obuiero AHQQY-
3HonHoro npouiecca. llosicuriM oCHOBHBIE H/leH HA MpHMepe OAHOMEP-
HOro mpolecca.

[Tycrb x; 06o3HauaeT KOOPAMHATY B3BEHIEHHOH B KHUAKOCTH JO-
CTATOYHO MAaJol 4yacTHisl B MOMEHT BpeMEHH .

IIpeneGperasi unepnuell 4acTHLbl, MOXKHO CUHTATh, YTO Nepeme-
LleHHe YyacTHOH COCTOMT K3 HBYX KOMIIOHEHT: «yCPeAHEHHOTO» CMe-
MleHusA, BBLISLIBAEMOr0 MAaKpPOCKONHYECKOH CKOpPOCThIO MABUMKEHHUS
KHAKOCTH, H (PAYKTyauunm cMelleHHs, BBI3LIBAEMOro XaOTHUECKHM
XapaKkTepoM TeNJIOBOTO ABHUMKEHHS MOJEKYJ KHAKOCTH.

[Tycth CKOPOCTb MAKPOCKONKHYECKOTO ABHIKEHHA XKHAKOCTH B TOY-
Ke X B MOMeHT BpeMeHnn ¢ paBHa a(f, x). OTHOCHTeJNbHO (JyKTya-
[HOHHOH cocTap/sliollefl nepeMelllenlsi OyAeM Ipeanojararb, 4To
OHa fABJsieTCcd CJAyualHOH EBeJMYHMHOHA, pachnpelefseHHe KOTOpo# 3a-
BHCHT OT TOJIOKEHHS X YACTHIIBI, MOMEHTa BpeMeHH {, B KOTOpHIH
paccMaTpHBAeTCs lepeMelleHHe, W BeJHyiHbl Af — JUIMHB 1poMe-
XKYTKa BpeMelill, Ha KOTOPOM paccMaTpHBAETCA NepeMelleHue, NpH-
yeM cpelHee 3HAYEHHe STOTO NepeMellenust OyfeM CYUTaTb PABHLIM
HYJII0 HEe3aBHCHMO OT TOTO, Kakue 3HAUeHHH NPHHHMAIOT f, Xi, At.
Torza nepemeilleHne YaCTHIB MOXKeT ObiTh NPUO/IIKEHHO 3aNHCaHO

caenyomuM o6pasoM:

Xpar— % =0a(t %)AL& o, an (1)
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npuuem Mg, +p ar="0.Ecan a(t, x) pasuo uymio, a pacnpefenenue
£, x, Ar HEe 33aBHCHT OT X, KaK NPeANO/arajoch OpH paccMOTpeHHH
6poysosckoro asumenns (§ 3 ra. V1), To Torna Mg3, ,, =M Af. Tak
KaK npu HeGOJbIINX H3MeHeHHsix [, ¥ CBOACTBA Cpejbl €CTECTBEHHO
IpeAnosaraTh Majdo MEHAIIHMUCA, TO B MaJOM NPOLECC fABJAAETCH
OLHOPOMHBIM; MO3TOMY MOMKHO CUHTATh, 4TOEy x, At =0 ({, X)E&1, s
rne ¢ (f, x) xapaxkrtepusyer CBONCTBA CpeJbl B TOUKe X B MOMEHT Bpe-
MeHH f, 4 E: a¢— BeJMUHHA NpupalleHHs, KOTopas noJyyujach 6ol
B OJZHOPOAHOM cJjyuae npu ycjaosu#, uto o(f, x) = 1. Taxum obpa-
30M, &, a+ HOJIKHO PaBHATBCA MpHpalleHMIO npoliecca GpOYHOB-
CKOro ABHkeHusl: w(f -+ Af)— w(t).

CnefoBateNbHO, /A NPUpPALLEHHSA X;yAt — Xt MOXKHO 3alHCAaThb
Takylo NpHOAKHKeHHYIO GOPMYJIY:

Xpppr— X RQ (t, xt) At 4o (t, xt) lw (t 4 Af) — w (£)]. 2

Uro6r 3Ta QopMy.a cTasa TOYHOH, HYXKHO, Kak 3TO Bcerja fe-
JaeTcsl B MaTeMaTHYECKOM aHasid3e, NpHpalieHHA 3aMeHuTb Aud-
dbeperunanamu. ITocse Takol 3aMeHBl Aad X; nOAydHTCs Auddeper-
nualbHOE YpaBHeHHe

dx; = a(t, x) di + o (t, x;) dw (¥, NG)

KOTOpPOe W MOXHO NPUHATH 3@ UCXOAHBIH NMYHKT NpPH ONpele/]eHHH
A hy3HOHHOro npotecca.

Ecan X; — MHOrOMepHBIH MpPOIlECC, NPUHEMAIOMHH 3HAYEHHS H3
#m, 10 cootHomenne (1) coxpaHsieT cMBIC, ecaH a(f, X;) ABALETCH
dynkunedl co sHaueHHAMH H3 B™, a Ly, x, ar — CIyYaHHBIM BEKTO-

pom B #™ B s1OM cayuae OyieM CUHTATh, YTO &t x, at MPEACTAB-
J5IeTCS B BiJe

&, x, A1= k};l by (1, x4) [wy (¢ -+ Af) — w, (B)],

rae by (f, x;)— HexoTopbple (YHKHHH €O 3HAueHHAMH H3 R™, a
wy, (1) — HesaBHCHMble OJHOMEpHBIE Tpolecchl OPOYHOBCKOro ABH-
keunst. Takoe upeiacTaBleHHe COOTBETCTBYET HEH3OTDONHOH cpeje:
nepeMellleHHs1 MO pasHLIM HaNpaBJeHHSM HMeloT, BooOUle ToOBOpS,
pas/jMuHbple pacnpejeseHHs. YpapHeHHe 1S BeNIHYHHBI X; B 3TOM
cayyae HMeeT BHI

dx;=a(l, x;)dt + k; by (1, %) dwy (B). )

OtMmeruM, uTo ypaBHeHusM (3) u (4) noxka HeJab3ss npPHAAThb

4+ Af) — w(t
CTpOroro CMenicCJja. Heno B TOM, 4YTO BeJHYUHA wit+ A)t w () ,

ecan w(f)— npouecc GPOYHOBCKOrO ABHXKEHHs, HMEET HOpMaJjbHOe
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pacnpejeserne co cpeanum 0 v gucrepcueil —Al?. ITostomy Beauuu-

w (t 4+ Af) — w (f)
A

He UMeeT. BBHAY OTCYTCTBHS MpPOH3BOAHOH y w@(f) OOHIUHO HpHMe-

nsieMoe onpefefnenue AH¢depeHuHana dw (f) He MMEeT CMBICJA.
Vpasuenusim (3) u (4) OyneT npHAad CTPOrHH CMbIiCT HOCHIe

pBefleus B § 1 mOHSTHI CTOXaCTHUECKOTO HHTErpajga u CcToXacTuue-

ckoro gu¢pgepenunala.

HH B KaKOM BEpOATHOCTHOM CMbICJ/ie npeneJda

§ 1. Croxactuyeckuii rarerpan Hro

[lycTh @ (f)— BHHEPOBCKHII POUECC, a COBOKYIHOCTb 0-ajredp
%;, ONpeje/eHHbIX Ha OCHOBHOM BepOATHOCTHOM MPOCTPAHCTBE
{Q, ©, P} nns Bcex t = 0, cesizana ¢ w(f) Tak, 4TO BHINOJIHAIOTCSH
caenyiomue yeaosus: 1) §, T, = © npu i < ly; 2) w(l) Hame-
pHM OTHOCHTEJBHO ; IpH Kaxjom #; 3) npouece w(t 4+ h)—w(h)
OpH KaxkAOM A He 3aBHCHT OT JOGOT0 M3 COOBITHA O-anreGphi §p.
O6o3uaunm, najee, sepes Mpla, b] (0 << a << b) COBOKYMHOCTH H3-
MepPHMBbIX 110 COBOKYNHOCTH MEPEeMEeHHBIX (t, o) oyuxunit [(f)=
= f(t, ), onpexenentbix npu ! & [a, b], © €Q n ynosaersopsio-
WuX YeJIOBHSM: a) f(f) H3MepHMa OTHOCHTENbHO O-ajareGpnt §; MpH
Kax oM ¢ u3 [a, b]; 6) ¢ BepoATHOCTLIO | KOHeueH HHTEerpals

-b

Vi par.

a

Ias scex oynruuii u3 Mo [a, b] Huxke onpepensiercss UHTErpalj

b
{7 0) dow .

dyuguus f(f) HA3LIBACTCA CTYNeHHQTOl, e/ CYIleCTBYeT TaKoe
pas6uenne otpeska [a,b]: a =t < hHh << ... <b= b, uro f(t)=
= f(t;) npu te [t tin), i=0, oo, r—1

OmnpenesuM HHTerpad Sf(t) dw(f) cmawana pjas TOro cJayuas,
a
xorna ¢ymknusa f(f) ssiserca crynenuaroii. ITycrs F(y==F () npu

telt, tiy), tie a=t <t < ... <t =b— HeKOTOpOE pasbue-
uue orpeska [a, b]. TlosoxumM Torzma

b r—1
(1w =3 )t — o @)
a k=0

OTMeTHM HEKOTOpble CBOHCTBA 9TOro HHTErpaJa.
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L Ecau M(17(8)118,) < o0 npu t < [a, b], To ¢ sepoarnocrsio 1

(Sf (hdw () l%a)wo (1)

IL Ecau M(If()P|T) < oo ¢ eepomuocmo 1 dua tea, b), T0

M([Sf(t}dw(t]lga) SM(fQ(tl‘?sa)dt (modP). (@)

HelcTBUTENBHO,

w([$roan] jn)-

= Z M (t6) (@ (tes)) — @ (1)) | Kol +

+ 2 ) MIF@E) ] (te) (@ (trer) — © () (@ (Fear) — @ ()| ol =

i<k

=Y M{P () M[(@ (ter) — @ () 1By, 11 8a) +

k=0

+2 3 M) T () [w (rer) — w ()] X
1<k
XM (@ (tra)) — @ () 1B1) 190} =

b

r—1
= 2" M (P2 () 180 lles — i) = | M(P()150)

k=0 a

1. Ecau o () — crynenuaran ¢ynxyus, 1o 0aa scakozo N >0
uec>0

|

HeficteuTeabuo, nycts @ ()=o) npu t, <t <t;yy, Tle a=

=f<H<. .. < t,=l;. Tak kak o (f) npu ¢t <[4, #;41) H3MepuMa
i+1

OTHOCHTE/ILHO §;, TO S |@(f)Pdt Takxke aABJAfETCA BEIUUHHOH,

b

Vo) de @)

a

b
>c}<%+P{S|m<t>th>N}. . ®

a
H3MePHMOH OTHOCHUTEJBHO Fi;.
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t [MoroxxuM @y () =@ (f) npu ¢<{#; A19 Tex {, AJAA KOTOPHIX
it
S |@{t) Fdt << N; ecoin Ke npu HeKOTOpOM R

a
gy tht

Vlotpar<n< 1o,

@

to npu t € [ty, b] ¢y (f)=0. OueBunHo,

t

(loyypat<n
0

b
P{stup!q9N<t)—cp(t)l>0}=P{Slrp(t}i2dz>1v}.

@ (1) dw(h) >c}=

b b
=p{

Jou 0wt + { (00) — oy ) dw ()
, a a
Von @ dw

oo

M

[Toatomy

|

RS P

1

>Cj”<

o)<
b
{0, 0 aw 0

b
r +P{§|<p(t>l?dt>zv},

a

b

{ lo () — an (9] du @)

A

<r}

2

<

yTO M TPeGoBaJOCh AOKAa3aTh.
TIycTh HOCJEAOBATEBHOCTD CTYMeHuaThx dyukuuii f, Takosa,

uTo

b
iro—i.opd—o

b

no BepositHocTH. Torga S [f, () —fm(f) Fdt Taxke CTPEMHTCH

a
K HYJIO IO BEPOATHOCTH LpH n—> 0o, m—>co. Cie10BaTe/pHo, M
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BCAKoro ¢ >0
b
lim P{Slfn(t)""fm(t)fzdt>8}=0-
n, m-»oo o

Hcnmoabdys cBoiicteo III, moxem 3anucarb npu Ja06bx & > 0,

6>0
b

a0 dw () — {1 (a0 (1

a

>80 <

fn, m->x

R ey e

Pl
l

(¢ l
<&+ ImF1&MW4MWW>ﬁ=%,

n, m-—>»o

TaK 4TO BBHAY NPOH3BOJIbHOCTH & > 0 ansg Bcaxoro 8 >0

2
lim { }=0.

Ws nocnenunero paBeHCTBa BBHITEKAaeT, YTO NOCJACAOBATENBHOCTL CJIY-
b

() dw (¢

>
)= | f (e (1)

Q(/?

yafublX BeJHUYHH an () dw(f) cxomuTcs Mo BEPOSATHOCTH K HEKO-

a

TOpOMY Ipefenay. DTOT Npejles He 3aBHCHT OT BbIGOpa MOC/AeNOBa-
b

TeAbHOCTH fn (1), AASL KOTOPOH S [f. () —F(@)Pdt—0 (ecan umelor-

a
Csl IB€ NOCJAENOBATEIbHOCTH [r (1) H [ (f), TO, 06BEAHHSST HX B OAHY,
yGexaaeMcs B PABEHCTBE C BepOSTHOCTBIO | mpeaesioB Ha pasHHIX
nocJeIoBaTebHOCTSIX) . [lomoxum

b

S f(#) dw (£) = P-lim S £ (8) dw (b).

a

ArtoT npenen 6yleM HA3LIBATH CTOXACTUUECKUM uHTeepasom HTO
byuxun f(7).

[Tockonbky ans Bcex [ & My[a, b] MOXKHO MOCTPOUTL TaAKYIO 110-
CJe[OBATEIbHOCTE CTYMeHYaThlX Qyuxmui f, us Mola, b], utobn ¢
BEpPOATHOCTBIO |

b
Eﬂgmw—HWW=Q

TO TeM CaMBIM CTOXACTHYCCKHH HHTerpaJl Hro onpenesnen ajs Beex
f=Mla, b].
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Tak onpepmenennplit pHTErpan fABAAETCS OAHODOAHBIM M aflH-
TUBHBIM (yHKUHOHAJAOM OT QyHKUHH f(f) Ha My[a, b]. Kpome Toro,
npu a<<c<<b

c h

b
Viwaww+{10aen={i0do, )

a < a

HoxasaTeNbLCTBO 3ITHX CBOACTB OYEBHAHO [IAA CTYMEHYATHIX
GYHKUHN W TPHBHAJNLHBIM Npele/ibHbIM NEPEeX0I0oM NepeHOCHTCA Ha
oOIUl cayya.

Hcnonb3ys npeneibHblii nepexof B (3) oT cTynmeHuathx QyHK-
nuii K OpousBoJbHLIM Qynrunam uz Myla, b], ybexpaemcs, 49TO
cpoiictBo III cnpasensuBo aas Beex f(f) = Mqla, bl

C noMouIbio 3TOTO CBOHCTBA JIETKO YCTAHOBHTDL, YTO MMEET MECTO

IV. Ecau [(t)y= My a, b], fu(t)=Dala, b] u

b
\i@—10Fa—>0
no 8epoATHOCTU, TO

P-lim

b

Fah dw ()= { () dw ().

a

Ry

Hcnosibaysi npene/bHbBI mepexol, MOXKeM Jerko y6eanTbca B
CIpaBeJNHBOCTH CJEAYIOLIEro CBOACTBA, 06o6uiaomero csoicTea I
u Il

11*. Ecau ¢ynxyus | Takosa, uro ¢ sepoarxocrsio 1

b
I M7 @ FISD dt < oo,
TO ¢

[4
M(SﬂﬁdeH$)=0 (mod P), ®)

b 2 b
M([Sﬂnmwﬂlm)=§M(WMP%am (mod P). (6)

a a

PaccMoTpuM Teneph CTOXaCTHUECKHH HHTerpan Kak QYHKIHIO
BepxHero npenena. OGosHauuMm uepes YP;(s) ¢yHKumo, pasHyw I
npy s<<t u pasayw 0 npu s>t Ecau f[(s)=Myia, b], 10
[(s)¢:(s) = Me[a, b) npn aobom e [a,b] n

t b

{1 dwis)={F©) b )d00)

a a

e
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M3 onpenesenusi CTOXACTHYECKOTO MHTErpajia BHITEKaer, uTo OH
onpejeseH ¢ TOYHOCTbIO 10 cobuiThil BepositHoctu 0. Ilostomy uu-
Terpa’ Kak (QYHKLHUS BepXHEro npejesa OnpeiejeH ¢ TOUYHOCTHIO
J0 CTOXacTHuecKoil sKBHBaJeHTHOCTH (cM. § 1 ra. IV). B npanbheft-
nieM Mbl BCIOLY Oy[eM NpeAroJararth, 4To 3HaueHHUs] HHTerpasa Kak
GYHKIHY BepXHEro npte/:xeﬂa Ipy Pas/HYHBIX ! COIVIACOBAHLI TAKHM

ofpason, uto f (f) = S f(s) dw (s) sBasieTcs cenapabesbHBIM I1IPO-

a

HeCcCcoM.
t

OTMeTHM OCHOBHHIE cBOMCTBa GVHKUUE (f) = S f (s) dw (s).

a

b
V. Ecau SM(lf(s)l2]%a)ds<00, 10

] b

t

P{ailfgb an(S)dw(S) >C|%aj<—cl—2agM(lf(s)’2l%a)ds (7)
u
t ] b
P{asup Sf(s)dw(s) >Ci<;2 Sle(S)Ist. ®)

Hocrarouno moxasath (7). Bebepem pasGuenue orpeska [a, b]:
t
k .

a=1t <t <...<t,=b. Ilonoxum gkzgf(s)dw(s).
Tak kak npn & <![ :
f
M(c,——;kl%tk)=M(§f(s) dw(s)l%tk)=o

g

H {, M3MePHMO OTHOCHTENbHO Ty,, TO MOCIENOBATENBHOCTh {4}
SIBJIACTCA MAPTHHIAJOM, a 3HauuT, {{;} — cyGMapruuragom. [lo-
3TOMYy B cHay Teopemsl 5 § 1 ra. Il

P{ sup |l > ¢S} <% M(Z[3,):

0<Ekn
Takum oGpasoM, YCTAHOBJEHO HEPaBEHCTBO
g

{i5)dwis)

a

b
>cl%a}<%SM(lf(S)lgl%‘a)dS
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H3 KOTOPOTo JIETKO MMOJYYHTb JIOKa3:iTedabCTBO cBOHCTBA V, BOCIIOJIb-
t

f (s) dw (s).

30BaBIIHUCh CeHapa66JIbHOCTblO npoiiecca

V1. Cenapabeasnoiii npoyecc T (t) ==\ [ (s) dw(s) nenpepoiger.

R Qe

Jlokasareavctso. Ecan f(t)— crynenuartas (QYHKIHS, TO Helpe-
PHIBHOCTb {(f) BLITEKAeT H3 HEMPepPHIBHOCTH @ (f) M (opMmysl, OI-
pefeastowedt {(f) B arom cayuae. Ilycrs Qynkina f(t) us Mgla, b]

b

TakoBa, 4TO S M|f(s)PPds < oo, a [n(f)— mocaen0BaTENbHOCTD

a
crynenyathix GYHKUUH, A1s1 KOTOPOit
b

lim SMI f(s)—f.(s)Fds==0.

n=»oo

a
Beuay csoiictBa V
t t

P isup| {76 dwio— {1 do o >e]i<
b

a a

<L\Mite —f6rds.

a

BriGupast MOCJAe0BATENBHOCTH &, —> 0 1 715 TaK, YyTo0b

o b

1

> M) — o, (O dt < oo,
E=1 *q

y6exmaeMcs, 4TO

t

B t
ZP{ sup | §7(s)dw(9)— { 1, (s) dw o) >ak}<oo,
k=1

ast={h
T la a

¥, 3HAUMT, HA OCHOGaHHH JeMMbl DBopens— Kaureanu ¢ BeposT-
HOCTbIO 1, HAUMHAS C HEKOTOPOTO HOMepa #,
t t

sup |{F()dw(s) = { 1, () dw (s) | < e

<i<<
asit<Ch P P

Taxkum o6pasoM, Sf(s) dw (s) ¢ BepoaTHOCTbIO | fBJASETCS PaB-

a
HOMEepHBIM MNpeAeJOM HempephlBHBIX (YHKUMH, [O3TOMY STOT

npefies TaKkke OyIeT HelpepeiBHBIM. [Tycts, wuakomen, f(f)—-
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r;ponsBoanaﬂ dynkuus w3 Myla, b). Tlonoxkum fy(s)= f(s), ecan

§|f(u) [dusKN, u fy(s)==0, ecau S[f(u) Bdu > N. Torpa
! t

p,|§ 1@ dw(s) = 1y(s)dwis)

a a

>O}<

b
t <P{S(f(s)lds>N}.

a
Taxg kax SfN (S)dw(s) wHenpeprBen H BEPOATHOCTDL, CTOsIHLAL

a
B NpPAaBOH YaCTH MOCJELHEro COOTHOIIeKHd, MOKeT OHTh chesaHa
{

CKOJIb YTOIHO MaJioH, TO mpolece S/‘(s) dw(s) HenpepbiBeH B 00-
P .
meM cayuae.
Ham 6yner ny:KHa cieayiollast oneHKa YeTBEPTOIO MOMEHTa OT
CTOXACTHUECKOrO WHTErpaJa:

b
VII. Ecau [(t) us Myla, b} raxosa, uro SM] FOPdi < oo, 10

b 4 b
M(Sf(z)dw(t>)< 6(0—a) | MIf(1dr. ©

a
Hokasareavcrso. Tlycth cHavaga f(f) ABagercd CTYyNeHYaTOM
dbynkunedt, aas xroropofi f(f)=f({;) npu t < <<#tp, THE
a=1ty<< ... <<t =b — HeroTOpoe pasGlieHHe oTpe3Ka [a, b].
Torna

b 4 1 4
M (S F(t de (t)) =M (Z F(1) [ (1) — @ (tk)l) =
a k=0

r—1
=M Y17t P ) — @ (@) +

k=0

r—1 k—1 2
+6) M (Z Ft) [ (1) — @ (n)]) | () Pl (besr) — @ (t)) =

k=1 1=0

r—1
=3 MIf () I (b — 1)+

k=0

-1 =1
- GZ M(Z FE) [w@41) — w0z )]) [ F () Bltesr — %)

k=1 Lm0
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TaK KaK MaTeMaTHuYecKoe OXHIAHHE TeX C/araeMhX, y KOTOPBIX
npupatuenie W (fpq1)— w(fx) ¢ HAHOOJDBIINM HOMEPOM BXOJHT B
HEUeTHOIi CTeleHH, paBHO HYJIO, a Ipu m == 1, 2, ... UMeeM

M ([@ (Fes 1) — @ )" 1 B2,) = @m — DI (Fay — £)™.

[das moboii ctymeduatoil GYHKUMH [(f) Mbl MOXKeM CUHTaTh, YTO
oTpesKu [ty try1] BEIOpansl TakuM oGpasoM, uTO max [fxy, — 4]
k

cKoJib yrogHo MaJj. [losToMy 43 nmpeibiAylero COOTHOMIEHHs NOJy-
yaeM, Nepexoas K npefely npa max [fy — &] =0,
k

b b t 2
M(S £ () dw (t)) =6S M(S f(s) dw (s)) 2 (4) dt. (10)

a a

IMpumensis nepaseHcTBO Ko — ByHSIKOBCKOro, MOXeM 3aru-
caThb

b t 2
| M(S Fs) dw <s>) P dr<

@ b b t 4 1/2
<[SM[f(t)[4dt-SM(Sf(s)dw(s)) dt] )

a a

a

M3 ¢opmynn (10) BuiTekaer, 4To

t 4 t u 2
M(S f () dw (u)) =6S M(S f(s) dw (s)) P (u) du

a a a

Bo3pacTtaer ¢ { M, 3HAUHT,
b

b t 4 4
{ M(S f(s)dw(s)) dtg(b—a)M(Sf(s)dw (s)) .

a a a

Takum obpasom

b 4 b b 431/
M(Sf(t)dw(t)) <6[(b—a>§Mif(s)wsM(Sf(s)dw(s))] :

a a a

Orcrona BuTekaeT dopmyaa (9) Aas crynenuatsix yHkuui f(7).
Jloxa3zaTeaAbCTBO 3TOH (DOPMYJBL B O0LIeM CJayude MOXKHO MONYYHTh,
noctpous s [(f) mocsefoBaTeNbHOCTb CTYNEHYAThIX (QYHKHIUIT

fn(t) Tak, 4TOGH
b

tim { MIF@) =1, () dt=0.

(1]
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Beegem moHsiTHe croxactaueckoro auddepennmana. Ecan s
npoliecca §(f), UBMEPHMOr0 NPH KaxKA0OM [ OTHOCHTENLHO &, CyHie-
crylor Teune b(f) us Mpla, 6] u a(t), usMepHMOe HPH KakKIOM £
OTHCCHTENLHO §; M HMelolllee ¢ BEPOSTHOCTBIO 1 KOHeUHBI HHTEr-

b
paua ‘3 fa(f)|dt, uro paa Beex a <<t <<fo<< b
a

143 1,

tt)— )= {ayai+ 0@ do,

] 1

10 6yneM roBopuTh, uto a(i)di - b(t)dw(f) sapasercs cToxacTHye-
cxuM anddepeniyaioM npouecca {(f}, U 3anuCHLIBATD .

dg (t) == a () dt 4 b(t) dw (¥).

YcTanopuM BaxkHe#liee CBONCTBO CTOXaCTHYecKoro AHPdepen-
uuana — gopmuyay A7o nudppepeHLUpOBaHHs CA0XKHON QYHKLHM.

VII1. [Ipednoroocun, wro npoyecc §(!) umeer croxacruteckull
dugpgepenyuan df(t)= a(t)dt + o(t)dw(t), a ¢yuryua u(t,x)
(necayuainon) onpedesena npu t<la, bl, x = &', nenpepoisna u
umeer  uenpepvlgrvle npoussodnvie u(t, x), u (¢, x), ul (¢, x).
Toeda npoyecce W(t) = u(t, §(t)) Tarwe umeer croxacrudeckutl dugp-
peperyuan u cnpagediusa CAeCYOWA HOPMYAQ, HOCAUAL HABBA-
nue opuyaos Hro:

dn (1) =[u; (¢, L@) +u (¢, T@H)a () +

gl C@) OO dE i (¢ )b (D dw(®). (1)

IlokasateancTeo 3TOH QoOpMyanl Gyaer NOJNY4EHO €pasy B MHO-
romepuomM cayuae (cm. XIIT).

Ianee GyayT paccMaTpHBATLCS CTOXAaCTHYECKHe HHTErPasbl €O
cayuafigbiMy npefenaMu. IlycTb T-—MapKOBCKHH MOMEHT OTHOCH-
TepHO o-anre6p & (1. e. {t >t} §:). llpennonoxum, nasnee 41o
¢ BeposiTnoctsio | T &[a, 0] Torma mas moboft f(f)= Myla, b]
dyuxuua [ xqs n =M, [a, 0], 18K Kak ¥, H3MEPHMaA OTHOCH-
TEJABLHO Ft.

TTonoxuMm
T

b
S [ dw(t)= S ) %o ndw (8).

a
Ecju

b
M(S () dtl%a) < oo, (12)

a
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TO

M(S £ (t) dw (1) I%a)= M(S F(O) s g dw (8) 1;‘50)30,

a a

T 2 b
M((S f(t) dw (t)) g-a)= M(S P2 (8) s gy A I%Sa)=

a a

=M(§f2(t>dt1%a). (13)

Taxum o6pasowm, cBoiicTBo II* crnpaBeisiuBO K B TOM CJayuae, KOria
BepXHul mpejesa CTOXacTHYeCKOro HHTerpasa ABJISETCS MapKOBCKUM
MOMeHTOM. JIerko BHJETh, 4TO BMECTO BhImoOJHeHHs (12) MoxHO Tpe-
6oBaTh JHUIL KOHEYHOCTH Npasoil wactu (13).

PacecMoTpum Temepb HHTErpas ¢ OBYMdA CJAYUaHHBIMH Tpefe-
aamu. Ilyers f(f) & My la, b], kakoBo O HH ObIO b > a. Ecan
T, ¥ Ty— [BA MAaPKOBCKHX MOMEHTAa OTHOCHTeJbHO o-aare6p g,
JJIsT KOTOPHIX @< T; < Ty C BePOATHOCTLIO 1, ompejennm

T2 Ty

{fodon = i@den—{iodo.
[ a

Ty

O6o3naunM uepe3 §s, o-aare6py coburuii A u3 U?‘St, I KOTOPBIX
[

AN{n <t =3
IX. Ecau

M(Szf(t)dw(t))< oo,

Ty
TO

M(S F () dw (8 wsn)= 0, (14)

%T.)= M(g P ) dtl%'n). (15)

M([Szf(t) dw(t)]

Iast JoKasaTeJbCTBA PACCMOTPHM r,-H3MEPUMYI0 Beauuuny &,
NpUHEMAWINYO JHuub 3Havenua 0 uam 1. OyHKuUA

Fn(®) =Bl <cnf ) Kig, An>

npurangexur M la, b] npu mo6om b > a, Tak Kak OHA H3MEpHMa
OTHoCcHTeJbHO ¢ (MO ompeneneHnio Ty, -H3MEPHMOH BeJHUHHBL
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{o: E=1}1N{r, <t} =Fy). Kpome roro,

M(§f;—; (t) dt)-—— Mgrzi\nﬁ (t) dt < co.

a AR
3HaYHT,
AR
Mg | 7()dwn =0,
Tz/tlnAn 2 T.An
Mg[ | f(t)dw(t)] =Mg | [()dw@.
TIAR TiAR

Ilepexonst K npenesy IpH #—> 00, IOJYUHM
T2
Mz { F () dw (=0,

Ty

Ms (S P dw <t>) =Mz { /2 () dw ().

Ty

W3 stux paBeHcTs u BhiTekawT (14) n (15).

IIpenno/io:xuM, UTO ¢ COBOKYNMHOCThIO o-anare6p §: (¢ = 0), on-
penenenHpix Ha {Q,®, P} u yIOBJeTBOPAIOUHX YCJOBHIO: IpH
0<<t <ty i, =B, = ©, cBsi3anbl ONHOMEDHbBIE BHHEPOBCKUE NPO-
necenl wi(t), ..., Wn(f), yLOBAETBOPSIONUINE VCAORUAM: a) W, (f),...

.., Wn(f) HezaBUCUMBL; 6) wy(f) H3MEPUMO OTHOCHTEJBHO §y, f = 0
B) m-MepHbIi npouecce (@ (¢ + h)— wi(h), ..., Wn(f + h)— w,,(h))
t = 0, He 3aBUCHT OT G-anredpul F.

HOasa Besikolt dyuruuun [ My (a, b] onpemeseHsl HHTerpadbl

.
?
s

b

{10 dwe .

a

VKa)eM HEKOTODHe CBOHCTBA, OTHOCSILIHECS K HHTErPANaM IO pas-
JIAYHBIM BHHEPOBCKHM IpOIlECCaM.
X. Ecau w(t) u wy(t) HeBasucumol u

b b
M(g f2<t‘>dts%a)< o, M(S gz(t)dtl?sa) < oo,

a a
Tro

b b
M(S ity dw () § g (0 dwy () I%a)=0- (16)
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IMpeanonoxuM cHayaaa, u4to f(f) u g(f) — crynenuarsie QyHk-
uun: () =[ (%), g() =g @) npu £, <t <tpypraea=1(<t, < ...
eo. <t,=>b. Torna

M (35 76 1 (e — 01 601 T, 66T ) = (00115 =
=M (516 £ ) =G X
XM i ) — 1) [1]] 82) +
FM(Z, 1080 ) — (6] X
XM [ ) — 0 4) 52,1 | Be) +
3 (', F00 8 @M (1 i) — 2, (] X

X [ (tha1) — w3 ()] 191,) B0 ) = 0.

B o6meM cayyae (16) moxasbiBaercs npejielbHBIM nepexoioM OT
CTyneHYaThX QYHKUHH.

O6o3naunM vepes W (f) m-MepHbll BUHEPOBCKHil npouecc. Onpe-
neauM JJ5 BeKTOPHBIX (PyHKuMi [(f) &S #™, KOMNOHEHTH KOTOPHIX
npunagnexat My [a, b, unterpan

b m b
[, o)=Y (i der ),
a k=1 a '

re f(O)=(fi (@), ..., fn(?). Bynem oGosnauate 5js BeKTOpa re=R"
C KOMIIOHEHTAMH (X1, +v o) Xpm)

|xl=a/E+ ... + 5.
Ecau [(f) —rarasn ¢ynxyus, uaro fr(f)ye=Wyla, b] u

I.
b
M( li(t)thl%a)<°°, TO

a

b
MGOmwwme=m

b 2 b
M(Bumwmm]%J=M(ywwwm0.

a
Drn dopMyJsl BETeKaloT u3 coficts 11* n X,
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Paccmorpum Tenepb muTerpas suja
b
S A() dw (), (17)
a
rae A(f) — marpuunas dyHruua A() =/ a; (¢)} '™, pyHKuHM
a;; () = My [a, b]. Unrerpan (17) ssasercs BeKTopHOH byHRIHER
€O 3HaueHHsMH B A", KOMIIOHEHTHl 3TOTO BEKTOPA OIlIpefeJIsiorTcs
tdopMyiaMu

b m b
(SA(t)dw (z)) =3 Saij<z)dwj(t), i=1, ..., n

a i j=1 a

Oz

Hcnoabsys cnath cofictBa II* u X, MoxeM yCTAHOBHTL cJenyio-
Iee CBOHCTBO.

XII. Ecau A(t) — marpuunas ¢ynryus, a8 xotopoii a; (s
=Mla, bl u ’

M(g ()dtx%a) (§ a, dm)

S A(t) dw (1)

m( |

(s0ece SpC — caed marpuyee C). Ecau B(t)=l|b, @)1 "

wn?

TO

b 2

%
sa>= M (S Sp A(t) A" (1) li’sa) (18)

a

b
biy () & My [a, 5] u M(S Sp B(f) B* (1) dt| f’;) <0, 10

%a:l =

b
=M (S Sp A(H) B* (8 dt}%‘s-a). (19)

CnieBa noj 3HaKOM MaTeMaTHYeCKOrO OXHIANMA 3amHCAHO CKajAp-
HOe NpOHU3BeLeHHe ABYX BeKTOpoB. (l8) samagerca uyactdmm cay-
yaeM (19), ecan B ()= A(¢). Pacnucbizas ckaispHoe npouspese-
Hue caesa B (19), 6y/:LeM UMeTh

b b
M [(S A(t) dw (), S B(f) dw (z))

N a

nom m b
Z Z Sau (1) dw; t)z S by (£) dwy, (£).
i=] j= k=] a

Ecau Bo3bMeM MaTeMaTHuecKoe OXMAAHWE, TO OCTAHYTCH JHIIL Te
claraeMele, y KOTOpbix k= j. Bocnonessosapumcs dopmyson 11*
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NOJIy4YUM CIpaBa Nnojd 3HaKOM MAaTeMaTHUeCKOro OXHIaHHusd

m

Z Z S al] (t) bi] (t

i=] j=1 a

4TO COBNAJAET C BhIpa{eHHeM INOJ 3HAKOM MaTEMAaTHYeCKOro OXH-
nanns B npasoit wactu (19).

[Monyynm Temepb oGobuienne Gopmyast Mo Ha Qyuxuuu or He-
CKONIbKHX CTOXaCTHUECKHX HHTErpasoB. ByneMm roBOpHTL, 4TO MpPO-
pecc {(f) uMeeT CTOXaCTHUECKHH ﬂmpcpepemmaﬂ na otpeske [a, b],
ecu cyliecTByioT Takue Qyukumn by (f), k=1, ..., m, us Tsla, b]

e

u §-usmepumast Gysxuua a(f), A1 KOTOPOIi S[a(t) ldt < o0, 4TO
a

nasg a =< tl <t2 b

fy m 1

() — L) = S a(s)ds + Z S by, (8) dwy, (s).
TTon0KHM TOrZa g k=11 :

de()=a@®di+ 3 b0 dw, )

X111, Hycro npoyeccor §i(t), ..., Ln(t) umeror croxacruseckue
Sugpepenyuarst na [a, bl:
dte(t)=ap () dt + 2 by () de; (), k=1, ..., n,  (0)
a pynryus u(t, Xy, ..., X,) HenpepoIeHA 1L UMeeT HenpepuleHblie npo-
u3800HbLe u - 0u n; e =1 n. Toeda
at’(?xk’ T ’dxiﬁx.’ s I= ey
dynryua (O =u(t, & (), ..., L. () raxoce umeer croxacruuecxuil
Oughghepernyuar
dn<t>=[—”;;—<f, L), Ll >+Z 0@, M) a0 +

m

+ : Z (9 o () - gm(f))ZbL](t)bk](t)]dt—l_
.

O,x
| k =i

+Z(Z tm)...,;na»bki(t))dw,(t). (21)

Hokasareascreo. TlpennosoxkuM cHauana, 4to QYHKHIHH ap H
br; nocTosiHHE Ha OoTpeske [s;, S»], a QyHKIUA u(t X1y ooy xn) oT-
AMuHa oT Hyas Auilb opu | x| << N Ilyeth s1 =l << ... <l=

i,
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Torna, ucnonbaysi popmyay
Ullotts K1y oo ey %) — Utes Y1y o0 ey yn)=

[4]
=Flt€(tksyl’ .o )yn)[tk+l _tk + Z Ox tk’ Yo vees yn)[xi—yil +
j=1

+ ; Z 6x ax o (e Y1y o e ey yn)(xt‘—yi)(x]—yf)"l'

i, j==1
n
+e [(tk+1 —1)+ Z (x; — y/)Q] ,
f=1
rine e==e(t, tps1y X1y vy Xy Yis v oy Yn) DABHOMEPHO CTPEMHTCH
n

K HYJMO IPH | {54 ——tkH-’Z {x; — y;]* > 0, moxeM sanucats
=]

N(tes) = n (1) =B () Ats + Z e L), L) X

be,iAwi () + % Z ax 5w, U Gt Lt X

i=l Z, i=I

x [t r ag, @ = 5 oo an |+ of a4 g w] e
rje

B =25t L), .. ,z;n(t>>+z S, L +

=l

+ 5 Z ax EOx P CRSTGI &) Y by,

i, =] r=]
AMy=typs1 —tp, Aw; () =w; (tee) — w; (F),
AZ; (Fs) =G (tryr) — T (t).
Ilycts maxAtk»O Torma un maxlAw, {t)1—0, maxlAci (t) [~ 0.
l'IoaTomy

lim Xe [Atk + ) AL (tk)2] -0
maxAtk-N) ol

10 BEPOATHOCTH, TAK KakK IIpH HEKOTOPOM ¢
-1

-1 m
L An Y <c X [Atk + X b (tk>2]
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u IlpaBaH qacThb orpaﬁuqena no BepOﬂTHOCTI/I, HOCKOJIbe
-1
2
MkZO Aw; () < 55— §i.

Ipu atux npennonox{eunﬂx OTHOCHTEJIBHO max A
k

Zs ) Atk»S B() df

k=0

-

-1

X e (e Gl - Tl Z by Ay (1) —>

k=0 =1 i=1

%Z SZ o 2t @), + ey Tad) by dw;(8).
i=1 s j=1

Ianee,

[(Z Z o g (te Bt LD X
k=0 i,/]=1
X { [a,- Aty + Z bir A, (tk)] X
r=1
m 2
X [a, At + Z by Aw, ( tk)] Z biby, Aty }) \%s] <
< 2M [(Z Z %Sx] +

tk, ;I (tk)7 o r ey gn( )) ai Atk)

+ 2M [( ax ax (b, T (f), + o vh Ta () X
k

=0 i, j=1
m 2
X [ B birbyq Awy (t) Awg (1) — 2 birby Atk]) 5]
ry g=1 r=]

IMyers max max < L. Torpa nepsas

t Xppeen Xy 6]
CyMMa B npaBoﬁ JyactTHu noc.ne;mero HEPAaBCHCTBA OlLIEHHUBAETCA BE-

AHYMHOMN

n 2 -1 2 n 2
2 (nL > a%) (kz Ati) <2 (nL iz a%) (o — 1) (m:lx At >0
={ =] :

i=1

ax a (t X1 o xn)
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npy max Afy > 0. 1151 oteHKH BTOpOil CyMMBbl 3aMeTHM, UTO cjarae-
MBIE ee mpu pasuBIX £ Herkoppeauposansl [lostomy oma ouenn-
BaeTCsAd BeJHUYHHON

I~ n 52
oM (Z ( Z gx(j*ag(fk, Cilte), ..o, Lalt) X

k=0 N, j=1
i m 2
X Z bicbjg Aw, (1) Aw, (f) — Z biby, Afk] ) %sl) <
r, qg=1 r=]
-1

<2 ) nt ) M ([ Y bibig Aw, (1) Aw, () —
ey

k=0 i, r,g=1
m 2
—Zbi,b,,Atk] ?ssl)<
r=]
-1 n m m
<2l ) 312 > b -+ Z bi b3, AL >0
k=0 i, [=| r=i rq

rq=1

npu max Aty — 0. (3amernm, uto a, 1 b;; sBAAOTCA Fs,-H3MepPUMLI-
MH, TaK KaK OHH COBNANAIOT ¢ dr(S1) u bij(sy) coorTBeTCTBEHHO.)

Taxum ofpasom, dopmyna (21) ycradoBiaema mjst (UHHTHBIX
no x u(f, %1, ..., Xn) H OOCTORNHHBIX @j, b;;. 3Hauur, ¢dopmyna (21)
CnpaBejTuBa M [JJisl CTYNEHYaThiX QYHKIHMH. 3anuiueM ee B NPOHUH-
TErPUPOBAHHOM BHIE:

u(ss, 5y (s9), + vy Gnlse)) — sy, Gi(81)s o vy Lulsy)y==

I EX RS Jf TR P

k=1

+ ";— Z 5}%%;7 #2000, ..., T.(0) Z by () by, (f)] dt +
k, =1 i=1

8y

VTR 00, O b O de, 0. (@)

i=1 8 &

B sroii popmyse Momem nepefitm kK npemeny no ap(f) u bx;(f) or
cTymeHYaTblX (YHKIHH K NPOM3BOJbHLIM, a 3aTeM OT (HHHTHBIX
u(t,x1, ..., Xn) K JIOOMM (QYHKUHAM, YAOBJAETBOPSIOUIHM ycJao-
puaM XIII, ucnoan3ya npu 3toM cBoncrso [V,
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§ 2. CymiecTBoBaHHE U €IHHCTEEHHOCTb PEIUCHHH
croxacruyeckux AudepeHIHaNbHbIX YpABHEHUH

PaccvoTpum croxacTrueckoe xH(ppepeHLyaJbHOe ypaBHEeHHe
di()=a(l, g(@) dt + o, £ (1)) dw (0), _ (1)

pellieHHe KOTOPOro, Kak eCTeCTBEHHO NPEANOJIOKHTb, OyaeT nubdy-
3HOHHBIM [poleccoM ¢ Kosgduunenrom aupdysnn 6*(f, x) u Kodh-
dunuentom nepenoca a(t, x). lpennonoxun, uro a(f, x) u o (f, x)-—
Gopenesckue (ByHKIHH, onpefeneHuse npu x € R, t & [h, T]
YparHente (l) 3KBHBaJEHTHO CJEAYIOUIEMY YPaBHEHEIO!
¢ t

ety=2) + {als e ds+ ol e(Nawe, @

fo A

M pemaercs mpu yclosud, uto E(f) sangano. [as Toro uroGbl HH-
terpadabl B (2), a sxaunt, u guddepenuuans B (1) umenu cMbIC,
HYXHO BBeCTH 0-aareGphl cOOBITHH F:.

B nanbuefimem sesuynsa E(f) Oyaer BCIOLY NPeANOsarartbCs
He3aBHCHMOM OT mpouecca w(f)— w (), a nox o-amrebépoir F: Oy-
ZeM [OHMMAaTb MUHHMAJbHYIO 0-aarefpy, OTHOCHTENbHO KOTOPOM U3~
MepuMbl Besnunnbl §(f) # w(s)—w(lo) mpu f << s < t. Ilponecc
E({) 6ymerT cumTarbCsi pemieHHeMm ypabrenusl (2), ecan E(f) Fi-u3-
MeprMa, WHTEerpajsl B (2) CcymecTsyioT u (2) mMeer MecTo IpH
kamaoM ¢ < [y, T] ¢ BeposiTHOCTBIO 1.

3amernym, urto s cpoficrea Il nmpepbiaywiero naparpaga BhITe-
KaeT, 4To AJA CTOXaCTHUECKH 3KBHBAJCHTHHIX MpoNeccoB fi(s) H
f2(s) coBnaparoT ¢ BEpOATHOCTbIO 1 CcTOXacTHUECKHE HHTErpasbl

t t

{hGde(s), (hs)do),

i i
tak Kak fi(s)=f2(s) ¢ BepositHOCTbIO | mpu KaxkjoM S H, 3HAUUT,

T
Pl 11— R Pds>0¢=0.

kil

Otcrofa BHITEKAET, UTO BCSKUH MNpoLece, CTOXacTHUeCKH 3KBUBA-
JEHTHLI{ pellleHHlo ypaBHeHusa (2), caM Oy[eT pemeHHeM 3TOTO XKe
ypasuenns. A Tak Kak npasasi 4acTe (2) CTOXacTHYeCKH 3KBHBA-
JIEHTHA JIeBOH W C BEPOSITHOCTBIO 1 HenmpepLlBHA, TO AJs BCAKOro pe-
meHust (2) cymlecTBYeT CTOXaCTHUECKH 3KBHBAJEHTHOe eMy Hempe-
pHIBHOE peweHHe. B pgasbpHefillleM paccMaTpUBAlOTCA TOJbKO HEmpe-
PBIBHBIE pellieHHs ypaBHEeHHA (2).

Teopewma 1. Ilycro a(t, x) u o(t, x)— 6operesckue pyrKyuL
(=t T, x= R, ydosaersoparowue npu Hexoropom K ycao-
BUAM:
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a) Oan scex x u y=FH
lal, ) =all, y)l+1o(t, x) —alt, ) ISKix—yl;
6) 0aa ecex x = R!
la(t, )P+ 1ot x) FSKA (1 4 x%).

Toeda cywecrsyer pewenue ypasnenus (2), u ecau & (f) u
E2(¢) — Osa nenpepoisrox pewenus (npu guicuposannom t(to)), ro

P{ sup |& () —&(t)|>0}=0.
Lt (T
Hoxasareasvcrso. JlokaxeM cHauaia eMHCTBEHHOCTb HENpPepLIB-
Horo pemennst. Ilyctb &;(f) u E(/)— B2 HenpepLIBHBIX pelIEHHS
(2). OGosnaunm yepes yn (f) cayuaiinyio senudnny, pasuyio 1, ecan
[E1(8) | << N, |E2(s) | << N npu s lto, ], u pasnyio 0 B IpOTHBHOM
cayyae.
IMockombky yw () yn (8) = yw (f) npu s <t, To
t

Y @) [E €)= & (O] = A (2) [S A (s)la(s, Ei(s)) — als, & (s) ds +

ty

+ o (5) 1o (5, (5 — o (5, & (s))] dw (s)] :
Tak kak "

Av ) [1als, & (s) —als, () [+ 10(s, & (s)) — o (s, () ] <<
S Kiw ()1 &1 (5) — & (5) | C2KN,

TO CYWEeCTBYIOT MaTeMaTHUYECKHe OXHJIaHHSI OT KBaIpaToB HHTer-
pajoB B NpaBol YacTH NpeAbAyLlero papeHcTBd. Ilpumensas Hepa-
BeHCTBO (a -1 b)? << 2a% -+ 2b2, Hepasenctso Komn u cBoficrso [I*
npenblayllero naparpadga, npHXoAHM K HepaBeHCTBY

My () () — & (OF < 2
< 2Mxy (1) (S % (5) a (s, 21 (5)) — a s, 2o (5)] ds) +

to
t

2
+ 2Myy (t)(S A (8)[o (s, 81 () — 0 (s, & (s))] dw (S)) <
to
[4

<27~ 1)) { My (5) [a (s, &1 () — a s, Ea ()] ds +

ty
1

+2 [ Mty (9105, & () — o s, Ea (s ds.

t
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YupThiBas ycioBHe a), yoexjaeMcs B CyUleCTBOBAHHH TaxKoH 1o-

cTosiHHON L, urto
i

My (1) &1 (1) — B ()P < L S Myy (5)[E1 () — &2 ()P ds.  (3)
&
Bocroab3yeMcsi Tenepb OJHAM BCNOMOTraTe/bHbIM MPELI0XKe-
HHeM, KOTOPOe OKaiKeTcs INOJe3HBIM [/ MHOTHX OIEHOK.
Jdemma 1. ITycre HeoTpuyaTeabras UHTezpupyemas Ppynkyua
a(t), onpedesennan npu t & [ty, T}, y0osaeT8opAaeT HEPOBEHCTEY
t
a)<H{a(@)ds+p0O, (4)
b
20e H — HeKoTopas HeoTpuyaTeAbHas NOCTOAHHAR, a P(1)— unTee-
pupyemasn pynxyus. Toeda

t

a(t)y<B(O)+ H {798 (s) ds.

iy
Joxasareascreo. V13 (4) BbiTeKaer

t s
a()<pO)+H [ﬁ(SH— A {als) dsl]ds<
t ty
#{ s+ [pa+ (e 5] ds | asi<
t

ty to

<Bi)+

t s

t 1
<p@+H{pe)ds+ 1| | pe)dndsi+ ...

A e s

.+H”SS § B(s,) dsi ... ds,+

t Sy

n+1
+H S ‘e S CL(S,H_l)dS] e dan.
t t
Tak kak
t S Sn t

(t = sn+1)"
0§ o §atsmendss . dspn = {3 s dsn
ty to to to
TO
t s,

lim Hn+1 S e S G(Sn+1)d81 PPN dsn+1=0
noro i iy
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H, 3HAQUHUT,
t 5

0 @<pO)+H | pe) s+ 2 { psasyds + ... =
to ty to
! o
=g3(t)+HSZHk%i)fr3<s>ds. N

1y k=0
Tonaras o(f) = Myy () [& (/) — & ()], B(f) =0, noayuum uz (3)
Moy (O & () — & ()P =0,

T. €

P{El(f)?";iz(t)}g.P{S‘slplE!(s)l> N} -+ P{Sgpl§2(8)1>N}-

BeposThoctn cnpasa crpeMsTcs K HYJK BBHAY HeNpepBIBHO-
CTH (4 3HAYUT, W OTPAHMYCHHOCTH) C BEePOSITHOCTHIO | MPOLECCOB
Ei(f) m Eo(f). 3uaumr, & (f) u E(f) CTOXAaCTHUECKH SKBUBAJEHTHBI.
A rak kKak o6a mpouecca C BEpPOSATHOCTBIO | HenpepblBHEL, TO
P{s?p [& (f)—E2(f) | > 0} = 0. EnuHCTBEHHOCTbL PeleHAs ypaBHe-

uud (2) nokasana.

Hoxaxem Temepb CyLiecTBOBaHHe pelieHust ypaBHeHus (2)
Ipeanonoxkum crauana, uto M|E(f)|? << co. Paccmorpum 6Gaua-
XOBO MPOCTPAHCTBO % H3MepHMBIX CJay4ainblx ¢yHkuui f(f), npu
KaXIoM ! H3MePHMBIX OTHOCHTENBHO O-alre6pnl & M YIAOBJIETBO-
psomux cootHomennto  sup M[Z(f)F < oo ¢ Hopmoit

T

(R

Ieh=( sup Miz(t) ).

et T

Oupepeaunm B npoctpancree B oneparop S no dopmyae
¢ ¢

St(t) =2 () + {als, z(s) ds+ [ als, t(s)) duws).
£, fy
CyumectpoBanne 0060HX HHTErpPAJIOB BHITEKA€T H3 COOTHOLIGHHS
la(s, 2(s) F+1To(s, L) P KA1 - 12 (s) P).
Ouenuano, uTo S (f) H3MEPHMO OTHOCHTENBHO J;.

BocnosbsoBapmncs HepaBeHcTBOM (@ -+ b + ¢)3 << 3 (a® + 8% + ¢?)
u ycaoBueM 6) TeopeMbl, NMOJYUHM

MISZ(f) P<<3MIE(t) P+

t 4
+3T =M K21+ Pds +3 [ MR (1 + 10 P ds <

£y t

SBMIE() P+ BT — 6P K24 3(T —#) + KA (1 +11Z1P).
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Takum oBpasom, oneparop S npeobpasyer & B B. Hauee, umeenm
M85 () — SL O F<
t
<2 —1) {Mlats, o) —als, )P ds +

to

t 2
+2M (S [o(s, & (5) — o5, & (s))] deo (s)) <
to

t
<L{MIL @) =L Pds<LE—1)IG—Bl,
t
L=2K*(T —t,-+ 1).
DTO COOTHOILEHHE MOKA3BIBAET, UTO ONepaTop S HenpephiBeH Ha
B. Hanee,
MISG ()~ S"6 (P <
t
<L {M|s"4 W) — 5" p W Pa<
to

< {0 Min—gran e =200 g

B <t <. <P, <t
[Tosromy pamst xaxporo §(f) us % cupaBeijuBo HepPaBEHCTBO

[s+1g — 8" < HEE 0 sg — g .

M3 cxoaumoctu psija
n; ”Sn—Hc . Sng ”

BBITEKAeT CyLIeCTBOBaHMe mpefena mupoiecca S{(f) mnpu n—> oo,
Ecay o6osHauuts 3710T npefes uyepes §(f), TO u3 HenpepLIBHOCTH
S BHITEKaeT, uTO S[S“Z(Z)]—>S§(l) Ho S[Sng(t)]——S”H () —
— E (7). TaKHM o6pasom, || SE—E |l = 0. M3 onpenenenus HOPMBI
BHITexaeT, yTo Torga E(¢) = SE(f) c BeposTHOCTBIO | NpH KaXAOM
t[ty, T], 1. e. E(f)— pelienue ypaBHenusa (2).

[lepefigeM Temepp K J0Ka3aTeNbCTBY CYIECTBOBaHHs DelICHHHA
ypaBuenus (2) B obuieM caydae.

OGo3HauuM uepes EN (f,) Benuuuny, paBuyio &(f) npu |E(fo) | <<
<< N u pasnywo 0 npu [E(fo) | > N. Uepes E¥(f) obo3uauuM petue-
HHE ypaBHeHHA

t t
e () =2" )+ {als, eV () ds+ (o (s, 5¥ () dwls).  (5)

t t
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Tak kak [EV (o) | <X N n M|E" (%) |2 << o0, TO pelenne ypasHe-
Bust (D) cymecTByeT H, KaK BHITEKaeT H3 YyikKe JHOKA3aHHOro,
sup MIEY () < co.

[lokaxewm, yTo pu N — oo E¥ (f) cxonuTcs 1mo BepOSITHOCTH K He-
KOoTOpoMy mponeccy E(t), asasoonemMycs pellleHHeM ypaBHeHHS (2).
IMycts N> N. O6osnauum uepes 1 CJIyanHyfo BeJHYUHY, pPaB-
nylo 1 npn |E(f) KN v O mpu |E(f0)|> N. Torama |EVN () —
—g "(t)In==10. Besauyuna 1 u3MepuMa OTHOCHUTENLHO O- aﬂreépbl

. HMcxong u3 cooTHOLIGHHS
t 2
12V () — 8" (P2 [S la (s, € (5)) — als, & ()] ds] +

i
2(§ [o(5, ¥ () — o (5, ¥ (s))] n dw (s)) _

¥ WCNOJb3yd YCJIOBHE a) TEOpeMbl M yKe NPUMEHSBIINECH OLEHKH
HHTErpaJjioB, yGexaaeMcs, 4TO CYILECTBYeT NOCTOsiHHAsT L Takas, uTo

t
MIEY () — & () Pn <L { MIEY () — &Y' (s) P ds.
CJle10BaTENbHO, “

MIgY (&) — V' () Fn=0,
TaK 4TO
P{EV)—e" (>0} <P{le(t) > N}
Y3 nocaensero cooTHOMIEHHs BuiTeKaeT, 4yTo EN (f) mo BeposiTHO-
CTH CXOJHUTCSl K HEKOTopoMy npeneny E(f) npu N — co, npuuem
T
(e 0 —e@ra
t,
N0 BEPOSATHOCTH CXOAUTCA K Hynio npu N - oco. Mcnosbsys ychosue
a) u cBoiictBo IV § 1, y6exxnaemcs, uto
t t
{ats, ev(snas—>{ats,z@pas,

o 113
t

t
S o(s, £ (s)) dw(s) > | o (s, £ () duw (5)
ty

t

110 BepomHocm npy N — oco. Takum o6pasom, E£(S) yHOBJIETBO-
pser (2). @
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[Tokaxem, 4To B yCaOBHSX TeopeMbl 1 pemedue ypasHenus (2)
6ynmet nporeccoM Mapkosa. [las 3TOro J0oKaxeM CJIELYIOIIYIO Teo-
peMy.

Teopewma 2. [Tycre a(t, x) u o(t, x) ydosaeTgopatOT ycrosuan
reopemol 1, a &, «(s)— npoyecc, onpedesennoii npus & [t, T], t >t
U ABALIOULULCA peuleruem YpasHeHta

8§ s

Ex()=x+ {al &, @ de+ {06 & @ do@.  (6)

t t

Toeda npoyecc & (1), asanrowulica pewenuem ypasuerus (2), 6yder
npoyeccon Maprosa, 8epoaTHOCTI nepexoda KOTOpo2o onpedesor-
ca cooTroulenuen P(t, x, s, A) =P (&, . (s) = 4}.

Hoxazateavctso. Tak Kak E(f) u3MepuM OTHOCHTeNbHO Ty, a
g, x(S) mosmHOCTHIO oOmpenensercst npomeccoM w(s)—w(f) npH
s & [t, T] (se sasucamuM OT F¢), TO &t «(S) He 3aBHCHUT OT §(f) H
cobuituil u3 §i. Ilpn se[t, T] E(s) Gyner eIMHCTBEHHBLIM (BBHAY
TeopeMnl 1) pellleHHeM ypaBHeHUA

8§ N
5) =2+ {a(w t@) dut { o, 2 w) dw .

t i

[Mpouecc &, gx(s) OyaeT TakxKe peiueHHeM 3TOTO ypaBHEHHA.
[Mostomy ¢ BepoATHOCThIO 1 E(S) = &t e¢()(s). [lokaxem terneps,

9T0
Plt(s)=AlE)} =P {&(s) = A&}

I 3TOTO [JOCTATOYHO TOKA3aTh, YTO s J060H H3MePUMOR
OTHOCHTENBHO §; OTPAaHHUEHHOH BeJMUMHBEL { ¥ j0O0H OrpaHHueH-
HOIl HempepHBHOH GYHKIHH A (X)

MZA (& (s)) = MEM (& (€ (s)) [ £ (£)).- (7)

O6osuaumu @ (x, @) =4 (&, ,(s). Toraa A(E(s)=0E(), ).
[TpexnoJoKuM cHauajga, u4To @ (x, ®) WMEeT BHUJ

96, ) = X, e () b (0)- ®)
Torma, Tak Kak VP (®) He 3aBHCHT OT $i, TO

Mz 3% 00 (00 (0) = 3. M2 € 0) M (0) =M 3.2 (5 (6) Mo (o),

M (50608 @10) = 3 0 E0) Mo

Takum o6pa3oM, (7) yCcTaHOBJEHO M/ TOro cJaydas, KOraa
Y(x, ®) umeer Bux (8). Bosee TOro, Mbl yCTaHOBH/H, 4TO B 3TOM
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cayuae
* MQAEENIT)=gEW), 9)
rae g(x) =M~ (&, . (s).
OueBnanbiM mpeneabHeM nepexogoM (7) u (9) pacmpoctpa-
HAIOTCA Ha Bce MYHKUHU ¢ (X, o). CuenoBaresibHO,

P{EGS) = AT} =Prew(s, A),

rae Py (s, )=P{& . (s)=4}. B

[ToraxkeMm, 4TO NP HEKOTOPBIX HOMNOJHHTEBHBIX MpenosokKe-
HUSIX mpouecc §(!) Oyner AuddysHOHHBIM NpoleccoM ¢ Ko3(h¢u-
unentoM audbdysun o?(f, x) u Kosdduuuentom nepenoca a(f, x).
Jlas 3TOro ycTaHOBHM NPeABAPHUTENBHO OHO BCIOMOraTeJqbHOE
IpeJIOKEHHE.

Jlemma 2. Tycro &y «(s)— pewenue ypasnenus (6), Koaghgu-
yuentol Koropozo a(t,x) u o{l,x) yoo8aeTBOPAIOT YCAOBUAM reo-
pemsr 1. Toeda cyujecrsyer Taxas nocroaunras H, uro

Mg o (8) —xI"<CH (s — ) (1 + %)
Hoxazareascrso. Tlycth %y (s)=1 npu t<su2 [&, x (W) — x| <N

Kus

u Ay (s)=0 B nporuBHoM cayuae. Torga

(.2 (s) — x) oy (5) =
=Xy ()[SxN( )a(u, &, (w) du—I—SxN () o (u, &, 5 (1)) dww)]
t

Hcnoabays HepaBenctBo (a4 b)* << 8a*+-8b%, nHepaBeHcTBO
Komu u cpoiictBo VII § 1, nosayuaem
s

M (E:, x () — %) xw (5) << 8M [S A (1) alu, &, (1) du] +
t

4
+ &M [S Ly (€)0 (4, &, ¢ () dw (u)] <
t
<8(s— 1 { My @) [au, &, » @) du +
t
+8:36(s — ) | My @) [0, &, , @) du <
t

< 64(s — 1) S a*(u, x)du +
t
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+64(s — 18 [ Muy @ [, &, 2 (@) —au, O] du+
t

+64-36(s—1H\0*(u, x)du+

ey

+64-36(s—1) S My () [0 (u, &, » W) — o (u, )" du <<
t

<Lis—8) | Myy (@) |, o @) — 5" du+ R (s — 17,
t

roe L sasucur sump or K, a R=H,(l-} %Y, rne H; saBucur
auumb oT K. 3Hauut, ecsu

o(s)=MIg »(8) — x [*yy (5),
TO

s

a(s)gL(s—t)Sa(u)dquR(s—ty.

t
Opu t<<s<<t+1

a(s)gz,ga(u)dquR(s—t)?.
t

3uayut, B cHay JeMMBHl |
S

a(s) <R(s— 1P+ L S eL s=0R (s — y)? du.
i
ITosromy npu t << s < ¢ 1 MoxkHO yKasaTh taxkoe f, 4ro
o(s) < H (1 + £ (s — 1,

M &, o (8) — x [Py () TH (1 + 2% (s — #)%.
Mepexoast k mpegeay npu N -—oco, NOJNyYHM [10Ka3aTeqbCTBO
JIeMMBI.

Cnencraue 1. [lycro E(f)— pewenue ypasrenusn (2) u a(t, x)

u o(t, x) ydosaersopsaoT ycaosuam teopemvi 1, a M|E(f) |* << oo.
Toeda

sup M[E(#) [* < oo,

Bh<IST
JleficTBUTENBHO, U3 JEeMMEl 2 BHITEKAeT
ME®) —& () I IE () SH (T —4)* (L +1E(f) ),
MIE@) [P <<BMIE () ' -+ 8MM (1 £ (2) — & (f0) I' [E (o))
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Crnencreue 2. B ycaosuax npedoidyujeco caredersus cyuject-
8yer Taxkas nocrosannas Hy, uro

MIE() —E() < Hi (s — 1)
HefictButenbso, npu << s
M) —EMI<H(GE— M IE@ ]+ 1)

Teopewma 3. Ecau soinoanenst ycaosus teopemst 1 u, kpome
To20, a(t,x) u o(t, x) wenpepvisubl no t npu t <[ty T], To T020Q
o2(t,x) u a(t,x) 6yoyr coorsercrsenno Kodppuyuentanu Ougpy-
3uu U neperoca 048 npoyecca E(L), A84810Ue20CA peuieHuem yYpags-
Henua (2).

Hloxasareascrso. Tak Kak nepexofHasi BeposiTHOCTE P (4, x, s, A)
Ias npolecca £(f) Ha OCHOBaHHHM TeopeME! 2 COBNAZAeT ¢ pacmnpe-
LeJeHHeM BeJHUHHBI & «(S), TO, KAk BBITEKAET H3 JeMMH 2,

V= 0P, x5, d)=Mig, . () —xP=0(s —1).

Hcnoabsys sameuanue x Teopeme 6 § 4 ra. [, y6exaaemcs, yto A
J0Ka3aTe/IbCTBA TEOPEMbl JOCTATOYHO MOKa3aTh, YTO BBINOJIHAIOTCS
COOTHOLIEHHS

J—n)P @ x5, dy) =M, ()—x=a(t, H(s—)+o(s—) (10)

H

fo—22P( 5 s, d) =M, (5) — 2y =
=’ (t, x) (s — )+ o(s —1). "(11)

Hoxkasateabcrea 3TUX QOPMYJ NPOBOAATCH AHAJNOTHYHBIM OOPa3oM,
Hoxaxem, nanpumep, (11). M3 (6) Beitexaer

s

M r.x () — 5P =M (S a(u, &« @) du + { 0, &, , () dw (u)) :
t

t
Ilockoabky

8

M [S a(u, &, , (1) du] <L(s—1) S Ma® (u, &, , (W) du=o0(s —¢),
t t
a

M (S o1, &, () dw (u)) = [Mlo@ &, @Pdu<

t t

<K{M( -+ P du=0(s — 1),
t
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TO
s

M (s, « (s) — xf=M (S o(u, &, . () dw (U)> +o(s—1)=
4

— S Mo? (i, &, (W) du + o(s — #).

t
Bocnosbpz0BaBIINCh paBeHCTBOM
lim MGQ (u) gt, X (u)) == G(t’ x);
uvt

BHITEKAIOUIHM M3 BO3MOMKHOCTH Iepexoja K Npejeay MOA 3HAKOM
MaTeMaTHYECKOro OXKULAHHSA (B CHJY HepaBeHCTBa 0°(u, & »(#)) <
< K4(1 4+ |&, « () |?)? u cienctBusa 1 U3 TEOpeMb! 2) M HeNmPepLIB-
HocTH 6 (f, x), HaXOUHM

s

{Mo? @, &, @) du= (¢, D(s =)+ o(s =),

t

oTKyna u Buitekaer (11).

[TepefizeM K IOCTPOEHHIO MHOTOMepHOro RHG(Y3HOHHOrO Mpo-
necca £(f) ¢ BekropoM mepenoca a(f,x) u omepatopom Anddysuu
B (t, x). Tlonoxum

b (t, x) =AM (t, %) € (¢, %),

rhe ex(t, x) — cobeTBeHHBle BEKTOPH, a Ax ({, X) — COOTBETCTBYIONIHE
BM cOoGCTBEHHBle 3HayeHus onepatopa B(f, x).
[Mpouecc E(f) Mbl GyleM HCKaThb Kak pellieHHe YpaBHEHHS

d()=a(t, @) dt+ X belt, £0)) dw, @), (12)

roe wx(t), k=1, 2, ..., m,— He3aBUCHMBIe BHHEPOBCKHe MpO-
LECCHI.

Oyuxnnn a(t, x) u bx(t, x) onpenenens npu { Eft, T], x = R™
W pHHMMAKOT 3HaueHHs M3 #™. YpasHenue (12) 5KBHBaJICHTHO
Yp aBHEHHIO

t m ¢
s =8+ {als, e ds + ) [ouls, Elo)dmne)  (13)
ty

k=1 1,

Dro ypaBHeHue peluaetcs npH 3afnaHHOM §(fy), KOTOpOe BCIOAY
B JaJibHelimeM OYAET CUMTAThCS BEJHUMHOH, He 3aBHCAUEd OT Npo-
neccoB wr(f).

[TycTs §: — MHHHMaJbHAs ¢-aire6pa, NOpoKAeHHas BeIHUHHAMM
E(t)) u wi(s)—wr(te) mpu k=1, ..., m; s [l 1] Pewennem
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(13) 6yaem cuuratb Takoil npouece &(f), A1 KOTOPOTO CYLIECTBYIOT
HHTerpaJbl B npaBol yactu (13) n npu Kamaom ¢ & [ty T] (13) Bui-
NOJIHSIeTCA ¢ BEPOSTHOCTBIO I.

ChopmyanpyeM B BHAE ONHOH TEOPEMBI OCHOBHLIE CBOHCTBa pe-
weHu# ypasHenus (13).

Teopema 4. lIycto a(t,x), bi(t, x), ..., bm(t, x)— onpede-
aeHubte npu t ety T], x = A™ Gopeaesckue pynxyuu, ApUHUMAIO-
wue sHauenus uz ™. Leau cywecrsyer taxoe K, uro

la(t, x) P+ 2 0.t x)P<KE(1 4+ xP),
k=]

latt, ) —alt, p) I+ X 16p @ ) —belt, )< K|x—y]

Oaa scex x uy us ™ 10 ypasuenue (13) umeer eduncrgerHoe
€ TOUHOCTBI0 00 CTOXACTUHECKOU 3K8UBONEHTHOCTY ¢ 8ePOATHOCTbIO 1
Henpepoieroe peuterue §(t). Ito pewenue E(t)6yder npoyeccon
Maprosa, nepexoduwvie sepoarroctu roropoeo P (i, x,s,A) npu
t << s onpedeasioTca COOTHOULCHUEM

P, x, s, A=P{&,.(s)= 4},

20e &, ,(S) Asaserca pewienuem YpasHeHus

s

b ) =x+{al & @) du+ Y (0. & @) dwp ). (14)
k=1

t t .

Ecau ynryuu a(t, x) u bp(t, x) wuenpepovienot no i, T0 npoyecc
E(t) 6yder OupdysuoHHbiM npoyeccom ¢ 8eKTopom neperoca a(l, x)
u oneparopom Ougpgysuu B (L, x), yoo6AeTEOPAIOULUM COOTHOULEHUIO

m
(B (ti x) 2, 2)—"—" kZI (bk (t: x)’ 2)2'

Jloka3aTenbCTBO BCeX 3THX (HakTOB B IPHHIUHIE COBEPIHEHHO He
OT/IHYAeTCH OT J0KA3aTedbCTB /A8 OLHOMEDHBLIX IIPOLECCOB, NPHBE-
JeHHLIX B Teopemax 1, 2, 3.

3ameuanune l. Ecau &, . (S) Asaaerca pewenuem Ypasrenus
(14), xoapuyuentor Koropoeo a(s,x) u br(s,x) ydosaersopaoT
ycaosusm Teopemol 4, TO cyujecteyer noctoannas H, daa koropod
npu s >1

MIE, o (s) —x'<CTH (s — (L] x 1)

310 yTBepKAeHHE AHAJOTHYHO TOMY, KOTOPOe NOKa3aHO B JEM-
Me 2 /s OJHOMEPHOro mpouecca.
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3ameuanue 2. Ecau koagpguyuenror a(l, x) u bp(t, x) ypas-
Henua (12) we 3asucar or t, T. e. ypasnenue umeer eud

dg (t) = a (& (1)) di + ,?-_:1 by (5 (1)) dw,, (1), (15)

ua(x), br(x), k=1, ..., m, ydosiergoparoT ycrosuam teopemo. 4,
10 peuwtenue §(t) ypasHenus 6yder o0HOpoOdHbIM npoyeccom Map-
kosa, T. e. nepexoOHas eepoaTHocTs P(t, x,t-+h, A) ue 3asucur
or L.

Hetictuteanno, P (¢, x, t-+ A, A) coBnagaer ¢ pacnpele/eHHeM
L, x(B)=2E;, ,(t + h), HO, KaK BHITEKAaeT H3 TeopeMbl 4, [ ,(h)
Oyner pellleHHeM ypaBHEHHUSA

dis, » (W)= a (L,  (h)) dh + kgl by (Gt, 5 (1) dy [y (8 + B) — w, (£)]

¢ HayaJbHBIM yciaoBHeM [ .(0) = x.

Tak kak coBMecTHOe pacnpenenenue [wy(f-+ h)— wi(f)], b=
=1,2, ..., m, He 3aBHCHT OT f, TO M pacnpenenenne {; .(h) He
6yaeT 3aBUCETDL OT I,

§ 3. duddepenunpyeMocTb penieHHd CTOXACTHYECKHX ypaBHeHHH
N0 HAYaJbHBIM JAHHBIM

Leab 3toro naparpada— goxasartb, uto GyHKUHS & »(S), BBe-
JeHHas B mpeiblAylleM naparpade Kak perieHue ypaBHeHus (14),
ABJasgeTcad AupdepeHuupyeMoll QpyHKIMeH x NIpU AOCTATOYHO TJaaf-
Kux kos(hduuuentax a(f, x) u bg(f, x). Tak xag &, «(s)— cayuan-
Has QYHKLUHUS X, TO HYKHO YTOUHHTb, B KAKOM CMBbIc]e OyjeT NOHH-
MaThCsl NPOHM3BOAHAH OT i x(s). JafA Hamux uestell yalo6Ho pac-
CMaTpuBaTh CpefiHeKBaJpaTHYeCKy0 JH(pGepeHIHPYeMOCTh CJy-
yaiabx ¢yHkuui. Ecan ¢ (¥, ) — cayuainad QyHKIUS, 3aBACALLAS
OT TOYKM X mpocTpaHcTBa #™, a x!, ..., ¥ — KOODAHHATH TOYKH

de

X, TO MOL —5 MBI 6yaeM MOHHMATh TaKyl Cly4YafiHyl0 BeJHUHHY,
X

LJI1s1 KOTOpo#

lim M —l—r[q)(xl, veuy XU AXE L X7, @) —
Ax->0 Axt
_dewe) P __,

—@x, ..., ¥, ..., 2™ 0)] Py

Kak u B npeabiayuieM naparpade, Mbl AajuM MNOJHEE A0Ka3a-
TeNbCTBA JMIIb JIJIsI OJHOMEPHBIX IPOLECCOB.

Teopema 1. Tycre pyuxyuua(t, x) u o(t,x) onpedesenss Ure-
npepoisrbl npu x = R, t < [ty, T u umeror nenpepbinble O2parU-
ueHHble 4ACTHole npoussodneie ay (t, x), ayx(t, x), 0% (t, x), o%« (¢, x).
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Toeda pewenue &, . (S) ypasnenus (6) § 2 dsamdor dupdepen-
yupyemo no x, npudem npou3so0Hble HENpepolsHeL o X 8 cpedHem
K8aOpaTuueckoM.

JoxaszarenscTBo TeopeMbl OyJeT ONHPAaTbCAd Ha CJeAYIOILYHO
JeMMy.

Jlemma 1. [Tycre npoyeccol {n (1), n==0, 1, ..., seasrorca pe-
LUEHUAMU CTOXACTUYECKUX YPABHEHUL

t t

L=+ {0 8@ s+ [0 L @ de@. @)

t to

Dynryun @, (#), b, E) u %, () npu xancbom t usmepumso. oTHoClU-
TeNbHO B, sttlpM]cpn(t) P < oo, u cymecrsyer rakoe K, uro ¢ ee-

poarnoctoio 1 [, ()<< K, (%, ()< K. Ecamu npu n-— oo
sup M| @, (t) — @0 () P — 0 u npu kascdom t b, (£) = o (£), Xa ()= %0 ()

no eepoarnoctu, 1o 1 sup M{g,(#) — & () F— 0 npu n— oco.
t

Hoxasareavcteo. OTMETHM, BO-NEPBHIX, YTO TOYHO TaKHM XKe 006-
pasoM, Kak M IpH NOKa3aTe]bCTBe Teopembl 1 § 2, foKasbiBaercs
CYILECTBOBAHHE M €AWHCTBEHHOCTb pellleHus ypasHenus (l), a Tak-
3Ke TO, 4TO B 3TOM CJyyae s}lpMjC,, (HF < oo. TlosToMy MoOKeM

3anucarthb

ML, (1) — L () P<3M I @, () — oo (1) P +

t

+3M (S [ (5) 2 (5) = 0 () o ()] ds) a
o

-+ 3M (S (% (8) &r (8) — %0 (8) Lo (5)) dw (S)) =
t!\
t

= 3M] 0, () — 90 (1) P + 3M (S 09 [£0 () — Lo (9] ds +
ty
t t

+ { @) [ (6) — o (o)) ds) +3M (S % () (2 (5) — T (9)) o s) +

Iy to
t

+ S Lo (5) [n (8) — %o (s)) dw (S)) <

Ty
t t

<=6n(t)+6M(S chn(s)—co(s)ws) + 6K | M1, (5) — ta(s) P s,
fo

to
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rae
t

+6(—10) [ MILo () P (6) — o (5) P ds +

N

t
+ 6 { M1 2 (5) Pl ot (9) — 0 (9) P s,
ty
Tak kaxr
sup o, ()) <3sup Mg, () — 9o () F +
T
F O —t+ 1) | MIZo ()P (1 (5) = 0 () F -+ 1210 (8) — %o (5) P) s,
ts
T0 6, (f) paBHOMEpHO OTHOCHTEJNBHO { CTPEMHTCS K Hyaio (UHTer-
paJj CTpeMHTCS K HYJIO no TeopeMe Jlebera, Tak Kak NOABIHTErpajb-
Has (QyHKUMsA orpanuueHa BesnunHo@t 4K2|Co(s)|? u crpemurca K
HYJIIO IO BEPOSITHOCTH).
Ecan noaoxuts H = 6K2(T — 1,4+ 1), 10
t
M1, () = GO F <supdy () + H [ MIZ, () = Lo (o) P s.
iy
Torma B cuay nemmei 1 § 2

MIZ,(t)— L P sups, (t) et 1o,

IMocaennee HepaBeHCTBO JOKasblBaeT JeMMy. BB

3ameuanune. Jemmna ocraerca cnpasediusoil, ecau npoyeccol
6y0yr 3a8UCeTb OT HENPEPbIBHOZO NAPAMETPA o U COOTEETCT8YIoUle
npedenst 6yoyr cyuecrsosato npu o —>0.

[TpuctynuM Temepb K JOKa3aTeabCTBY TeopeMbl. Ilosoxum

;x, Ax (S) == —AI? [gt, +Ax (S) - gt, x]‘

Torjxa mpouece &, Ax(8) Oyner pelleHHeM ypasHeHHs
s s

Lo ne =1+, @2, 0 @du+ {1, ,, 0, \,@do@,
t t

__ @ S T‘ét,x+Ax,(s )—-a S gt’x(s )
ﬂ’x\ Ax(S)—— gt‘x_'_Ax(s)—gt) . (8 '
(s &, x4ax (s)) —0(s &, )
&t xtax (8) — &, « )

Xx, Ax (s)=
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Tak xak af(s, x) u o(s, X) UMeIOT OrpaHHYeHHHEe NPONU3BOAHEE
Mo ¥, TO CYIECTBYeT Takas HocTosHHag K, 4TO ¢ BEPOSTHOCTHIO |
[, 4, ()| <K m ]xx, ax(8)| < K. Tloatomy

M|z, o O P<3+3(T— 1) | M|z, ,, P du+

t

+3k (Mg, @ Pau<s+u{M|

t t

%, Ax

rne H=3(T — -+ 1)K% Us nemmn | § 2 BuiTekaer, uro
M2, ac(8)[P<<BeH T,

%, Ax
H, CNeJOBATeNbHO, IPH HeKOTOpoM H,
MIE, a9 =8 ()P <H (A2 2)

TTocsiennee COOTHOMIEHNE IOKA3HIBALT, UTO &, . 4, (5)—E, ,(s)—>0
no seposiTHoCTH mpu Ax — 0, mosTomy

‘Ijx, Ax (S) - a; (S’ Et, x (S))’ xx, Ax (S) - G; (S, gt, x (S))

no BepositHoctH npu Ax—>0. OGosHauuM uepe3 I, (s) pemenue
ypaBHeHUA

N

6 =1+ {a (& ,W)E, Wadu+
t

s

+ S o, (u, &, x(u)) ;g Wdw@w). (3)

t

Ua nemmut 1 caepyer, uto M|E, 4. (s)—E,(s)P—>0 mpu Ax—>0, -
T. e. UTO

L (8) = &1, 1 ).

3aMeruM, uTo M3 COOTHOIeHHA (3) BHITeKaeT PABEHCTBO

[ S
2, (s)=exp iS (@ &, , @) — 5[0 (% & @)P) dut

]
+§ ol 5, , ) dw ) oo
t
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HekictBuTenbHO, nycTs mpomece £ (s) TaKoB, uTo tW=1u
dg(s) =a(s) L (s)ds + o (s)E(s) dw (s),

rae a(s) u b(s)— orpannuennme ¢yukuun. Torna s cuty ¢op-
Myl Mo

[c(sexp{ S[ )——0(u)]du——§o(u)dw(u)}]=

t

]exp{ )~ Le (u)Jdu—§G(u)dw(u)}+
strenf - ol faman}
X[(— )+ 5 0 6)+ L 0% () ) ds — o(5) o (5)] —

——é(s)exp{-—S[a(u)—-;—cz(u)]du—sG(u)dw(u)}c"’(s) ds ==0,

H, 3HAYHT,
8 s

C,(S)exp{-—Sl:cl(tt)-—-—12—<12 (u)]a’u— S a(u)dw(u)}=

[Tonaras s =="{, HaxomuM, yto ¢ =1, TeM caMbM topmyna (4)
ycraHosnena. Jlaa panbHeflluero HaM noHaxoGHTCS
JTemma 2. Mycro |@(u) | << N, uels, #]. Toeda

Mexp{S(p(u)dw(u)}gexp{%Nz(s—-t)}. (5)

Hokasareascrso. Ecau ¢(u)— cTynenvaras GbyHKuUHS: ¢ (u) =
=0ty Mprucfiptpl tiet=t6 <t < ... <t,=s, 10 (5)
NOJIyYyaeM, MOC/AeJ0BATeNbHO HCHOMb3Ys HepaBeHCTBo

M (exp{o (th) [ (te+1) — @ ()]} 1Bs,) =
=exp{ 9 (£4) (tes1 — 1) } exp{ N (tper — 1) }

B o6mem cayuae (5) noayuaercs npefesbHbiM nepexonoM.
M3 nemMbl 2, OrpaHHYeHHOCTH af, 0% M (4) BHITeKaeT, 4TO AJIA

Bcex m >0
M (g, (s))™
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paBHOMepHO orpaHuuyeHo. M3 cdopmyan (4) Jerko HaxoiuM, 4YTO
J
CyIecTBYeT ——Ly (s) B cpenHeM KBaapaTHYeCKOM M

%Et,x(s)=£.—§x(s —exp{S( (s &

LA (u))]2) du+ S o, (1, & (W) dw (u) } X
t
X [S [al, (u & W) — o, (u, & W) or, (4, & ,W)]E, (@) du+

s

S (&, (D), () do u)] ©)

W3 31oii dopMyabl BHITEKaeT H cpelHEKBaJpaTHuecKas HeNpephiB-
g2

a
HOCTb —a—x—z' Et_ X (S) B .

JLJsT MHOTOMEpHEIX NpPOLECCOB HMEET MECTO

Teopema 2. Ilycro &, «(S) Asasercs peulesuem YpasgHeHus
(14) § 2, a dynxyuu a(t, x), bi(f,x), ..., bu(f, x) onpedesenvt u
nenpepoianol npu t <[ty T), x & E™ u 064a0ar0T O2paHUYEHHBIMU
HEnpepui8HbIMIL NPOU3BOOHbIMI NO 8CeM nepementsim x!, ..., x™ Jo
8TOp0o20 nopadxka srarouutresvro. Toeda Gynkyus & (s) Ougdgé-
peryupyena 08ascloi no x 8 cpe@Hem Keadparuueckom, npuiem
npouUseoocHsLe

—b%i_gt.x (S), gt.x (S):

ia]

Kaxk ¢ynryuu x, 6YoyT HenpepsiBHbl 8 CMbicie CpeOHe20 KBadparu-
4ecKoeo.

JloraszareabCTBO 3TOH TeOpeMbl IPOBOAUTCA B TOM JKe IJIaHe, 4TO
H JI0Ka3aTeJbCTBO TEOpEMH 1, 103TOMY MBI He GyIeM NPHBOAMTE €ro.

Sameuanue 1. Ecau soinoansrorcs ycaosus teopemv. 2 u
f(x)— oepanudennas HenpepoleHAR QYHKYUSR, UMEIOULAS Henpepsia-
Hble U O2paHuYieHMble NPOU3BOOHbIe 00 BTOPO2O NOPAOKA BKAIOUU-
TeAbHO, TO Pynryun u(x) = Mf (&, «(S)) Osamndol nenpepoiaro Oug-
gepenyupyena no x.

IIpoBepuM cnpaBeA HBOCTb 3TOTO YTBEPKJEHHA ONSTH JIHIIb
B cayyae oJHOMepHBIX mpolleccoB. ITokaxewm, yto

w, () =M (&, , ()5, (). O]
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HeficTBuTeNBHO,
e 2
M[LEearar @D 1O o e ] <

f (gt, x+Ax (S)) —f (gt, x (S))
gt, x+Ax (S) - gt, X (S)

<M [6 06— £, O] +

+ oM !‘ [, vpax (9)) = [ (&, & (5) s (s))]2 (2. 0

gt, xax (8) = gt, x(8)

L&) =)
X

BBHIY OrPaHHUEHHOCTH — 7

F (Bt xrax ()= (&, x (5))
gt‘, X+Ax (s) — gt, x (s)

, CXOOHUMOCTH

— 12 (8, 5 (s)

K HYJO 0 BEPOSAATHOCTH M COOTHOIIEHHH

Jim ML, ()= L) =0, ML ()[ < co.

Ho
| _p e, L) 2, 60| <
S LU P OINC) BT TONE) B A 10 4

Orciona u BHTeKaer (7). Anasoruuso yCTaHaBJHBAETCs, 4TO
u = M7 & () B () + MILE, , (9) oL, (9): )

HenpepriBrOCTD 4} ¥ 1y CaeflyeT U3 HeNpepLIBHOCTH NPOLECCOB Ly ()
0

H 5Ty (8) B cpelHeM KBaJpaTHUYECKOM.
3ameuanue 2. IIpoyeccol

Ea() 2Bna(s), —orts (o)

ABAAIOTCA CTOXACTUUECKY HenpepulsHbimu pyHKkyusmny t npu durcu-
posannom s, ty << s << T, pasHomepro oTHOCUTEABHO X HA KAHOOM
Komnaxre.,

IMyets ¢ << ¥ << 's; TOrga

gt, x(s) - gt’, x(S) = gt, % (t,) —X "I"

LI NN

(@(y, &, x (W) —

’

-

—alu, & W) du+ \ o, &, W) — o, &, . @)] dw ).

L3
P e 2N
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CrenoBaTtenbHO, NpH HEKOTOpOM H cnpaseATHBO COOTHOIUECHHE

M [gt.x(s) - gt’.x (3)12 < 3Mm | gt.x (t,) —X l2 +
+H\ME, ; () — &, . W) du,

H
M3 KOTODOTO BRITEKACT HEPABEHCTBO

M [Er, . (5) = Err, ()2 <BM | &4, 5 () — x Pett =19,

Ho M| &, (') —xP==0 (" —{) paBHOMepHO Ha KaXKJOM KOMIAKTe
Ha ocHoBaunuu JeMMbl 2 § 2. CaenoBaresbHo,

M| &, < (s) — &, (s) P=O(t' —1).

Hcnonbsya (4) u (6), MOXKHO NMONYYHTL aHAJOTHYHBIE OLEHKH H 1151

'% gt. x (S); 76:7 gt. X (S)

O6benunssa yTBepxKaeHud 3aMeuannil | u 2, noayuaeM cjienyo-
LIYIO TeopeMmy.

Teopema 3. Ecau &, .(s)— pewenue ypasnenus (14) § 2,
Koagguyuentsr koropoeo a(t, x), by (¢, x), ..., bm(t, x) yoosaerso-
PAIOT Yca08uaMm Teopemol 2, a Gynkyus f(x), onpedesennas na Fm,
HenpepoLen, 02PAHUUEHE U UMeeT Henpepbiexbie U 02paHuyeHHvle
npoussoOnvie 00 8TOP02O NOPAOKA BKAIOHUTEALHO, TO PYHKYUS

u(t, x)=MJ (&, « (s)),

onpedenennasn npu ty <<t << s, x = f", HenpepvigHa u umeer npo-
u3800Hble N0 x 00 BTOP020 NOPAJKA BKAIOHUTEALHO, HenpepblaHble
10 COBOKYNHOCTU NepeMerHolx t, X.

§ 4. Meron auddepenunanbHbIX ypaBHeHRIl

B stom naparpade BuBoaaTcs AuddepeHUnabHEIE YDaBHEHHUS,
[O3BOJIAIONHE ONpPEleNHTh paclpefe/eHHs] HEKOTOPHX (PyHKIHOHAa-
JoB or Au(p¢ysHoHHBIX nponeccoB. JlonyTHo naeTcAa HOBBHIA BHIBOA
nepsoro (o6partHoro) ypasnenns Kouamoroposa ans An(dy3uHOH-
HEIX IpOLEeCCOoB.

[ycre &(f)— pewenue ypasuenus (13) § 2. Kak ycranosieno
B § 2, ycsoBHoe pacnpeledenne npouiecca §(s) na [f, T] npu_ycio-
BuH, yT0 E(f)==x, coBmajaeT ¢ pacnpeneseHHeM E; .(s). Bynem
0603HauaTh M, «1 yCIOBHOE MaTeMaTHYeCkoe OXHAaHHE CAYYaHHBIX
BeJHUHH 7], ABJASIOMHNXCA (YHKIHAMH OT TPAeKTOPHH mpouecca §(s)
Ha [¢, T], npu ycaosun, uto E(f) == x. M3 cKazaHHOro Bbille BEITE-
KaeT, 4To

Mt. N = Mﬁ)
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rie | — BeINUYHHA, NOJYYEHHAS] U3 T) NOACTAHOBKOH BMECTO TPAaeKTO-
pun E(s) TpaekTopuH &, «(S). Ha omnpeneseHHs BeposiTHOCTeH me-
pexofa mpollecca J0CTATOYHO ONpeNesHTh

M, 0@ ={o0)P( s, dy

IUISl OCTATOUHO TAfKuX YHKIHH Q.

Teopewma 1. llycte daa npoyecca §(t) soinoanstores ycrosus
reopemut 2 § 3, ¢pyukyua @(x) oepanutena, HenpepoisHa u umeer
O2paHu4eHHble U Henpepoierble npoussodnvie 0o 6T0po20 nopadka
srArouuTenvro, Toeda pynkyua

u(t, x)=M; . E(s)), te b, s),

umeer wenpepoiensle npou3sodnsie no xi o 8Topozo nopadka exiro-
wurenvHo, oupgepenyupyema no t, Yoo8ALTEOPALT YPABHEHUIO

%u(l‘, x) + Zai (¢, x) EiTlt(f, x)+

i=1

1 - i i 0?2
+1 E: b 9 —_
24 Jeel o, 2) b, %) Oxtox u(t, x)=0 (1)

. i i i
u ycaosuro limu(t, x) =@ (x). 3decs a', bk, x" — xomnonenror ex-
tAs

ropos a, b, X cooTsercrsento.

Horasareascreo. Juddepennupyemocts Gynruun u(f, x) no x,
a TaxKe HeNnpepbLIBHOCTb H OrPAaHHYEHHOCTh YACTHBIX NPOH3BOAHBIX
BHITEKaeT u3 TeopeMsl 3 § 3. 3amerum, nanee, uto

u(t, x) =M 0 E(s)) = M:, sMisar, s e+an9 E(s) =
— My, ,u(t + Mt & (1 + AL)).

Hcnonbsys dopmyay Hrto, MoxeM samucath

ult+ AL Bt + M) —u(t + 0, 5() =
AL &
= | [ij—,(t-w,a<s»af(s,g(s»+
t

j=1
+3 ), k(s o) bh(s, B = ult -+, a(s))] ds +
ki, j=1

tHAE

+ 3 this, 1) 2 ult+ A, £(9) do o),

L Ryi=l ‘
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CuaenosarefbHoO,
My, o (E+ M2 E(E 4 AD) — My, (4 AL £ () =
t+ At
= | Mf,x[}:a (5, () Zru e+ AL 2(s) +
t j=1
4+ i‘ bi (s, & (s)) bk (s, &() == u(t + A, §<s>]
2 ki f=1 i@ !
Tak kak
My, cu(t+ AL (@) =u(t + At, ),
TO
ult, )= ult + o, 1) =M, [Z “Trult AL E() el () +
i=1 '
+gk X, b DR E) (4 AL E( »] A
rae s’ — HeKoTOpoe yuc10 u3 (1, ¢ -+ Af).

ou u
Yunresass, uTo —, =
oxt ' Qxtox!

Ha OCHOBaHHH TeOpEMBI JleGera o npefe/ibHOM fepexoae moj 3Ha-
KOM HHTETpaJa MoJayuyuM

w (b 0) = (4 AL x) ﬁM,,x[Z o ut, 8 (0) a1, £ () +

At £
i=]

orpaHuueHs! u s’ —{ npu Af -0,

m

+4 Z Ay E(1) bh (2, £ () BL (2, E,(t))]

2, M 0x oxd
Ypasuenne (1) ycranosjeno. To, uro My @ (E(s))— ¢ (x), BH-
TeKaeT Hu3 coomoLueLmH M, xm(g(s))—-M(p(’g’,, x(s)) u Hempepss-
HOCTHU &y, ,(s). B
VCTaHOBHM Tenepb ypaBHEHHs, NO3BOSIOLIHE onpeJesuTs pac-
npeje/ieHne Cay4aiHoOH BeHYHHBI

T
= {6, s as,
to

rae f(s, x)— nocraTouHo raaikas ¢yskuns, a E(s)—npomecc, sB-
Asiolnics peenneM ypasneHusa (13) § 2. Beemem ¢ynkuuio

T
0, (2, x)=Mt.xeXP{7» Sf(s, E(s) dS}- (2)
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Jl1a onpenenerus pacnpeneneHns BeJHYHHB J/ 1OCTATOUHO Ompeje-
JHTL QYHKUHIO U, (f, x) npu t<[t, T], x = H™ u Bcex MHHMBIX A,
TaK Kak TOraa vy(fp, ¥) 0aCT HAM YCJIOBHYIO XapaKTepHCTHUYECKYIO
¢ynkuuio senuuunel J npu ycaosun E(f) = x. IlpouHrerpuposan
U (fo, X¥) MO HauaJbHOMY pacHpefie/IeHHIO, NOJYYHM Ge3yCAO0BHYIO
XapaKTepHCTHYECKYI0 (GYHKUHIO BeqHuHHE J,

Teopema 2. Ecau E(t) ygoenersopﬁeT ycaosuam reopemor 2
§3, af(tx), it 0, =) (,]=1,...,m) nenpe
poLeHbL U o2panutenst, To npu t & [y, T] pynxyus v,(t, x) ydosaer-
60pAET YPABHEHUIO

m
J ] d
— ol D+ ) a6 o, 0+
¢ = dx
1 c 5
+°— Z b;a(t) x)b{B(t’ x)”—i—]_vk(tt x) _l" A'f(t, x)vh(ty x)=0 (3)
2 1] h=1 0x* dx
u ycaosuro lim v, (£, x)=1.
IAT
Hokasareavcrso. TlocnenHee yc/oBHe BHINONHAETCS OYEBHA-
HbIM ofpasom. HenpepmBrocte M auddepenuypyeMocts vy (1, x)
M HemnpepriBHOCTD H OFPaHHYEHHOCTb MNPOM3BOJHHIX —a—a—i vy (¢, %),
X
2
Fa—fv"(t’ x) BbITekaeT u3 ¢opmyas (2) u muddepenunpy-
X" 0x
eMoCTH &y x(S) u f(s,X) no x TOuHO Tak ke, KaK NpH AOKA3aTedb-
cree TeopeMsl 3 § 3. M3 coorHomenus

t T
A S exp{k S fu, g(u))du}f(s, E(s))ds=

34 s

T T
Sf(u, z(u))du} —exp{?- S f(u, &) du}
’ t

f ”

=exp{7h
nonyuaem npu ¢’ < ¢”, Gepa My, 5, uto

T
o (', x) — My, cexp {A, S flu, & (u))du}=

¢

" T
=2 { Mo f (5, 26 Mot exp{x {1 2y au } ds.

4 &
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Ho
T
My,xexp{k Sf s))ds}
tV
=M, :Me 20 EXP{ S [ (s, E(s))ds } = M-, xvn (¢, & (7).
t”
IMostomy

on (¢, £) = Mo, 50 (7, £ () =2 | Mer,1f (5, 8(5)) 0, (s, £(5) ds
Tak xax :
F(s, 8, (D a5, §(6) — F (¢, D)0y (), £) >0
10 BepPOATHOCTH NpH ¢ — s, TO CyUIECTBYeT Hpefes

S Mo, of (5, 2 () 005, E() ds = (1, 1) 03 (1, 2).

hm
t’/ t

t’ -)t
ITosTOMY cymiecTBYeT npenen

v, (', x) — My, o, (7, € (¢7))

t// —_— t/

lim =

=10
>t

— lim [vk (t', x) — v (t, x) 4o (", x) = My o, (7, & ()

-_ #7t' 0 tll — N t” — t/ .
t'>t

Ho, Kax yCTaHOBJIEHO HPH JOKA3aTeJNbCTBE TEOpeMbl 1,

m

. M o (7 5 (7)) — v, (7, %) ; d
lim = = Z a' (¢, x) Ei—v,y(t, x) 4

=t %0 t” — t/
£ >t i=l

+;_ Y bh(t, X b, X =5 Al %),

i f, k=l

CienoBaresbHO, CylIECTBYeT npenes

v (" K=y E %) 5

lim s =0y (4, X
tr/__tlvo t’ - t at A'( ! )
t>t

# BHmoJsHfleTcss ypaBHeHue (3). M
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§ 5. 'pannuHple 3agayu AJaa AHQOYIHOHHLIX MPOLECCOB

Ilycts E(f)— pelnennHe CTOXacTHYECKOro AHQQepeHIHaNTbHOro
ypasHenust Buga (12) § 2, koapduunentn ypasHenus (12) ynosser-
BOPSIOT ycjoBusiM TeopeMbt 4 § 2, Tak uto pemenue §(f) ypaBHenus
(12) cywectsyer u enunctseHHo. ITycte D — HekoTOpas cCBsi3Has
o6aactb B [fo, 72))( HAm. O6osnauum gepe3 D; obnacte B B™: Dy =
={x (L x)eD},

r=inf{s: sy, T], £(s) & D},

ecJH MHOXKeCTBO noj 3HakoM inf nenycro, H v =T B NPOTHBHOM
cayyae. T SABJASIETCS MapKOBCKHM MOMEHTOM OTHOCHTENIbHO 0-aJredp
§t, MOPOXKIEHHBIX BeauunHaMu §(fo) H wr(s)—wr(h), k=1, ...
..., m, s&[t, t]. HenkcrouTenbuo, o6o3naunmM D¢ ponoaHeHne K D
B [to, T] X &m, p((t;x), D¢) — paccrosiuue ToukHu (¢; x) no D¢, Toraa
T == SUp Tn, [AE

T, =1nf {s: p((s; &(s)), D°) < l/n},

eCJH MHOMKeCTBO noj 3pakoM inf memycro, u T=T B NPOTHBHOM
cayuae. To, 4To T, — MapKOBCKHI MOMEHT, BHITEKAaeT H3 PaBEHCTBA

{7 >ty =[}{o: o((se; E(s)), D)= 1/,

rae {sp}— Bciony mioTHOe Ha [fo, {] MHOXecTBO. MoMeHT T Hashl-
BaeTCs MOMEHTOM hepeoeo guixoda u3 obmactu D. Hac 6ymyt nHre-
pecoBaTh CJAeLYIOUIMe paclpefeseHHs, cBsi3aHHkle ¢ T: 1) pacmpe-
nenenue E(f) npu ycaosud, uto T > f, 2) pacnpepeienue T, 3) pac-
npenenenne E(7).

O6o3naunM uepes Lu(f, x) napaGoynueckuft JuddepeHlHaNbHbIA
oneparop, onpeenseMulil J1eBo# uacTpio cooTHoweHus (1) § 4.

Teopewma 1. Tycre ¢pynkyus (¢, x) onpedenena u Henpe-
poisra wa samoicanuu D N[t L] X R™, 680 8HYTpeHHuX TOUKAX
3T020 MHONCECTSA ona 08axncObl Henpepblero Oughgepernyupyema no
xuodun pagno t, LQ(t,x)=0u @®(t, x)=0 npu t=(t, ), x<
e D}, 2de Di — epanuya D, 8 F™, @ (4, x) = [(x). Toeda

@ (t’ x) = Mf (gi. x (tl)) X{Tt' =t}

20e 11, x— BeAUUURA nepso2o evixoda u3 obaactu D das npoyecca
&, x, ABARIOWE20CA peutenuem ypasHenus (14) § 2.
Hoxasareascrso. Ucnoawsaya dopmyay HMro (em. (11) B § 1) npu

Tt, « = £, MOXKHO JI0Ka3aTb, 4TO
t;

(1, £ (1) = Dt x) = | LO (s, B, (s)) ds +
m hom

+% S Z.%“xl(s’ Et, 5 (8)) bri (s, B, 4 () dwy (s). (1)

k=1t |=]
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Gopmyay (1) moxno noayuuts caenyomum obpasoM. [Tycte Dy —
NOCJIeI0BATENBbHOCTh OAHOCBA3HLIX KOMNAxTOB B {fo, I| X #™, ans
KOTOpHX Dy <& Dyyy, UDy, = D. O6o3nauum uepes O, (4, x) OYyHK-
outo, copnagamomyto ¢ O (4, x) na Dy, nBaxAb HenpephlBHO IH(pde-
pPEeHLHPYEMYIO N0 X H OAMH pa3d no ! ¥ OrpaHHYEHHYIO CO CBOHMH
NPOU3BOAHBIME Ha [fo, T} X #™. Toraa k ®,(f, x) npumenuMa ¢op-
myna HUto u

t
oty B2 () — Dyt )= | LD, (s, 2, o (5)) s +
t

m bom

+ 30§ 3 s, b D) s s, B4 51 i 9.

k=11 =]

Ouesunno, uto npu ¢, <7, , Oyrer u ¢ <+{™ npu HekoTopoMm mo-
cratouno GosbOM n, Tae T, — Momem nepBoro BEIXOAa M3 D,
nponecca &, ,(s). Ho mpu s<r(")

D@, (s, &, £ (5)) =D (s, &, £ (5)),
L(I)n (S: gt. X (S)) == L(D (S, g‘t. x (S))’

S a5, & x () == O 5, 81,1 (5).

TeM cambiM q)opvxyna (1 IOKa3aHa
"chn; T, =t A ™. Torna =/ - MapKoBCKMH MOMEHT H npu

s<T, LD (s &, x(s)) =0, HoaTomy
P &L (v)) =

I

m m

=05+, S 302 (5, B (50 i (5 B 1 (50 0, )

k=1 i=]

Beps MareMaTHYecKoe OXUIAHHE H YUYHTHBAf, UTO NPH S< T,
ad

i (s, &4, 5 (s)) orpanuuent, TaK KaxK (s, &, »(s)) exxut B Komnaxre D,
HOJyYUM

MO (7, & ()=, »).

TlepexoAs K Hpefeay NpH 1 —» 0o, TOJYUHM
MD (v, s ALy, E(Ts, x A 1)) =D, X).
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Ho mpu £, > 7, Oty Aty E(Th e A1) =@ (74, ;, §(14,4)) =0,
TaK Kak Touka £ (1, ,) JEXKUT HA rpaHuie Dy, . Tlostomy
MO (4, A £, E(11, 5 A 1)) = MO (81, &, . (1)) Xy, o>ty =

=MF &, 2 (1) X, >ty B
Has toro uto6ul onpenenuTb COBMeCTHOe pacrpefeneHyue T H E(t),
JOCTaTOYHO onpeneautb My (T, E(T)) A/ BCex MOCTATOYHO IMIaiKHX
dbyukuni ¢ (¢, x), 3aganusx Ha rpanune I' o6aacru D.

Teopewma 2. [Iycre v(l, x)— nenpepovisras ¢ynxyus 8 DUT,
Oaa (t; x)eD Lo(t,x)=0 u npu t>14, (Lx)eTl v(f,x)=

=y (¢, x). Toeda
vlt, x)= M‘b (Tf. ¥ Gty x (Tt. )

Hoxasareascrso. Onsath ucnoabsya ¢opmyny Mto u te ke pac-
CYXASHHS, YTO B TeopeMe 1, MOKEM INOJYUHTh PABEHCTBO

v (’cg"j)x’ gt, x (T(tt,l)x)) —v (t1 gt, X (t)) =

)

m hX
-y S (5, B, (5)) e (5, &1, £ () i (),
ke=] t =]

TaK Kak npu s <7ty , (8, &, ¢ (s)) = D. Beps MaTeMaTHueckoe OXKH-
JaHue Ha ocHoBaunuu ¢opmysau (14) § 1 maxogum

v (t, x)=Mo (v{,, & . (7{,)):
[lepexons K mpefeay npH A -> 00 W HCNOAbSYS PABEHCTBO
0(Ts, 45 &, 5 (T4, 2) =V (T4, &, &t 2 (4, %))

(Touka (T4,x &1 x(Ttx))E=T), noayuaem [0OKA3aTENBCTBO TeO-
peMHhl.
PaccmoTpum Tenepb oaHOpoAHBIE mpouecc &(f), ABJAAIOLIHACA

pellieHHeM YypaBHEHHS
m

dg(t) = aE () dt + Y, bp (8 (1) duwg (), ®)

k=1

onpenenenunl npu {e[0, co). Uepes E,(f) of6osnayum peleHHe
ypaBHeHHsl (2) ¢ HauaabHBIM yeaoBHeM E(0) = x. [Iycte G — Heko-
Topas o6aacte B &™. Ilycte D = [0, o0) X ™. B stoM cayuae BMe-
cTo pemesnil ypaBHenusa Lv =0 (mapaGoJsuueckoro Tuna) Ajs Ha-
XO3KJIeHUST BEJIHUHH, PAaCCMOTPEHHBIX B TeopeMax | H 2, MOXKHO HC-
NoJb30BaTh pellenusi GoJiee MPOCTOro ypaBHEHHS (JIIHITHYECKOTO
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THHa) ¢ aHGpbepeHLHaabHLIM ONepaTopoM

7] 02
xu(x)—}ja, (0 228 4 Z el Zbk, () b4y (). (3)
i=]
Teopema 3. Ilycre f——oepauutte/-maﬂ HenpepuleHas (yrKyua
8 samoikanun G, u,(x)— pynkyus, yoosaieT80pAIOUWASL YCAOBUAM:
oHa onpedesena, Henpepoiena U oepanuuena 8 3amvikanuu G,
OsancOvt Henpepoisno Ouggepenyupyema e G, ydosaersopser co-

OTHOUWIEeHUIO

ku?\, (x) - Lluh ()C) = f (X), A > 0’ (4)
u u,(x) =0 na epanuye T obaractu G.
Tozda
() =M { e=f (& () uge, > (5)

0

20e T, — MOMEHT nepsozo suixoda npoyecca &, (t) us obracru G
(ty=-+ o0, ecau &, () = G daa scex t).

Hoxasareascrso. Ilycts t < t,. Torpa, npuMenss ¢opmyay Hro
K QyHRmun e~My, (g, (1)), moayuum

4
iy (e () —y () = | [0, (5, () ds + e L (4 ()] s +

m

+¥ S 3 2 (0 (5) b € () A s). (6)
k=] 0 {=1

[Mycts ©" — MOMeHT mNepBOro BHIXOJA H3 KOMIAKTHOTO MHOMKe-
crBa F,, rae F, — BospacTaoias mnocJel0BaTeJbHOCTh KOMIAKTOB,
JUIST KOTOpPOH UF =G. Torga T AT <7, unpu s <t™ AT Be-

JHUKHHH %-(gx (s)) orpamuuennt, IloxctaBass B (6) t=1~§:~> AT u

yuuteBas (4), naiinem
M AT

Mo, (5, (<0 ATY)e ™ AT — iy 9 =—M | e (e (s)) ds.
’ 0
ITepexogs k mpejpeny NPH #—> oo, NMOJYUUM
T AT

Muy s (0 AT e — i ()= —M | [Ee(sherds. (D)

0
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3ameTumM, uTO
lim 1 (& (e, A T)e ™5 =0,
00

TaK Kak NPH T, KOHeUHoM u (E,(t,)) =0, mockoubky &, (1) <T,
a npu T,=- oo

Ly, (B (5 A T)) [e AT L supluy (y) [e7 > 0.
y

Kpome ToTO,
g (& (v, A T)) L&A sup| 4, (4) |

3uaunr,
lim Muy (, (v, A T))e """ T =0.
T

IMepexonst B (7) x mpeaeay upu T — 0o, TONYUUM JOKA3aTeJbCTBO
TEOPEMHL.

Iuist Toro uTOGH HAMTH COBMECTHO® PachpejeseHHe BENHUHH T
u E(t), mocrarouHo 3Hath Me (g (t)) an1a A >0 u Bcex pmocra-
TOYHO TJaakuX GyHRuui P, 3agaHHbEXx Ha T

Teopema 4. [Tycrs pynxyus v, (x) onpedesena, oeparuterna
u Henpepotena na G T, dsancder nenpepoisno upgeperyupyema 8 G
u 8 G ydosaersopser ypasHenuio Av, (x) — Livy(x)=0 (A =0).
Ecau 0, (x)=%(x) npu x =T, 10

0y, (x) = Me™""xp (2, (7).

Hokazareascrgo. Hcnoawsys ¢opmyny Hro, ans  dyHKuHH
ey, (Ex (1)) naxoanum npH ¢ << rx
m

o E ) e — v, ()= S 5128620 () duy(s).

k]l 0 i=l

Toudo Tak Xe, Kak H NPH N0KA3aTeJbCTBE TeopeMbl 3, moJjayuaeM
oTciona PaBeHCTBO

Mo, (&, (1)) "% = v, (x).

OcTaercs 3aMeTHTb, UTO Uy (B, (T,)) =P (E, (1)), Tak kak &, (v,)=T. B

3ameuanue 1. ITonaras A =0, MoxeM HafiTH paclpejese-
mue E(t): My (E, (1)) =v(x), rne v(x) — HempeprIBHAsL Or'paHHUYCH-
nas ¢yHguus 8 GUT, ynoBaersopsiomas ypasuenuio Lv(x)=0
BHyTpH G ¥ paBeHCTBY 0 (x) =1 (x) npu x =T.

3ameuauue 2. Tlosoxum P(x)==1. Toraa v, (x)= Me ™,
v, (x¥) — ¢yHKUUA, HempepHBHas H orpaHuuennas B GUT, ynosne-
TBOpPSAONIAA YCIOBHIO U (x¥)==1 npn x =T u ypaBHEHHIO

Moy (1) — Loy () =0, (8
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TTponuddepeHuupyeM 3TO COOTHOWEHHE MO A ¥ MOJoXKHM A == 0.
Tlycts ———(%—v,v(x) o= M, (x). Torma M,(x)=Mr,; us (8), yuu-
THBAS PABEHCTBO U,(x)==1, monyuaem

LiMy(x)=—1,
M (x)=0 npu x=T.

Mycre M (x) — pynkyus, Henpepolgnas u oepanudennas 8 GUT,
deancdvl HenpepoigHo Oupepenyupyema 6 G, M;(x)=0, x=T,
LiM;(x)=—1. Toada

Mz, = M;(x). (9)

Uro6Hl y6eauthcst B 3TOM, npuMenum dopmyty Hro k dyukiuu
M, (&, (7)) npn ¢ [0, «9]:

M (E, () — M, (x) =

0 L
—§ Lerds+ 3§ 3 L M6 90 b 6 (5) () =
R [e=
0 10 1 tgcn)
= | M (6 9)) s (e (9)) iy ().
k=10

Beps MaTeMaTHyecKoe OXKHAaHHE W HEPEXOAA K npefesy npu i -> oo,
ycraHaBanBaeM (9).

Mycrb dynkuus M,y (x) = M(7:) "' nenpepoiena 6 GUT.
Ecau cywecrsyer taxas nenpepuisras 8 GUT u dsaxdor dupgpe-
peryupyemas 8 G pynryus Mn (x), 042 xotopod Mp(x)=0 na I'u

LM, (x) = — nMp- (x),

10 M, (x)== M(t:)". IleHfCTBHTE/NbHO, AHAJOTHYHO TMPEABIAYLIEMY.

noJayyaem

Tx

My () =M § nMey (& 5)) ds.
0

3ametnM Temeps, uTo mpu § < T, T, =T, — §(00 HCTEUeHHHU
X

BpeMenH s npouece Ex(-) momageT B Touky Ex(s), H LO BHIXOAA H3
o6aacty G ocTaHeTcsl BpeMeHH Ha § MeHbllie, YeM C Haya/JbHOro
momenta BpeMmenn). [TosTomy npn s << Ty B CHJIY MapKOBOCTH NpO-
uecca

M [(T); . S)n—-l

%s] = [Wr;—_l (gx (S));
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rie §s—o-anrebpa, nopoxieHHasd BeJNHUYHHAMH (i), u<S,
k=1, ..., m. Takum o6pasom,

Tx

M, (x) = M S nM [(Tx - S)n—l l%s] ds=

0

=M { e, > gM [z, — 97§, ] ds =
0

o0

=n{ Myge, > oM [, — )7 [§]ds =
1]

[ X
=n S My, > s (7 — s 'ds=M S n(r, — ) ds=M(x,)"
Q ]

PaccMoTpuM OJHOMepHHIH OAHOPOAHBIA mponecc Ex(f), ABASIO-
IuACs pelieHHEM CTOXaCTHYECKOrO YpaBHEHHS

t t

E () =x+ {alE () ds + [ 6 () dw s),

0 4}

K03 PHIUEHTH KOTOPOro YA0BJAETBOPSIOT yca0BUsAM TeopeMul 1 § 2.
IycTh T, — MOMEHT MepBOTO BhIXOAA npouecca & (f) H3 HHTepBaja
(o, B). Bsenem ¢ynKuuiO

X Yy
q>(x)=Sexp{—S%;—((§7)dz}dy.

Jlerko BuAeTb, uTO QYHKUMS @(x) ABJAAETCA pellleHHEM YPaBHEHHSA
1
a(x)¢’ (x) + 5 0°(x) 9" (x) =L,9 =0

(Tako# BMA B LaHHOM cJydae uMeeT onepatop L;). Beaxoe pemenue
ypasuennsa Lu = 0 umeer Bua # == ;9 -} ¢o, T2ie ¢; U €2 — HEKOTO-
pble nocrosHunle, Mcnonb3ya 3ameuanne 1, MoxeM 3anucath

Mo (8, (v.)) =@ (x).

ITokaxewm, 4TO Tx — KOHeuHas BesquuuHa. Ilna sTtoro naigem peule-
HHe ypaBHeHHus

a()Mi (x) + 50 () M (1) = —1, My (a) = M, (B) =0.
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Pelenye 3TOro ypaBHeHHs, yloBJ/eTBOpsiollee ycaoBuio M;(a) =
= 0, uMeer BHA

9 () — @ (2)
Co(x)+ 2§ O AC dz.

3HayuT, YUHTBIBAS, YTO cp (B) %= 0, Haxoaum

o 9(x) q>(B)—q>z) (%) —9(2)
M, ()= —2 fp(ﬁ)§ (e dz+2§ Rrraratad

B cuny sameuanus 2 Mrt, =M, (x) < co. M3 KoneunocTn T, BHITe-
Kaet, uto E(7,) NPHHHMAaeT C BEPOSTHOCTBLIO 1 OJHO H3 3HaUeHHH o
und f. Ilosromy

¢ () =P {£(xs) =P} o (B),

P =p=28, Pir)=o=2020

IIycts a==0, b=1. Torpa ¢(x)=x—a,
. __p—x . X—a
P{g('rx)’—a}“ (5___,1» P{E(Tx)—ﬁ}—‘ﬁ__a'

B sTOM ciayuae JerKO IOJACYHTATb BCE MOMEHTH BeJHUHHH T,
YpaBHeHue mia M;(x) uMeeT BUE

FMI()=—1, M(a)=ME)=0, M(x)="(x—0)(x—p)

HOast M, (x) uMeem ypaBHeHHe

LM = — My (), Myla)= M, (B —

3Havuur,
X

Mn(x)=2ng(x—z M, () dz+ 2n =2 S(ﬁ—z)Mn_l(z)dz.'

—a
o

ATO COOTHOUIEHUE MO3BOJISET PEKYPPEHTHO BBHIUHC/ATH BCE MOMEHTLI
BEJUYRHH T, Pacnpenenenne T, MOXeM HalTH C IOMOLILIO 3aMeda-
HHa 2:

Me™ ¥ = v, (x),
rae v, (x) — peuieHue ypaBHeHm{

o3 vi (%) — Ava (x) =
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C TPAHHYHBIMH yc/oBusiMu vy (a) == v, (B) =1. 3nauur,
Ty a+f
ch [1/2% (x —_ ——2——)]
—_— ﬂ —
cn[vaLSE]

0, (%) =

§ 6. AGconoTHAas HeNPEPLIBHOCTb Mep,
orBevalomux AHGdY3IHOHHBIM mpouneccam

Ecnn E(f)— nekoropuift cayuaiinplil mpouecc, onpeieneHHb Ha
[0, T], npusuMarowuii sHavenns us ™, To no Teopeme Koamoroposa
(ra. 11, § 2) emy coorBercTByeT Mepa B mpocrpanctee (F o, 11, F),
rae Fpo, r}— NpPOCTPAHCTBO BceX (PYHKLHUHA x(f), OnpeldeseHHbIX Ha
[0, T] co suayenusimu B &™, § — o-anre6pa, NOPOXKJACHHAS UMJIHHI-
PHUECKHMH MHOMXKeCTBaMH. Ec/n 3apaHee M3BECTHO, 4TO IpoIeCC
E€(?) HempepBIBHEIHA, TO Mepy, COOTBETCTBYIOLLYIO IPOLECCY, MOXKHO
nocTpoutsb Ha (@o, 11, §), rie Flo, r1-— NPOCTPAHCTBO HENPEPLIBHBIX
¢yuxunf. dasee MBl GyfeM pacCMaTpPHBATL TOJIBKO HeNpepbIBHBIE
HpPOLECCH B Mephl, OTBEYAlOlHe STHM NpolleccaM, OYAYT 3afaHH Ha
@10, 7. O603HaunM uepes pz Mepy, OTBevawollylo npoueccy E(-).
Hac 6yner unTepecoBaTh, IpH KaKHX YCJAOBHAX AJIS ABYX AU(Py-
SHOHHBIX npoueccoB &(+) u & () Mepbl, COOTBETCTBYIOLIHE 3THM
npoueccaM, OynyT abCOMIOTHO HenpepbiBHBI OAHA OTHOCHTEJNLHO
IpYTroH.

HanomuuM, uto ecim Ha ua3MepuMoM mpoctpanctse (X,®B) sa-
JaHbl IB€ MEpHl [y M Ug, TO Mo A6COJIOTHO HempephiBHA OTHOCH-
TEJALHO [y, eC/in np(B) =0 g1 Bcex B9, nas KoTophix p;(B) =
= 0. Hssectnas Teopema Panona— Hurkoguma yTBepxkiaer, 4To
M2 a0COJTIIOTHO HempephIBHA OTHOCHTEIBHO i TOTAA H TOJbKO TOTAa,
KOrja CyllecTByeT Takas B-H3MepuMas HeOTpHIaTeNbHad (QYHKIMS
p(x), uto ana Bcex BB

b (B) = { o (x) p (dx).

B

®ynkuua p(x) ompenensieTcd OAHO3HAYHO C TOYHOCTBIO JO MHO-
XKeCTB, Mepa |y KOTOPHIX paBHAa 0; OHa HAa3LIBAETCH NAOTHOCTbHIO
(npouseodrot) mepbl py OTHOCUTEALHO Wy ¥ 0603HAYaeTCs

() = (+).

B sTom naparpade He TOJNBKO HCCJENYIOTCS YCJIOBHA aBCOIOTHOMN
HeNpepLIBHOCTH /151 ME€p, OTBeYaIOIHX AHGPY3HOHHBIM [IpoLeccaM,
HO H BBIYHCJSIOTCA COOTBETCTBYIOLIHE IJIOTHOCTH.

3ametuM, yTo ecau mpouecc E£(f)==§(¢{, ®) 3amaH Ha HeKoTO-
poM BeposITHOCTHOM mnpocTpancTBe {Q, &, P}, To coorsercryiomas
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eMy Mepa ecThb NpocTo o6pas Mepsl P OpH oTOGpaKeHHH

3 (- )
Q —_— %’[0’ T1

B mpocTpaHcTBe T, r). Hdust ao6oro MHOXKecTBa B & §
B (B)=P{o: E(-, 0)= B}

STO N03BOJsIET CTPOHTh Mepbl HAa Flo, 7], aBCONIOTHO HempepLIBHEIE
OTHOCHTEJIBHO g, oToOpaxkas ¢ nomoubio ¢yHKUuH E(-, ®) Mepy

P )= {p@P o),

A
rae p(o)— ©-u3MepuMas HeOTpHUaTeJbHass QYHKIHA, AJA KOTOPOH

[o(@P o) =1

(mocniennee ycaOBHe HYKHO JJIS TOTO, UTOGH P(Q)=1). O6o3ua-
unM yepes E (¢) cayuaitnbiil npouece, 3agasaemblit GyHkuHel §(f, ©)
Ha BeposTHOCTHOM npoctpanctse {Q, &, P}, a uepes uz — mepy, co-
OTBETCTBYIOLLYIO 3TOMY npoueccy Ha o, 7). Toraa, ecan &8 —g-al-
re6pa B Q, nopoxjenHasa BeauunHamu §(f, o), t(0,T], To

dp
@i G0, o) =M(p()|). ()
JlefictBuTenbHo, 1451 A & §

b (=P (-, )= A)={p@P o) =Mp(@)1s (-, 0) =

A

=Ms (-, MG (@)18) = [M(p@)IS9)] _ u. (@
A =xi{-)

(M1 BOCHOJb30BasKCh TeM, uTo M(p(w) |@F) asasercs GyHKuued
or £(-), a MaTeMaTHYeCKOe OXHJaHHe OT 3TOH (YHKUHH €CTb HH-
Terpas no Mepe p).

Cefiyac Mbl JOKaxeM OAHY TeOpeMy, KOTOpasl I103BOJIMT ONMHCaTb
knacc Gynkumii p(®), mas KOTOPHX Mepa B @fo,r}, MOJTyueHHAs
otoBpaxeHneM u3 P, GyneT cooTBeTcTBOBaThH AH((HY3HOHHOMY Npo-
neccy, eciiH TOMbKO M mpouecce E(f, o) Ha {Q, S, P} 6vu1 audpdy-
3HOHHBIM.

Teopema 1 (TupcanoB). IMycre w;(t), ..., Wn(t)— Hesasu-
cumote mexndy coboli suneposcxkue npoyeccol, Fi, 0 <t << T, — ce-
medicrao g-anrcebp, Oan kotopuix T, =By, npu by <ty wi(f)
UBMEPUMO  OTHOCUTeAbHO 4, a eeauturol {Wy(s41)— wy(f),
§>0, k=1, ..,, m} 8 cosoxynHocTu He 3a8UCAT OT Ty Ecau



§ 6l ABCOJUOTHAS HEMPEPBIBIIOCTL MEP 503

fr(t), ..., fm(t)—%s u:mepuMbte pyuryuu Ha [0, T),
SZf )dt < oo,
0 k=1
m T { m T
Mexp{z S Fo (O dw, (1) — 5 )" Sf (t)dt}
" fﬁp(m) 4 k=] 0 k=10
Bu- [0 (0)P (da) = Mya (o) 0 (@),
A

TO npoyeccol

t
@3 (1) = w3 ()) — | i (5) duon (9)

Ha seposTHOCTHOM npocrpanctee {Q,®, P} seaarorca nesasucu-
MbLMU BUHEPOBCKUMIU NpoYeccamil.

Jl1s1 oKa3aTesqbCTBA TEOPEMBI MOHAJO0ATCS HEKOTOpPble BCIIOMO-
raTesbHEIE MPEATOKEHH,

Jlemma 1. Ecau Zfl <N, 10

m T
M(exp{z { s (s) o (s)}

1
8) <exp{zN(T—8}. @
k=1 i
Hokazareascrso. Tlyets fy(s)— crynenuarsie ¢ynkuuu Ha [f, T},

fo(s)=Ffr(s;) npu s<sj, sju), t=s<<s1 << ... <Sx=T. Uc-
10163y PABEHCTBO

(exp {Z T () [@e (841) — @4 (Sf)]}
=exp {—‘2— 2 1) (570 — s,)} <exp{g N (50— 5)}

k=1
k=]

ybexaaeMcs, 4to

(exp {Z Z I 31) [ws (S/+1) — Wy (Sj)]} l %t)

]0k=

n—-2 m
< exp {5 N (sn_sn—l)} M (exp {Z ka (s)) [we (Sj+1)'—wk(sj)]} ' ] )<

J=0 k=]

n—1
gexp{-é—NZ (8141 —s,-)}zexp{—;—N(T—t)}.

i=0
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J1s HecTymeHuaTHiXx QYHKUHMA (2) MOXKeT OLITL NMOJYYEHO Mpefesh-

HEIM NTepexojoM.
)=t
Hokasareascrso. O603HaYHM

Jemma 2. B ycaosuax semmor 1
m i t, m
0;,, tz(ﬁ)):exp{z ka( s)dw, (s ———S Z fk(s)ds}

k=11 =]

m T m
M(exp{z ka(s) dw, (s) — %S Z f2 s)ds}
E=1 1,

Tpu ¢, =1, 0, ¢, (@)==1. Hcnoassys dopmyay Hro, maxommm

dpth ¢ ((’)) =04t (@) ;l fk 03] dwk (t)
TosToMy

i, m
o @=1+\p, @Y 1,()dw,(s).
k=]

-

1

Tak kak B cuay JeMMu 1
fs

m t,
[Me2, (@ ) F(s)ds < e eomtods < oo,

L4 k=1 t

t, m
M(Spths(m)z fk(s)dwk(s)l%tx)=0. ®
t k=1

Ciaegctsue 1. KaICOBbL 661 Hu Oblau Ty-usmepumovle pyHi-

yuu [y (t), 0aa roropsix S Z f2(tydt < oo,
)

0
m T 1 I'm
M(exp{z S [, (s)dw, (s) ——2—8 Z % (s) ds}
f
DTO HEPABEHCTBO SIBJSETCHA CJEACTBHEM Teopembl dary.
Caegcreue 2. Ecau Moy p(@)=1, to u npu 0<t, <L, KT

k=11 k=]
M (pt,, t, ((.0) | %ln) ==1.

TO

JleficTBHTENLHO,

1= MPO' 4 ((’5) M (pt,. ts ((’3) M (ptz, T (‘D) I,%t?) l%tl)- (3)
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Ecan 6bl ¢ mo0XKHUTEILHOH BEPOATHOCTBIO BHIIOJHSNOCH HepaBeH-
crBo M(p, , (0)|8,) <!, To, B cuay caencteus 1, u npasas

yacTh (3) Geita Obl cTporo MeHbmie 1.
[Tepeiinem K HOKasaTelbCTBY TeopeMbl. Bynem o6GosHauaTbh Ma-

TeMaTHYeckoe Oxuianue no Mepe P uepes M. Iasa mio6oi cayuaii-
Ho#l BesnyuHsl (o) Ha {Q, ©}

Mg (@) = Mg (o) p (@).
Ins pokasaTesnbcTBa TeOpeMBl JOCTATOUHO [OKas3aTb, YTO MpH
t; << !9 ¥ JIOOBIX BEILECTBEHHBIX 2
5)-

M (exp {i ki:l (@, (1) — @, (£)) zk}
= exp {— ~(t,—1) i z,e} )

JpyruMu cJ10BaMH, AJs1 BCSKOH OrpaHHuyeHHOH §:-u3MepHMOH BeJH-
YHHBI 1)

Mn exp {i Z (@ (8,) — @, (1)) zk} = exp { — —;— (t,—1) Z zi} Mn.
k=1 k=1
(4)

M3 caenctBus 2 BHITEKAET, 4TO A/f §;-U3MepUMON BeJHUHHLL &

Mg = M&po, ¢ (©) pz,7 (@) = MEpy, ; (@) M (py, 7 (@) 1T) = MEpy, ; (),

n03TOMY (4) 3KBHBaJIEHTHO PABEHCTBY

Mn’ exp {i Z (@, (1) — @, (tl))zk} 0, 1, (0) =
k=1
== exp { — % (#—1) Z zi} My, (B)
k=1

rie M =np, s, (0) — T, -u3mMepuMas BeIHUWHA, [J  KOTOPOH

Min'| < co.
ITo ¢opmyne Hro

dexp {i Z (@, () — B, (1) zk} 0, ¢ (@) =

k=1 -

= exp {i Z (@) —@,(4)) zk} 0;,, ¢ (@) X

k=1

X[Z fe@)dw, () +i) zkdwk(t%—%z Bdi+iy fk(t)zka’t].
k=1 R=l k

=] k=1
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[Tostomy

exp {i Z (@, (&) — @, (1)) zk} o, 1, (@) =

ka=l

—H—Sexp{ Z (@.()— B, (t))z}p, (@) X

k=1
><[ Y. zndw, () +ka dm(t)]
b= ke==]
=) szexp{ P CAOR wk(fDZk}o (w)at.
k=l t, k=1

Tlycts Y f2(()<<N. Torpa B cuay aemMms 1
k=1 7

M(Sexp{zi(@k — @, (1))2 }pt (@)X

1 km]

XY (2, + I (0) dw, (¢) %‘s,,) =
3Haunr, =

Mn’ exp {i Z (@k () — @,(1)) zk} 0r, 1, (@) =
Py
) t, m
~_——Mn/____;_z zis Mn’exp{iz (@, () —d,(t ))zk} o, ;(w)dt.

k=1 t k=1
IMonaras
M exp {i 3 (@, () — 8, (1)) 2} 0, ()= (1),
HaxoauM l
A(t) =M’ — 4 Z 2 Sl(t)dt
OTKyIa "

h(t2)=Mn’exp{—-;— 22 (tQ——tl)}.

Rwl

Tem cambim cdopmysa (5) npH cheaHHOM OPENNOSOXKEHHH OTHO-
cHTesbHO [ (f) mokasaHa.
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[Tycte Temepe [V (f) ypoB/IeTBODPAIOT YCJAOBUSAM

S op<n

T m
{3 Gt — 1 @yar—o

0 k=

npua N — oo, Tlomomum

t
s () =w, () — [ 1" (5) ds,
0

t,

n fr m
oY) (0) =exp {Z S "t)dw, (1) — %S Z (f (1) d,}.
k=1 t

t 1 Re=l
Tlo nokasaHHOMY

s, @ esp {1 5 (011 ) 59 ()2 =

k=]
= Mnp{"} (o) exp { — % A t,)}. (6)
keal

ITockonexky @M (f)—> @, (f), k=1, ..., m, 0O BEpPOATHOCTH, TO

n

11m Mnp, ;. () exp{ Z M (t)— @M (1)) zk}

== MTIPO, 4 (@) exp {i éi (@k (tz) -, (tl)) zk} . 7

Haunee,

Mnp) ( co)exp{ Z(w”’(t)—w“")(tl)) }
SCE CUCRE IO IE

< Mo} @) =0, , @], ©)
| Mno(") (@) — Mnp, , (@)| <<cM|o{¥), (@) —py 1, (@)],  (9)

rme ¢ TakoBO, 4TO | M |<Cc. ITokaxewm, 4to
Jim M {9 () — gy, @) =0. (10)
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Vimeem
M| o) (@) — p, , (@) | =M (| p{¥} (@) — py, ; (@) | + £y, ; (@) — 0§} (@),
tak Kak Mp, , (©) = Mp{¥) (@) =1. Ho

[0} (@) — py, ¢ (0) | + 05, ; (@) — 0f} (0) < 20, , (0)

u af")(0) —p, ;(©) —>0 no BeposTHOCTH. TTostomy (10) BbImOA-

HseTca B cuay TeopeMbl JleGera. ITepexons K npeneny B paBeHCTBe
(6) ¢ yuetom (7), ouenok (8) u (9) u pasencrsa (10), momyunm
(5) (c yuerom 3HaueHus v'). B

[TpumeHUM [OKA3aHHYIO TeopeMy AJa JHOKaszareibCTBa abco-
JIIOTHOH HENpEepHIBHOCTH Mep, COOTBETCTBYIOINHMX ABYM AH(HY3HOH-
HEIM TpolleccaM, 3afaBaeMBIM CTOXAaCTHUECKHMH NH(p¢epeHunasb-
HBEIMH YpaBHEHUAMH

de ()= (8 O)d + 3, b B0 dn(), BO=x (1)

Teopema 2. [Tycre koappuyuentor ypasrenus (11) ydosaer-
gopsaror ycaosuam: 1. Cywecrsyer raxkoe K, 4ro

1) lal(t’ x)—_al(ts y)l+la2(ta x)_a2(t: y)|+
+I§llbk(t,x)—bk(f, PNISKlx—yl

2) 1a1(t,x)|2+la2(t,x)12+gl|bk(t,x)|2<1<(1+|xt2>.

II. Cywecrsyror Ttaxkue Henpepoisuvie ynkyuu A(f x), ...
cees Am(E, %),

2] (t’ x) —aq (f’ X) = kz::l Ay (ty x) bk (t’ x)'

Toeda mepa ab6COAIOTHO Henpepsl8HE OTHOCUTEALHO u
t He,

Ei (-, 0)=
@al],

(12)

20e ©F — g-anzebpa, noposcdennasn eesuwunamu & (t, o), t<[0, T
Hoxasareascrso. Tlycts {Q, &, P}—To BepoATHOCTHOE Ipo-
CTPAHCTBO, HAa KOTOPOM 3ajaHbl mpouecch wy(t), k=1, ..., m, u

dpe,
du,

m T m T
= M[exp {Z S A (i & (s)) dw, (s) — % Z S A% (s, & (s)) ds}
k=10 0

k=1




§ 6} ABCOJIIOTHAS HETIPEPBIBHOCTH MEP 509

&, (t)— pemrenue ypastenusi (11) npu i == 1. ITonoxum

m T m T
p (@)= exp {Z {2, (58 ) dw, () — 5 3, {42355, 6)) ds}.

k=10 k=10

[Tpeano/io:KuM CHauajna, 4To
Mp (@) =1 (13)

(3r0 6yner, nanpuMmep, BHIMOJNHEHO MPH OTPAHHUYEHHBIX Ag(S, X)
B CHJY JeMMHBl 2).
OGo3naunM P Mmepy Ha ©, onpellejigeMy0 PaBEeHCTBOM

P (4) = {0(o)P(do).

A
B cuay Teopemn 1 mpouecch
@ () = we (1) — {2 (5, 1 (s)) ds
0

ABJSIIOTCSI He3aBHCHMBIMH BHHEPOBCKHMH mpoieccaMu. Pacemorpum
nponecc § (f) Ba BeposTHOCTHOM npocTpaHcTBe {Q, &, P}. On ynos-
JIETBOPSIET COOTHOIIEHHIO

t

m t
B (1) — 5= Sms £ (5)) ds + Zgbk (5)) dwy (s) =

m

= (st ds+ 3 §bels, b6 14 (6) + a5, 1 5D ds] =

k=1 0

t
== S [ax (s, & (s)) -+ Z Me (s, &1 (8)) be(s, & (S))] ds +

0 k=1
4

m !
+Y Sms £ (5)) s (8) = { a2 (s, &1 (5)) ds +
k=10 0

m ¢

+ 3 { 8uls, 21(s) die (5).

k=10

TaxuM o6pasom, &,(f) coBnmazaer ¢ peiueHHeM ypaBHEHHSA

)= (6, BO) bt + 3 540, E(0) s ()
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Ha BEPOSTHOCTHOM npocTpancrse {Q, ©, P}. TTostomy Mepa g COB-
nagaer ¢ p,. B cuny Qopmy.nt (D

""%* 6 (-, @) =M (@) 185,

TeopeMa B npepuosoxennu (13) nokasaua.
TloxaxeMm, YTO COOTHOIICHHE (13) Bcerga BhinmosHeHo. Ilycrs

AV (¢, x) TakoBE, uTO Ag(t, X)=Ar%" ({, x) mpu |x|<N, A8 (¢, %)
HellpepHBHH, ?V(N)(l x)==0 npu |x|>2N u QyHKUHA

o (¢, x) =a (, x)+; AR (1, ) by (1, %)

VIOBJETBOPAET YCJIOBHAM
IagN)(t: x) - ag(gN)(ts y)l <Kll x_yl’
la™ ¢, P <K (1 +1xP),

rie K, — Hekotopas mocrosiHHasi (He sasucamas ot N). Torna,
noJsaras

oy () = exp { Y a0 (s, 1) o )=
k==1 0

A0 (s, (s))]2 ds } ,

|
o] —
M=
© Car™y iy

GyneM HMeTb N0 JOKa3aHHOMY

dp )
(& (-, 0)=M(py (o) | &),

rue §52N’(t)—pemem1e croxacTuyeckoro - puddepeHunanIbHOrO
ypaBHeHUsA

t m
50 () =x,+ [V (s, BV () ds + )
) .

k=1

b, (s, &V (s))dw,(s). (14)

© ey o1

3aMeTHM Tenepb, uTo Py (©) == p (®) mpu sttlpl i (¢, ©) | <N, Ioatomy

Mp (@) {sup| &1 (1, 0) << N} =Moy (0) 2 {supl&: (t, @) [N} =
=P {sup " (0] <N} (19)
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Ouennm M|EM (¢)|*. Tlockouabky

¢

{ a0 (s, 80 () ds

| !

— G+ 0 ]| o e 0 0+

Y

2

M[agN>(t>|2<<m+2)[|xo|2+M +

t

S b, (s, &Y (s))dw, (s)

0

m

+ MY
=

=]

£ X1, @) ] <

k=l

t
<(m+42) [[ % P+ (TK, + mK) S (t+ M |E™ (s) ?) ds].
0

TO, HCHmoJb3ys JemMmy 1 § 2, yGempaemcs, 4TO cyuwecTsyer K,
(ue saBucamee ot N), 4Js KOTOPOro

M|EY () P< K, (16)

Himeem
T

P {sup|& ()] > N}<P { [l (s, &0 (1) | as +

0
t

S by (s, &M (s)) dw, (s)

0

>N—|x0]}.

m
+5
p=p IST

Vicnonbsyst HepaBeHcTBO UYelhineBa, CieHKY

T ) T
S |4 (s, & (5)) [ ds < S 7 (14 |af (s, B0 () ) ds <
0

0

T
<t+ir{a+igrepas

0
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a TaKkxe CBOHCTBO V § 1 aas CTOXaCTHYECKHX HHTErpajoB, 10 KO-
TOpOMY
t
P 4 sup Sbk(s, §§N)(s))dwk(s) p R R
T b
T T

<L S M|b, (s, £ (s))[2ds<-f?g M (L + &9 (5)[2) ds,

0

u, HaKoHel, (16), y6exaaemcs, uto

1
P {sup |5V ()| > N} = 0 (7).

H, 3HaYMT, npaBas yacte (15) crpemurcs x 1 mpu N — oo, [Tostomy
Mp(m)=13i_§r§°Mp(w)x{sgpl§1 (f, 0) [ISN}=1L.

Tem cambiM noKasana crpaBefauBocTb (13) u Teopema. B

3ameuanue. Ilycte wmarpuua B(s,x) = (byi(s, %)), j b=
=1,..., m (bp; — KOOpHHHATEI BeKTOpa by), HeBBIPOKAeHA. Torza
B YCJOBHSIX TE€OPEMEI 2

dug,
iy,

E (-, o) =p(a).

Uro6ut y6enuThcs B 5TOM, NOKakeM, 4To p(w) ABagercs S*-uame-

pumoii  BesuuuHOH. [lna 3Toro 40cTatouHo nokasath ©F-mamepu-
MOCTb IpoleccoB wy(f), k=1, ..., m. O6o35auum Cr; (s, x) auae-
MEHTBI OOpPaTHOH MaTPHUE K MaTpuue B(s, x):

m
2 bri(s, x)cpi(s, X)=04.

j=l

Iycts, panee, O==s, <5< ... <s,=t, As;==5,4) —5;; TOrga

wp ()= lim Z chk (s, &1 (s1)) X

max Asl—>0 =0 j=1
Si+41
SRR OO It
5

B CMBIC/TE CXOAHMOCTH MO BepOATHOCTH; 3nech &/ u af — koopau-
HaTel BEKTOPOB & b a;. eficTBUTe/NbHO, BLIpAXKEHHE MOJ 3HAKOM
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npenesa copasa B (17) umeer Bun

n-l m m Si4)
Z}}M%mejSmua@Mmm=
I=0 [=I =1 s

n Sy

0 /=1 i=l

S Cik (S[, §1 (Sl)) bl] (S) gl (S)) dwl (S) =

1

@

m

t
=Y {up @ dw,(),

i=l 0
rae

P (s) = ]; bij(s, &1 (s)) cielsy, &ilsy)) mpu si<<s <Spyre

3ameruM, uro P (s)—38,—>0 pasHoMepHo npH max As;—>0

B CHJIy HENpepbLIBHOCTH (pyﬂxunn bi;(s, E1(S)) u (s, E1(5)). Tewm
cambiM, (17) BbiTexkaer u3 cBofictBa IV § 1 Lum CTOXaCTHYECKHX HH-

terpaJsios. OueBHAHO, 4TO NpaBas 4yactb (17) &*-namepuma.



F'TABA IX

NNPEAEJIbHBIE TEOPEMBI
nJig CJAYYAMHBIX NPOWECCOB

Ha nporsikennn 3Tofi KHHIH yXKe HEeOQHOKPATHO BCTPEHasHCh
MPOLECChl, KOTOPhlE MOJNYyYaaHCh MPEEeNbHBIM MEPEeX0LoM H3 Boaee
NPOCTHIX CAYYAUHBIX OPOLECCOB. .

Ilpy u3yuenuu caydafiHBIX NPOIECCOB 3HAYATENLHOE BHUMAHHE
YAGISAETCA METONaM HAXOXKIEHHS Pacnpefe]eHHs PasTHYHBIX (QYHK-
LMOHAJ/IOB OT CJIy4YalHOTro mpollecca, HalpuMmep:

t

{ieenas,  swp g, mi &,

i LSt Lt
1

Ecrectsenno mocrasuTh Bompoc: ecan mpouece §(f) mosyuaercs om-
pelesleHHBIM NPEAEIBHLIM MEPEXONOM H3 [OCAEIOBATEIBHOCTH MPO-
1eccoB &, (f), TO HeMb3d JIH NOJYYHTb H pacupeieeHus GbyHKIHO-
HaJIOB OT mpouecca §(f), sHasg pacnpeieleHus (YHKLHOHAJIOB OT
npoueccoB &y (f)?

B nanpueiimem Mbl 6yneM OpeanosaraTh, 4TO NOCJEL0BaTeb-
HOCTB npouneccos &, (f) mo kpakineii Mepe ¢1a60 CXOAHTCS K HeKOTO-
pomy mnponeccy §(f), T. e. KOHeUHOMEpHble paclpencsenus Ey (f)
CXOASITCA K KOHEYHOMEDHLIM pacnpeleaeHusM (7). Dtu TpeGosanis
SIBJASIIOTCS CJAHLIKOM CJ1a0bIMH, YTOOB U3 HHX MOXHO ObIJIO BLIBECTH
CXOAHMMOCTDb pacnpeeseHuii 11 A0CTaTOYHO WHPOKOTo Kaacca (QyHK-
LIHOHAJIOB (HampHMep, IJf (YHKUHOHAJIOB, OTMEYEHHbIX Bhite). [To-
ITOMY €CTECTBEHHO HCKATb NONOJHHTEJNbHbIE yCIOBHS, NPH KOTOPHIX
pacnpenesesnsi GYHKUAOHAJNOB M3 HEKOTOPOro kJjacca F oT mpo-
1eccoB §n(f) OYAYT CXONMTbCA K pacmpeleJeHHsIM COOTBETCTBYIO-
KX QyHKIMOHANO0B OT npouecca E(f). Knacc ¢pyukuuonanos F goJ-
KeH ObITh TakuM, uTobnl f(E,(f)) u f(E(f)) npu f < F 6bin cay-
yaiinbiMu BeauuuHamu. CiexoBarenbHO, BEHGOP Kaacca F moJsxeH
3aBHCETb OT CBOMCTB NPOIECcCOB &y, (f) # E(7). ‘

Mui Gynem paccMaTpHBaTh cJyYaH, KOrla POLECCH HenpepLBHE
C BEpPOATHOCTBIO 1 /KM C BEPOATHOCTBIO | He HMEIOT Pa3pbiBOB BTO-
poro poaa.
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B xaxpom u3 3THX ClyuaeB paccMaTpPUBAeTCs CBOH Kaacc ¢QyHK-
HYOHAJIOB.

IlpenesbHble TeopeMBl AJA CJAyYaHHBIX INPOHECCOB BaKHLI HE
TOJIBKO AJS ONpeAesieHHd pacnpefeneHufl QyHKNHOHAJIOB OT Ipe-
IeJbHOrO 1pollecca ¢ MOMOLIbI0 NpeleJbHOTO Nepexoga or GoJee
npocTeix nponeccos. He MeHee ecTecTBEHHO HCIOJIb30BaTh HEMNpe-
PLIBHBIC NPOLECCH /51 ONUCAHHUS MpeebHOr0 NMOBeleHUusa AHCKpeT-
HbIX NMPOLECCOB: NMPOIECCH C He3aBHCHMBIMU MPHPALIEHUIMH — A4
ONHCaHHA MOCJAeN0BATENBHOCTH CyMM HE3aBHCHMBIX CJydafiHbIX Be-
JIMYUH, HempepblBHble npouecchl MapkoBa — AJisi ONHCaHHA Lened
MapxoBa ¢ guckpersblM BpeMeHeM. B sToM cayuae Mbl 6yder pac-
CMaTpHBaTh MpeAeJbHHH Nepexold OT MPOLEeCCOB, Y KOTOPBIX H3Me-
HCHHSl MPOHCXOAAT JHIUb B HEKOTOpble (UKCHPOBAHHBIE MOMEHTHI
BPEMEHH, K [polleccaM, HelPEepPbIBHO MEHSAIOUUMCS BO BPEMEHH, NpH
VYCJIOBHH, UTO PACCTOSTHHS MEXJY MOMEHTaMH, B KOTOphle NPOHCXO-
AAT H3MEeHeHHs JONpeie/bHBIX NPOLECCOB, cTpeMaTcs K Hymo. Has
TaKUX NpoLeccoB OYyAYyT TaKkKe pacCMOTPEHHl YCJIOBUS cjaaboi €Xo-
OVMOCTH.

§ 1. Caabag cxoauMOCTh pacnpeneneHui
B METPHYECKOM NPOCTPAHCTBE

[Tycrs peasinsauuu npoueccoB &, (f) u E(¢) (¢ < [a, b]) npunan-
JiexKaT C BEPOSITHOCTLbIO | HEKOTOPOMY (DYHKIHOHAJLHOMY MeTpuue-
ckoMy npocrpanctsy X ¢ merpukoil px(x, y), x, y = X. Hanpuwmep,
ectd £, (f) u E(f) c BeposiTHOCTBIO | HENPEPHIBHEI, TO OHH IPHHAL-
JiexKaTr NPOCTPAHCTBY & HENPePHIBHLIX (QYHKIHMH C METPHKOH

Py (X, y) = sup [x() —y @I

B kauectBe kJaacca (ydkuuonanos F, mjs KOTOpHIX HILYTCH yC-
JOBHA CXOAHMMOCTH pacnpeienenuss [(E,(f)) K pacnpeleneHu
f(E(f)), MBI NpHHEMaeM COBOKYNHOCTb HEIPEPLIBHBIX B METPHKE Px
¢yukuui va X. Oas roro utobul f(E(f)) Gbia cayuyailHod BeauuH-
HOH, JOCTaTOUHO NOoTpe6oBaTh cernapabesbHOCTH npocTpaHcTBa X U
H3MepUMOCTH MHOXKecTBa {w: E({)e S} OTHOCHTEABHO HCXOTHOIO
BEPOSITHOCTHOTO NPOCTPaHCTBA AJIsl BCAKOH oTKpHITOH chepnt S npo-
crpanctBa X (Tak Kak B 3TOM cayuae OyIeT H3MEpPHMbBIM H MHOXKe-
ctBo {w: £(!)= A} nas scaxoro Gopeserckoro A us X).

B nanpueifimem Mpl 6yneM cuutath X cenapalesbHBIM NPOCTPaH-
CTBOM, a TpoleccH &,(f) H E(f) yLOBJETBOPSIOUHMH CcHOPMYIUPO-
BaHHOMY Bbille TpeGopanmio. Cayuafinomy npoueccy E(f) (En(?))
OyzeT COOTBETCTBOBATbL Mepa W (Un), ONpelesneHHas Ha o-ajarebpe B
BceX GOpesieBCKUX MOAMHOXKECTB CJeLYIOUIUM COOTHOIICHHEM:

: n(A=PE()=4} @ (AH=PE. ()= 4).
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Hdna Bcakoro orpaHuuyeHHoro $B-U3MepUMOro GyHKUHOHaAda f
BBLINOJIHACTCA COOTHOIIEHHE

MiE®) = (1@ @

3aMeruM, 4TO IJs cXoZuUMOCTH pacnpenesenuit f(&,(f)) x pac-
npenenennio [(E(f)) mag Bcex HenpepHIBHBIX (PYHKIHOHANOB HEOG-
X0[UMO M AOCTaTO4HO, YTOOBI HJsl BCeX HENPEpLIBHLIX OFpaHHYeH-
HBIX (QYHKIHOHAJOB f

1im § 7 (9w, (d) = { () (d). ()

HeficTBUTeNIbHO, U3 CXOLHUMOCTH pacnpezenenus f(&,(f)) k pac-
npenenenuio f(£(f)) 4 OrpaHHYEHHOCTH [ BBITEKAET CXOAUMOCTb
MF (& (f)) x MF(E(?)), a snauut, u cootHowenne (1). C gpyroii cro-
ponnl, u3 (1) BBITEKaer, YTO MJIA BCSKOTO HENPEPHIBHOTO (DYHKIMO-,
Hana f xapaxrepuctuueckasi QyHKuus Besuununl (&, (f)) cxomutcs
K XapaKkrepucTuueckoii GyHKuun Bequuunst f(E(f)):

lim Me™ Ga®) — jim S M (dx) = S e™M @ (dx) = MM E®),
n—>»o n->oo :

Onpenenenne. Ecau Oaa 8cex Henpepol8HbLY O2pAHUYEHHBLY
pynryui f(x) soinoaneno (1), T0 2080pAT, 4TO HOCALDOBATEALHOCTD
Wn CAQO0 CXOOUTCH K Mepe W, U RUMYT [y = 1.

Onpenenenue. I[TocaedosarestHocTs mep p, Ha3bl8AETCA
c1a60 KOMNAKTHOU, ecau U3 8CAKOL ee nodnociedos8aresbHOCTU
MOXCHO 8bl6paTe €Aab60 Cx0OAUYIOCA ROCACOOBATEABHOCTL Mep.

Teopewma 1. [Iycte X — noanoe cenapabeabrHoe npocTpan-
c180, B — 0-an2ebpa bopesesckux mroxecrs. [as rozo urobu no-
c1e008aTeAbHOCTO Mep W, HA B Obiaa cAab60 KOMRAKTHOU, Heolxo-
Oumo u 3ocraTouro, 4robot

a) sup p, (X) < oo;
n

6) Oasn ecakoeo e > 0 cyujecréosar xomnakr K Takod, urd
sup pn (XN\K) < e.
n

a5 noxasaresnbcTBa TeOpeMbl HaM IOHaLOGHTCS
JdJemma 1. Tycre X — komnakr u supu,(X)=H < co. Tozda
n

nocAedo8aTeAbHOCT MeP [y CAQO0 KOMNAKTHA.
Hoxasareavcrso. Ilyctb & x — NPOCTPAHCTBO — HENpPEPHIBHBIX
Gbynkouit f Ha X, [[f|l=sup|f (x)|, ¥x — nonHoe HOpMHpOBaHHOE
re=X

cenapalbesibHoe JuHeliHOe mnpocTpancTBo. OGossaunm uepes {fn},
k=1,2, ..., Bclony mIoTHYI0 B ¥x nociaenoBaTebHOCThb. Juaro-
HaJIbHBIM METOJOM MOXKHO BHIGPaTh TaKyio NOC/IENOBATENbHOCTD Mep
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Wn,, 4TOOL 1J1s1 BCeX { CyIIeCTBOBAJ Tpe/e

lim § 1) o, (@) = 11F2.

Taxk kax
LR — LIRS HIT — fil,

10 [{f;] — paBHOMepHO HenpephIBHBIN (YHKIHOHAT HA MHOXKECTBE
{fr}, B=1, 2, ..., u, clenoBaTe bHO, OH MOXET GHITH NPOAOJ/KEH
MO HeNpepLIBHOCTH Ha Bee mpoctpanctso  x: [[f]= lim I[fs].
fﬂ ”f
i

[Ipu sToM cootHOmEHHE
[ = lim § 7 (s) o (@)

oCTaeTcs CHpaBelIUBLIM AJs Bcex f. Kak mpemea nociemoBaTesb-
HOCTH JIMHEHHBIX HEOTPULIATENbHBIX (QYHKIHOHAJOB, /[f] Takke sB-
JsieTcsl JIMHEHHbIM HEeOTPHUATEJbHBIM (yHKIHOHAMOM Ha %Fx. Ilo-
STOMY B CHJy TeOpeMbl O BHAE JHHEHHOr0 (QYHKUHOHala Ha MNpo-
crpancrBe ¥x (cM., Hanpumep, P. Dasapc [1], crp. 285) {[f] npea-
CTaBMMO B BHIE

1= {7 n ),

X

TAe {1, — HEKOTOpas HEOTPHUATeJbHAash CUETHO AaZJUTHBHAs (DYHK-
IHsi MHOXKECTBA, 3HAYUT, W — Mepa H Hn, crabo cxomurcad X p. M

[IpucTynum K 10Ka3aTeabCTBY TEOpEMHL.
BrifepeM mnocnemoBaTeNbHOCTb &, —0 H KoMmakte KM <

< K, nast kotoprix sup p, (X \ K™) <e,,. [Tonoxum
n
W) (4) =, (AN K.

BriGepeM mnocsenosatenbHOCTh nil) Tak, uTOGH MOC/TENOBaTeNb-
HocTb Mep u()) cmabo cxommmach K HekoTopoh mepe p'. Ompene-
n
k
JHM TOC/e/l0BaTeNbHOCTH 1Y) Tak, uTo6s n{) Grma moxmocaenosa-
TeJBHOCTBIO n{~!) H mnocsexOBaTeNBHOCTD p), crabo cxommaacn
* n

K Hekoropoi mepe u), Tak kak p") u pl-Y cosmamanT Ha
KU=Y, ro var|p¥ — pli+” | 2e;; sHaunT nocsesoBaressHOCTb i)
CXONHTCS IO BapHalMH K HeXoTopoH Mepe u. IloxaxeM, uTo R, (k)

k

cnapo CXONHTCA K . [leACTBHTENBHO, JAJIsi BCAKOH OrpaHHYEHHOH
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HenpepuiBHOH GYHKUMH

Tim | § 7 oo (do) — {7 ntan)|<

{ 1@ m@)— § 10w

R Klm

I g ENK™) 40 (XNK™)) <20 fllen.

< lim
k>

JloCTaTOYHOCTh YCJAOBUM TeopeMH YCTaHOBJEHA.

Jna pokasatreJabcTBa HeOOXOAUMOCTH HaM fOHaxobuTCa

JdJevmma 2. Kaxoso 6ot nu Ovino ¢ > 0, MOMHO yxasars Ta-
kol komnarkr K, 410 p (AN K) < e.

Heficteutenbno, nyerb {xz, k=1,2, ...} — Bclony mnJaoTHas
nocjaenoBateabnocTs B X, Sk — chepa paauyca 1/27 ¢ uertpom

B Xp. Taxk xak
Usi=x,
k

TO ILJs BCAKOIo 77 MOXKHO yKa3aTb TaKoH EOMED kn, 4yTo

kﬂ
n ([ sz wen —e2.
B=1
k)“l

TTonaras K = [ |J S%, mosyunm kommakt, nas KOTOpOro
n=1 k=1

RN Y (X\ y sk) oY .

n=] ==

Heob6xomnmocts. a) Ecan p, cnabo KoMIaKTHA, TO S 1. p,(dx)

KOMNAKTHO® YHC/JIOBOE MHOMECTBO, C/eLOBATENbHO, MOCAEN0BaTC/Ib
HOCTE Ay (X) orpanuveHna.

[TpennosoxkuM, fanee, yTo NOCAEKOBATENBHOCTh [, CJa00 KOM-
NnakTHA, HO YcJ10BHe 0O) He BBINOJHEHO. 3aMeTHM, 4TO YCJOBHE
6) 9KBHBaJEHTHO caenyioiiemy: 6') mis Bcex ¢ > 0 u 8 > 0 cyme-
cTByeT KoMnakT K, nisa kotoporo sup i, (X \ Kg) < e, ecan K o60-

n

3HauaeT COBOKYNHOCTb TOUEK X, PaccTosiHie KOTOpex or K He mpe-
peraer 8. To, uto u3 6') BhITekaer 6), ovesuano. OGpaTHO, MyCTb
K{r) — KOMNIaKT, AJis1 KOTOPOTO

1/
sljp p, (XN KE) <ef27,
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Torna ﬂlﬂi”r GyneT KOMIIaKTOM, JJifi KOTOPOTO BBIIOJHSIETCS YCJO0-
r

Bue 6). To, uTo ycsaosue 6) He BBHITOJIHEHO, O3HAUAET CJAERYIOLIEe:
CyulecTByIOT Takue € > () ¥ 8 >0, uro AJA BCAKOro KoMmmakra K
Gyaer suppy, (X \Kp) >e.

O6o3uauum uepe3d K@ gowmmakr, gas kotoporo u (X N K@) <e
(cymecTroBanye Takoro xomMmakra K@ suiTexaer u3d Jemmu 2). Tak
Kax s%p Po(XNK)>e, t0 nailnerca Takoli HOMeDp n,, uTO

B, (X N Kgo)) > g, a 3HaunT, Hafiferca u kommakt K, nas koroporo
Ua (KDY >e 1 KO < X\ K (onarTs Ha ocsoBanun JeMMmu 2). Tak
Kax sup i, (XNKQNKP)>e, To nafineTcd HOMEp 7, M KOMIAKT

KO < X\ KQ \ K{) rakue, uro p, (K@) > e. [ponomxas sToT mpo-
recc, BbléepeM T0C/1e0BATEbHOCTD Hoyepoa n; u KO\il’IaKTOB KW
TaK, 4TOOH u, (K N>en KN X\ U KO ==X\ [ U K(‘)] . O6o-
i=0 8
3HAYHM qepes v, (x) vempepHIBHYW, Heorpnua'renbﬁylo, OrpaHuyeH-
HylO emuHHUEd QyHKuuo, pasayo Hymo Ha X \ K{)u pasnyo 1
na K9, Tak kak pacCToAHHE MexJy KaxAWMH J[ByMA KOMMak-
Tamu noctegoBaresibHocTH K He Menee 8, To QyHKRuUMHE Y, (x) npu
PA3JIHUHBIX [ HE MOTYT OBITb OJHOBPEMEHHO OTJIHUYHBIMH OT HYJS.
BoiGepen n3 10C/IEL0BATEIPHOCTH Hn, CaGO CXONSILYIOCS MOCJe-

posateabHOCTh Wy. ITycTe oma cxomutest K (, Tak Kak Mepa p Ko-
HeuHa, a »,¥;(¥) HempepHBHA M OPAHMYEHA, TO
i

oo

S in () u(dx)= Z S v () idx) < oo

i=1 i=1
oo

H, 3Hauut, lim st, (r)pn(dx)==0. C gpyro#t cropomus,

p>oo

| umu@)>n, Ke)>e  (h=mu,)
i=p

KaK TOJBKO Hp > p, ¥, 3HAUHUT, JJS BCEX p

oo

Y\ tn=lim 3y, (n) @9 >e

i=p

[Tosyuennoe nporuBopeyne yOexxgaeT Hac B HEOOXOAUMOCTH yC-
JoBus 6}.
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3ameuanne 1. [loanora npocrpancrsa X ucnoAb308aAach
T0A6K0 npu QoKasaresbcT8e HeoGxo0umocTu ycaosuti Teopemsl. Yc-
408U Teopembl OCTATOYHbL OAf CAQ00 KOMRAKTHOCTU N0CAe008a-
TeALHOCTL MEpP 8 NPOU3BOALHOM METPUYECKOM NPOCTPAHCTEE.

3ameuanne 2. Ecau p, caabo cxo0urcs & p, T0 048 8CA-
koeo mHoxectsa A & 9B, 0aa koropoeo u(A’)=0, 20e A’ — epa-
nuya A, lim p,(A4)= p (A).

n—>oo

JlelicTBHTEILHO, BO3bMEM NPOH3BOJBHOE MuOXecTBo A &8,
[Tycts A® — ero oTKpBITOE AP0 (MHOMKECTBO BCeX BHYTPEHHHX TO-
yek A), a [A]— ero zameikanue. Ecin p, cnabo cxomurcsa K W, TO,
BbIﬁH%aH HenpepbiBHy0 yHKIMIO f(x) = 0 Tak, utobnl f(x) =1 npu
x=[Alu

p(A) > | F () n(dy) —e,

noayuaeM
R = { T @) — e =tim { [ (1), (@) — e >Timu, (4) —e.

3naunt, fimp, (4) < p ([4)),
limp, XNA<p (XN 4], —limp,A)<—p(40).

ITosToMy
1 (AO) < lim p,, (4) <Tim p,, (4) <

Ecan p(A)=0, o p(A9) = p([A]) =p(A
p(A) < lim p, (A) < llm , (A) < p(A).

n-)OO

w ([AD.

W, 3HAYHT,

— =

OTciofla ¥ BHITEKaeT YTBePXKAEHHEe 3aMeUaHust.
Bameuanune 3. Iycro f(x) nouru sciody uenpepvi8Ha no
Mepe p U py, caabo cxodurcsa K p. Toeda dasn nouru 8cex o

lim i, (s F0) < ah)=n((x: 1() <.

JleficTBUTEbHO, 0603HauuM uyepes A, MHOXKECTBO TOUEK pas-
poiBa f. Torpa u(Ag)=0. Ilycts G, — MHOXECTBO TeX X, AAA KO-

Topux f(x) <@, a G, — rpanuna Muowxecrsa G :
Gy=1(x: [(x) <ea}IN[{x: [(x)=a}].

ITepeceuenne MuOxecTs G U &, upu o < o, COAEPKUTCS B Ie-

peceueHnr MHOXKecTB [{x: f(x)< a}] N[{x: f(x) = o,}], nosToMy u3
x & G, G, BHITEKAET, UTO

lim inf [ () <o, hmsupf(y) ay,
y-)x
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T. €.
G,NG, <= A,

CiefoBaTenbHO, u(G&ﬂG;l)=0, H, 3HaAuHuT, A1 Jo6off nocaeno-

BATCJABHOCTH Qp
u(UG) Zu (G,):

Orcrona BhITEKaeT, 4TO CyLUecTBYeT He Gojiee 4eM CUETHOE MHO-
KECTBO 4HCeJN o, AJs1 KOTOPBIX W (G;) = 0.

TTosromy nas1 Beex o, 3a HCKMIOUCHHEM, OBITh MOXKET, CYETHOTO
gucaa 3HaudeHul, G, SABJIAETCS MHOMKECTBOM HENPEPBIBHOCTH Mephl
W, TaK 4T0 pn (Gy)— n(G,).

Hamre yTBepiieHHe DOKa3aHo.,

3ameuanue 4. Ilpu goxasareabCcTBe NpefebHBIX TEOpeM
L7151 cJaydafHBIX HPOLECCOB TeopeMa 1 HCHIOJABb3yeTcss CJAeAYIOUIHM
o6pasom. Ilyctp E,(f)— mocilegoBaTeqbHOCTb CJAy4aHHBIX MOponec-
COB, KOHEUHOMEpPHBIE paclpeleneHiss KOTOPEIX CXOASTCH K KOHEUHO-
MepHBIM pacnpejesesusiM nponecca &o(f). Eciu pn, — Meph, coor-
BeTcTByIOLLIHE E,(f), O6pa3yor ciab0 KOMHAKTHOE MHOMKECTBO, TO
Un €200 CXOZSTCA K Mepe Mg, COOTBETCTBYIOWLe# npoueccy Eq(f).
HeficTBUTE/bHO, B IPOTUBHOM cJyYyae MOXKHO OBLJIO OBl YKa3aTb Ta-
KYI0 NOJIOCAeA0BATEAbHOCTD Ay, YTOOH B, cnabo CXOAUIHCh K He-

KOTOpOH Mepe p 7= po. Ilycts E(f)— mpoilecc, KOTOPOMY COOTBeT-
crByer Mepa [i. KoHeuHoMmepHBle pacnpenesnenus E(f), Kak npeneds
KOHEUHOMEPHBIX pacrnpeieseHui §nk (f), coBmamalT ¢ KOHEYHOMeEp-

HBIMH pacnpefe/eHusaMu &o(f), YTO BO3MOXKHO JHIIb NPH fi == g,
TaK KaK Mephi, COOTBETCTBYIOUIHE NpolieccaM, OAHO3HAYHO onpeje-
JISIIOTCS HX KOHEYHOMEPHBIMH paclpeleseHUsAMH.

§ 2. MpenenbHble TeoOpeMbl J1J151 HENPEPHIBHBIX MPOLECCOB

B srom naparpade wmbl GyneM Ipeanc/araTb, YTO IPOLECCH
£.(f) u E(f) HenpepbiBHB Ha orpe3ke [a, b]. Ix peanusanuu c se-
posTHOCTBIO | NMpHHagdexar NOJAHOMY MeETpHUeCKOMYy cernapabedb-
HOMY TpPOCTPaHCTBY %[q, 5] BCEX HeNpepLIBHEIX Ha [a, D] dynxuuil
x(1) ¢ werpuroft p(x, y)= sup |x()) =y ()l

ot s

3aMeTuM, 4TO B NPOCTPaHCTBe Flq »] MHHMMaJbHas o-anre6pa
MHOXecTB ¥, cojepxalllas BCe MHJIHHADHUEGCKHE MHOXKECTBA, cojep-
KHT Bce GopeseBckue MHOoxecTBa. Uro6bl ybeautbcs B 3TOM, 10-
CTaTOUHO 3aMETHTh, UTO BCSKAas 3aMKHyTas cdepa npuHamjiexur ¥,
TaK Kak

{x suplx() = a()I<r}= ﬂ{x- (t) —altd) |1},
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rie o(f)— npousBoJbpHasi HenpepblBHas (QyHKLus, a fp — Npous-
BOJIbHAS BCIOAY TJOTHAR Ha [a, b] moc/ie10BaTeAbHOCTD.

ITyete H — HexoTopasi moCTOsIHHAS,, a8 ©p — QYHKIUA, onpeje-
JeHHast npu 8§ > 0 u YAOB/IETBOPSAIOUIaA COOTHOWICHHIO @ | O mpu
6 0. O6osnauum uepes K(H, wy) cosoxkynHocTs ¢yukumnit x(f),
A4 KOTOPBIX

x(a) < H, V6>0 stl;}p 5]x(t’)——x(t”)lgmd.
Kaxk BblT€KaeT H3 TeOpeMbl Apueﬂa (cm. Konmoropos n ®owmun [1],
cTp. 68), BCAKHUI KOMNAKT B %lq,»} OyAeT 3aMKHYTHIM TOJAMHOXKE-
CTBOM HekoToporo Muoxectsa K (£, ws), KOTOphle TakxKe ABAAIOTCA
KOMIIAKTaMH.

Teopema 1. [lycro koHeunomeprbie pacnpedesenus npoyec-
€08 En(t) €x00ATCA K KOHEUHOMEPHOLM pacnpefesenusm npoyecca
E(t). Haa 1020 uTobbL 044 8CeX QyHKYUOHAAOS [, uenpcnbzsubtx Ha
Fla, b1, pacnpedesenue (&, (1)) cxoduaoce k pacnpedeaeruro [(E(L)),
1eobxo00umo 1 ocTarouno, urobol 0asn ecskoeo e > 0 BbLnO/lHﬂ./lOCb
COOTHOUWEHLLe

limsupP{  sup |&,(t) = E.()>e} =0, (1)
h->0 n (=t |<h

Joxasareavcrso. Heobxoanmocrs., Ecan BHNOMHEHO yTBepxkie-
e TEOPeMBl, TO INOCJHENOBATEJNLHOCTD Mep [ln, COOTBETCTBYIOIIHX
npoueccam &, (f), c1abo KOMIAKTHA, TaK YTO BBLINOJHEHO yc/a0BUE 0)
reopemst 1 § 1. [Tostomy mast Besigkoro 1 = 0 Hafimerca Takofl KOM-
nakr K (H, wg), LJs KOTOpOro

Slrlzp ta (%Qla, b] NK (H’ (‘)G)) = SSP P {gn (t) & K (H, (’36)} <"

Torna
P{”,S“p [&, (') —E. (") | > o }< P, () £ K(H, 0,)} <1

_t”
Ecau h moctaTouHo MaJgo, TO o, <€ H
11mSUPP{|€n(t )= E () > e} <<

Beuny npoussoasHoctd v > O u noayuaem (1).

Hocratounocts. B cuiay sameuannsa 4 § 1 nocrarouno pokasarb
c1a0yi0 KOMIAKTHOCTh [IOC/JIeAOBATENbHOCTH MeP Wu,. [TokaxeM, yto
aast Beskoro v > 0 Hafilercss Takodl KOMHAKT IJL(H, Wg), 9TO

sup P (5, (0 ¢ K (H, 09)) <.

Tak kak pacnpepesenne &, (a) cxoaures K pacnpezesenuio §(a),
TO Haljerca Takoe [, 4To AJA BCeX n

P{lE.(a)| > H} < n/2.
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BosbMeM rmocsegosareaniocth g, § 0. Ias xaxmoro e, Hafigem A,
Takoe, 4ToOn A, < h,— U
supP f  sup &) —E. () > e ) < oiy
n 1 ~t"i<h, 2
[lycTh ®s — HeoTpHlIATe bHAsT HeBoO3pacrawinas (QyHKUUA, s
KOTOPOH ws==¢, npu 0 < [A,,, k). OuesunHo, uto @g 0 npu 6| 0.
Kpowme Toro,

P, () & K (H, 0y <P {|&: ()| > H} +
+ > P{,5up :an<t’>—§n(t”)|>sr}<g+z
r=1

—t”lghr

n o
2r+l ——n. E

r=1

Sameuanune l. Buecro ycaosus (1) MmoxHo TpeGoBaTh BbI-
[OJIHEHHs! YCJIOBUSA

lim lim P{ stup lgn(t')——gn(t")|>a}=o, (@)
hA=>0n->o0 1 —t"i{<h
KoTopoe uacTo ypoGHee IPOBEPATH.

HeiicTBuTe bHO, H3 (2) BEITeKaeT, uTo IJs Bcsxkoro n >0 cy-

wecTByoT Takue 6 >0 n N, uro npu n >N, h <9
F’{ sup IEn(f’)—én(t”)|>8}<n- @)
17 =t"1<h

W3 nenpepbBHOCTH Tpomeccos £, () BBITEKAeT HX paBHOMEpHad

HENPepLIBHOCTb, TAK 4TO HDH KaxAOM 1
limP { sup_ [, () =t ()| > e} =0.
>0 | =t <k

[MostoMy MOxHO nonobparth Takoe 8, utobw mpu h <8 coor-
goteHre (3) BBHITOJHSAIOCH AJf BCEX L.

Crnenymolliast TeopeMa MO:KeT oKa:aTbcs OoJjee ynoOHO# 1A
IpHMeHeHUH.

Teopema 2. [Tycro koneunomepiible pacnpedenenus npoyec-
€08 En(f) CX00ATCa K KOHEuHOMEPHbIM pacnpedenenusm npoyecca
E(f) u cywecrsyror Takue o >0, B > 0 u H >0, uro 04a scex t,
ty u scex n

Mg, (t) — & (1) P <H | — 1] FP. (4)

Toeda daa 8cex Henpepblenblx Ha Fla, v] PyHKyUOHAL08 [ pacnpede-

aenue f(&,(f)) 6yder cxodurvcsa k pacnpederenuo f(E(f)).
Hoxkasareavcrso. QueBuHO, BBHAY HeNPepHIBEOCTH MPOLECCOB

£, (1) Oyner BHINOJHATELCA COOTHOIICHHE

Sup l £ (tl) — & (t2> = sup | Eq (tl) — & (tQ) !:

S ES! !

¢~ t—t]<h
fo fhesN
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rae N — MHO}KECTBO BCEX ToYeKk BHAA k2", mpunainexawux |a, b].
Ecmu 24 <

sup 18 (t') — & ()I<

£, t”

lt-t”l<h l )
2 L ’)
< P S g(Q”’ g"(Qk <
ok Som STk
- I+1 !
<2 Z sup gn(_g_rﬁ")_gn("grﬁ')!’
m=k+1 L
2m , The E<m<m< .. <my<m,
r=1
W, SHAUHT,

FCORACOED) [(—-—z—)(—z——)]

3aMeruM Temnepn, 4YTO

P{ ,sup En(—i;fn—l)~—§n(7im—)!>glz—}<
s <2 <o

o Tgm
QZP{ b (F) —n ()| > ) <
<me M t () — (3=
<m™* (b —a)2™H o (§+ﬁ) =L;nf:g'

- 1 € 1
CrepnoBatesibHo, ecau Z — <3, k= [log2 -h—] + 1, o
m=k+1

P{nt, P< 18 (t1) — En(l‘z)|>s}
< ) P{ (1;—”1)—& (Jﬁ)l Ll
Ly

m=k41
1
m}[log, —h—]+ 2

N

PABHOMEPHO OTHOCHTeNbHO n npu h— 0. B
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§ 3. CxopuMocTb CyMM HE3ABHCHMbIX CAYYaHHBIX BeJHYUH
K npoueccy GPOYHOBCKOTO JIBUIKEHHS

PaccMoTpuM NOC/eROBATEIbHOCTh CEPUi HE3ABHCHMBIX B KaxK-
JOH CepHH CAYyYaHHBIX BeJHYHH g, Epo, oo ., Enk,s YAOBJIETBODSIIO-

IIHX YCJIOBHUSIM:
1) Mgnizo;

kﬂ
2) D&ni = by, Z bui=1.
i==]
ITocrpouMm cayuaiinyio S)YHKLU/IEO g, (), t=|0, 1], caenywomum
"k

06pa3oM: MOJOKHM S,,= 2. E;, tan= 2. D..,
i=1 i=] -

t—t
En () = Spp + m_iktn—k' [She+1— Spel
npu ¢ & [fnp, thnul, Sno=0, tho=0. &,(f) asasieTcs cayuafisoi
JIOM2HOH, COeNHHAIOUIeA TOYKH MJIOCKOCTH (f, §), MMewllHe Koop-
AUHATHL (g, San), = 0,1, ..., k.

B stom maparpade nayuaioTcst ycsioBHs, IPM KOTOPBIX KOHEUHO-
MepHble pacrnpele/eHust NMpoueccos &, (f) u pacnpeiesneHus: GyHK-
UHOHAJIOB OT 3THX MPOLECCOB CXOASATCS K KOHEUHOMEPHLIM paclipe-
ACJEHHAM M paclpefefeHHsIM COOTBETCTBYIOLIHX (YHKUHOHAJNOB
npouecca 6POYHOBCKOro JBUKeHHs w (7).

Teopema 1. Tycro cayuaiineie seauuunv &,; ydo61eT60pAIOT
yeaosuam 1) u 2) u ycaosuwo Jundebepea: ecau F,;(x)— pynxyus
pacnpedesenus 8eAUtUHbL Eyy, TO 048 8CAKO20 &

kll

lim )" S w2 dF,; (1) =0, ()

R u>e

Tozda roneunomepuvle pacnpedesenus npoyeccos t,(f) cxodarcs
K KOHeunHoMepHbLM pacnpedenenusm npoyecca w(t) u pacnpedese-
Hue f(&n(f)) cxolurca x pacnpedesenuio f(w(t)) das 8cakoeo He-
npepvienozo Ha €, 11 pyrnkyuonara f.

Hoxasareasvcrso. CxonuMoCcTh KOHEYHOMEPHBIX pachpe/esteHuil
apoueccoB §n(f) K KOHEUHOMEPHBLIM pacnpeleleHHsM mpoliecca
w(f) ecTh cJeACTBHE MHOTOMEPHOIl LEeHTPaJbHO! NpefeabHOl Teo-
pPeMBL.

Haa  foKasaTeNbCTBAa  CXOAMMOCTH ~ pacmpenesenuit (&, (£))
K pacnpenesesnsm f(w(f)) s BceX HenpephIBHLIX Ha Flo 1] GyHK-
UHOHAJIOB [ NMPOBEPUM, YTO NPH HPOH3BOJLHOM ¢ > 0 BBINOJIHSIETCH
ychaosHe -

lim lim P {w sup [E,(¢)—E, (1) [> ¢ } =0,

h-»0n-+» t7ih
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1 BocmoJibayeMmcs 3ameuaHneM 1 § 2. Tax kax
sup_ |§n(f')“—§n(t”)l<25up sup &, () — &, (kR) | <<

|81 kh <t (k4D R

<4su u f) —

< Skpkh<f<&+1>h!§”() En(kR),
TO

P {It sup_ |§n(t')—'én(l‘”)l>8}<

t//

< - .
< kfgl Ploosip 180 —ta(kh) > e/4)
3aMeTuM, 4TO

Z gni,

sup l € (t) — & (kh) l<2 sup
1=lng

Rh<t<(k+1)R Tnk <P <Ip, p+1

TJe j,r— MAKCUMAaJbHHIH W3 HHIEKCOB j, JJs1 KOTOPHIX f,; He mpe-
BOCXONUT kA. Tax xKax OPH jup SCr < Jp, b1
n kA1

A S

tTo B cuay Jemmel 3 § 5 ra. VI npu mocraTouHo Maabix A
lim P g sup 18, () —Ea(kh)|>e/4} <

n-> oo RE<t<(k+1A

< TP {1 ) 50 ) | > 98-

1— fi-> o0
e?

V3 nokasaHHOl CXONHMOCTH KOHEUHOMEDHHIX pacmpejeneHus &, (f)
K KOHGUHOMEDHBIM pacnpeneseHusiv @ (f) BBHITEKaeT, 4ToO

T | »
lim P {‘gn (tn]n k+1) —&, (tn]nk)‘ > 8/8} =7 S -2k iy,

oo ’ tul>e/8
CaenosateJpHoO,
1TrHP{ sup_ 18, () =801 1> e} <
n-»o0 [¢—1"
1 1 -
<) —ww v | T
kRl 1T T lul>—2—
v

S Wam | SR g
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Taxk kak
1 A 1 _u
- S e *du<—z S we 2 du—0,
[ c
lu|>=—r u|>—
v >k
To orciona BeTekaer (2). B
Caenmcrsue. Iycro &, &, ..., En,y ... — NOCAEO08ATCABHOCTD

He3a8UCUMbLY 0OUHAKOB0 PACHPEOeNeHHBIX CAYUATUHOLY 8eAUdUH, O
koropoix MEg; =0, Dg; = 1.
Obosnauum uepes &, (1) cayuailnyio AOMQHYIO C© 6epuluHamu
k 1
(—, — Sk), ede S, =&+ ...+ & Toeda daa awbozo ymx-
n n

yuonaia f, onpedesennoco u Henpepolaroeo xa Fo, 1] nNouTy 8cr00Y
no mepe W, pacnpedesenue f(&,(t)) 6yder cxoduTocs k pacnpede-
aenuo f(w(t)).

§ 4. CxopumocTs nociefoBatebHOCTH nemnein Mapkosa
K An(pdy3noHHoMy npoueccy

PaccMoTpum mocnenoBarenbHOCTb CepHil CAy4YafHBIX BEJHMUHH
Enor Enty o ey gnkn, CBSi3aHHBIX B KaXaoHf cepuu B uenb Mapkosa.

O6o3nauum uepes pnp (¥, A) BeposiTHOCTH mepexoia
Pk (gnk; A) =P {gn, 1 & AI Enk} (mOd P)'

[Mycrs, nanee, 0= tn <</l <<...<lu,= 1— HexoTOpas
nocJaejposarebHoCTh pasbuenuit orpesxa [0, 1]. Iloctponm cayuaii-
HYIO JIOMaHYIO &, (f) ¢ BepuiuHaMu B TouKax (fnn, Enx). B 3TOM na-
parpade OyAyT H3yYaTbCs YCJAOBHS CXOAHMOCTH KOHEUHOMEPHBIX
pacnpenegenuil £,(f) u pacopemeseHuil (QOYHKUHOHAIOB OT &, (f)
K COOTBETCTBYIOLLUM paclnpejeseHdsiM MapKOBCKOro npomecca E(f),
ABJAIOILErocs pelleHHeM CTOX4CTHYECKOr0 ypaBHEHHMs THIa, pac-
cMotpentoro B ri. VIII.

Tlonoxum

Aty =1y, bt ~ tors
1
0y (o, )= | (9= ) pra (v, g,

1 9
bn (tnk’ x) = Gi (tnk’ x) = m S (y - x)Q pnk (x’ dy) - Atnkaf-l (tﬂk’ x)'

Teopewma 1. Hycre E(l) sasanerca pewientem croxacruie-

CK020 YypasHeHus
t t

s =8+ {a(s,e(s) ds+ [ o(s, 2(5) dw (o),

0 g
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ede &y He sasucur or w(t), a a(s, x) u o(S, X)— Henpepbviguble NO
COBOKYNHOCTU nepemeuﬂmx pynryuu, yaoaﬂersopmowue yc/zoeuio
Junwuya no x: |a(s, x)—a(s, y)|+|o(s, x)—o(s, y)|<
< K|x—y|. Hxra T020 4T0GbL ICOHe‘tHOMeprLe pacnpede/zeuuﬂ
npoyeccos &, (t) cxoluauce K KOHEHHOMEPHbIM pacnpedeenusn
npoyecca §(t), docrarouno, 4rTobbl BLINOAHAAUCH CAeOYrOUiUe YCAO-
sus:

1) lim maxAt e =0;
n->oo

2) lim ; M (1 @y (tass Ens) — @ (ot Ea) P+
+ I On (tnk: gnk) — Op (tnk: gnk) lz) Atnk = 0;

3) npu Hexoropom 8 >0

k -1
lim Z Ml§n,k+1 —'gnk | +6
n-»oo k=0
u
k ~1
P-lim sup Z M1 & 01— & PP E0e) = 03
n—>oo k>0 i=k
1 an (tne, x)

4 HKYUL u ABHOMEPHO OCPAHUUEHbL OT~
) d)y 4 On (tnk, X) On (tne, X) p p P B

HOCUTENBHO H;

5) npedeavHoe pacnpedeiseHue BeAUuURbl Eyny COBRAOAET C pac-
npedenenuem 8eAutunbl Eq.

Hokasaresvcrso. Ilonoxum

Dpp == [gn.k+l - Enk —a, (tnk, gnk) Atnk] (Gn (tnk’ gnk))—l' ’ (1)
Torpa
gn. 1= gnk + a, (tnk, gnk) Atnk + Oy (tnks Enk) Dpk-

OG6o3naunuMm uepes §,, MHHAMAJIBHYIO 0-2are6py, OTHOCHTEJILHO

KOTOPOi M3MEPHMBl BEJHUHHB &9, &1, ..., Eqx. Beauunna o, Gy-
6T H3MepPHMAa OTHOCHTENBLHO o-aaredpol §, 541, HPUUEM
J— 2 3 o
M ((an ‘ %nk) =0, M (('onk ‘ %nk) - Atnk' (2)

PaccMOTPUM BEJHYHHEL T),;, ONpeje/sieMble COOTHOMIEHHSAMHU

Nao == Euos

Mo k41 = Nak + @ (Enky M) Ap -+ 0 (Enns Nar) Oy
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" otenuM M (n,, — E,z)°. OueBugHo, uTO 7M,, TaKKe H3MEpPHUMH OT-
HOCHTEJNBHO o-aarebpu §,:. HMeem
Nn, k41— gn, E+1 = MNpr — gnk + [a (tnka nnk) —a (tnk’ gnk)] Atnk +
+ [0 (tnk: nnk) - U(tnky gnk)] O -+ €ur,

Epp = [a (tnk) gnk) —4a, (tnk, gnk)] Atnk + [G (tnkr Enk) — Op (tnkv gnk)] Opp.

[TosToMy, wucHoJib3yst CcOOTHOUIEHHS (2) H YCJIOBHS vﬂunmnua
AJsl @ W 0, a TaKkKe HepaBeHCTBO 2ab < a?+ b2, mosayunm
MM b4 —Enr1 P<S
SMInue —Ene P+ 2M (ke — Eae) (@ (s Mar) — @iy &) Adye +
+ 2M (Mpr — En) (@ (Fors Enr) — @ bty Ens)) At -+
+ M [(a (Znrs Mar) — @ (tnks Ene)) Ak + (0 (tags Mor) —
— 0 (tus ) Ont F Eal” <M Mpe — Epe P (1 4 2K Aty + Aty) +
+ Ml a (s, Enr) — an (tars Ens) P Abpe +
+2M(a(t,, Mue) — @ (Lugs E.)) AL, +
+M (0 (tonr nnk) —0C (tnk’ gnk))Q M (@, I %nk) + 2Me?, <
SMinee —En P14 LAt + o,
rae L=2K -1+ 4K?
@, =M@l Ear) — @, (Laro )] (AL, + 208,) +
+ Mo (e, Ene) — 00 (tnes Ens)]? At s,
Taxk kak M|, — &, =0, To M|&,, '—l'ﬂm P an,
Mi Ene — Mne P oo (14 L Atg) + iy (LA L Atyg) [y + @],
M Ens — N P <<l + ol (1 4 LALg) (14 L Aty + ape <<
oo + @nn + @] (14 L Aty) (14 L Aty),
B, ~1

k-2 k=2
MiEw — 1 P< T as [0+ LAG) <eb 3, a
i= i= i=
. k,—1
Hs ycnosusa 2) BuTekaer, uro lim z:,) Oy =0.
n-»co j=
CrremoBaTesbHO, KOHEUHOMEPHBIE — paclpefeseHHs Impolecca
() OYRYT CXONMTBbCSI K KOHEUHOMEDHEIM DPacCIpelesieHUAM Hpo-
Uecca §(f), ecau TONBKO K KOHEUHOMEDHBIM DaclpenesieHuam E(f)
OyAyT CXOAMTBCS KOHEUHOMEPHBIE paclpeleseHHs Mpomecca 1y (£),
e N (f)— ciyualiHas JoMaHast ¢ BEDIIMHAMH B TOYKax (taks Mnr).
Haa panbHelnero foKasaTeabCTBa NOHAA06HTCH '
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Jdemya 1. Mycre w, ()= D, 0. T020a KoneurnomepHoie
<t

pacnpedeienus npoyecca w,(f) 6ydyr cxoduTbcs K KOHe4HOMEp-
HbLM pacnpedeseHiam 8UHepo8cKo2o npoyecca W (1).
/s 10KasaTelbCTBA LOCTATOYHO [OKA3aTh, UTO AAS BCeX Anr,
IJIT KOTOPLIX sug)( Agr | << o0, Oymer
n

4

k,—1
lim [M exp {l Z ?vnk(l)nk} -
n-»oco k=0

b1
— Mexp {i k;o Mg [@{En, 241) — @ (Fe)] }] =0.

7\,2x2

PLUJ DU}

3ametnM, uto QYHKUHS npu 0<6< 1 orpa-'

) T
HHUYeHa Ha BCed YNCJIOBOH OCH. HOSTOMy

]em — (14 i —EF )| <00 x
, 3HAUHT,
. —1
T (T s Y MEePorer |5, )=
£0 =0

r—1

A r A, 2 :
— (H e unne ) M | 1+ Ao, — 5= 03 4 O (0w [+ | ‘{sm] =
£=0
r—1 ) Acz
=V (H ek) (1 =2 5, )+ 0 (M1, 1) =
k=0 '
=H(1 - A';k Atnk) + 0 (z Ml Oup |2+6)-
k=0

k=0

1
U3 ¢opmyan (1) 4151 ©,, W OrPAHHUEHHOCTH —= H Z—” BHITE"

n n

Kaer, 4To

248 2+8 248
M0y PO L M1y, 00— & 70 4 [ A [T,
Tlostomy

o owml
]‘Il i

lim 2, Mlag [T =0.

n-»co k=0
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HadJee,
kn—l . kn_l 7‘213
A2 —D% At
[T (1 =5 an) = [T 5 | <0 (3 ) =
k=0 k=0
= 0 (max Af,;) — 0.
k
CiiefoBaTesbHoO,
k=1 By=1 52
k
( i Z hnkmnk - Z ; A'fnk)
lim \Me #=0 —e k=0 ==,
n—>oo

Ocraetcda 3aMeTHTb, 4YTO

Mexp (it [ (ty, o) =@ ()} =2 7 5

3aMeuanue Ha dokasanuoti semmol 8biTexaer, 4T0 OAf 8CSA-
Kol Henpepblenot Gynryuu 08yx nepemertvix o (t, X) PasHOMEPHO
nO X 8 KQJCOOM KOHEUHOM UHTepease

M {exp (i)" Z a(tnk, X) mnk) %ln }“”
”

V<t <t
— M exp iA S alt, x)dw(t) ¢,

G

ecat ToAbKo I, Takoso, uro tn,n<t'.

HelicTBATEILHO, TOYHO TaK Ke, KaK NPH JOKa3aTe/lbCTBE JeM-
MHl 1, yOexxnaemes, 4To

M {exp (”“ Z a (taz, %) ﬁ)nki%zn)} —

1<t <t
— exp{ — }; Z 0 ({ap, %) AL, } -0

% <ty <t

PaBHOMEPHO OTHOCHTEJBHO X B KaXKIOM KOHEYHOM HHTEepBajle BBHLY
OrpaHuyeHHOCTH o (f, ¥) Ha KOHEUHOM HHTEpBase H3IMEHEeHHs X.
Ocraercsa 3aMeTHTD, 4TO
t.’l
o2 (s, )ALy -—>S @(l, x)dt
t,<tnk<t” i
PaBHOMEPHO OTHOCHTENIBHO X B KaxKJOM KOHEUHOM HHTEpBaJje, Imo-

CKOJIbKY a(f, ¥) Oyler paBHOMEepPHO HenpephLiBHOH MO COBOKYMHO-
CTH MEPEMEHHBIX B KaXK/IOM KOHEUHOM HHTepBaje H3MEHEeHHS§ X.
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Jlemma 2. Ecau nocaedosaresbrocts usmepumolx (Pyrxyull

Qn (X1, ..., Xm) O2panutena 0OHOU NOCTOAHHOL U Ha KAWOOM KOM-
naKTe paBHOMEPHO CXOOUTCS K Henpepol8rol GyuKyuu @o(Xy, ..., Xm),
a nocaedosarerbHOCTo Gynkyul pacnpedesenus Fu (X%, ..., Xm)
caabo cxodurca k pyuxyuu Fo(x1, ..., Xm), 70
fim § @, (61, +ooy ) dFy (51, 2oy ) =
n->00
= S @ (X1, oo vy Xm)dFo (%1, ..ty Xpy)
Hokasaresvctso. Tak Kak BBUAY cnaGofl CXOAHMOCTH (PYHKUHH
Fo(%1, ...y Xm) K Fo(x1, ..., Xm)
lim qug(x[, coey Xp) AF Xy, o0, X)) ==
n-»oo
={outi, oo ) dFo (s 1),
TO JJs JOKa3aTeAbCTBA JOCTATOUHO MOKAa3aTh, UTO
im (1gn(en oo ) = @oler, ooy ) [AF (11 oy ) =0,
n-»oo

Ho, kaxoso 6u uu 6wuio K > 0,

floo—calarn< § lo—ouldrs+ | Jo—o.1dr,
L= <K INEAESS
NePBLI HHTETPAJ CTPEMHTCA K HYJI0 OPH 7 —> 00, TaK Kak

|90 — @n| cTpemutcs paBroMepHo X mymio npH Y| x; | < K; BTOpPOH
HHTerpasJ MOXHO CJesaTb CKOJb YFOZHO MaJhIM [Js BCeX f BHIGO-
pom focratouno Gosbmoro K BBHIAY OrPaHHYEHHOCTH |go— @n|
cnaboli CXOAUMOCTH MOCJAELOBATeJbHOCTH pacupeneienuit Fp,. I
Jlemma 3. Iyecrs EM, ..., ™, n==0, 1, ..., — m nocaedosa-

TEAbHOCTEL CAYHQUHbIX BEAUHUR U yHKyUL o Ay Xy, oeny xp—9)
TAKOBbL, YTO € BEPOATHOCTHI0 |

0 c (M)
(n) iAE (n) (n) (n)
QM) =M™, @ (A, g, ..., )=
(n)
el )
=M(e e, L, g’ll), E=2 ..., m.

Ecau 0rn ecex k gynkyun ®P (A, x;, ..., x,_|) Henpepoisnsr u
QP (A, %5 - -+, %,_)) Bpu n—> 0o cxodurcs k QY (A, x5 .00, Xpmi)s
k=1, 2, ..., m, pasHoMepHO HA KAXAOM KOMNAKTE, TO COBMECTHO®
pacnpedenenue seaunun EP, ..., 8" caabo cxodurca Kk coemecr-
Homy pacnpedesenuo eeauuun EO, ..., g0,
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Hoxrasaresscrso. Bepa k=1, y6expaeMcs, uto pacnpeiesieHue
BeIMUMHBL E(" cXomuTcs K pacmpenesenmio Beauunnsl EQ. Ipen-

NOJIOXKHM, YTO COBMECTHOe pacnpeesnenne F{¥  Beqnunu £, ..., @
CXONUTCS K COBMECTHOMY pacupenenenuto FO  senuunn 9, ..., g0 .
Torza

k
Mexp{i Zklgy') }‘—",

j=1

k~1

== S exp{i Z?ij,}(b}e")(hk, Xy oony X YAFP (%, .., Xyo) >
=
k-1

- exp{i;’“fxf}@?’ (hes %1 oo B JAFRL (s ey ) =
=Mexp (A g0 + i ED + ... +ir,ED)

Ha OCHOBaHHM JIeMMbl 2. 3HA4HT, COBMECTHOE paclpefeJeHHe BesH-
ynH g, ..., E¥ Takke GyneT CXOLHTBCS K COBMECTHOMY pacipe-

nenennio seanunn §0, ..., O, TMpumenas unaykuuio no k, moJy-

uaeM J0Ka3aTesbCTBO JeMMbl. M

BosBparumcs x 10KasaTe/ibCTBY TeopeMbl. BriGepeM mpoH3BOJIL-
Hoe pasbuenue otpeska [0, 1 0 =1, << 7 <... << 1y = 1. [To-
JIOKHM

n; (TO) = gnO’

M) Tt Dl M (5

Tk,_lgtnqua(tnr’ N, (7))@,  k=1,..., N,
uM (To) =&
“x
TR TR P
Tk—lfk
+ § ol m(s_Ydwl,

Te—1

I ..., N.

OueBupayo,

M (3"7”"8 ()

My (5)s - My (Fr)) = 0P Oy 13 (% )s
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rie
Tk Tg
, , A2
@O (4, x)=exp{z7»x+z7» S a(s, x)ds— g o? (s, x)ds}
Th—1 TE-1

— nenpepbiBuas QpyHkuus x. M3 3ameuanus K aeMme | BeiTekaer,
YTO

i?»'n* T % « %
M(e i ( "‘)\nn(ro), e N (T 1)) =M{exp(¢knn(rk )+
4 ik Z a(tn,, 0 (They )Atm)x
T 1STny
>< M [exp (i}‘ Z o (tnr’ nn (7k-1)) (’)nr) nn(TO)’ ] n;(rk—l)] }
e Sy <Ty
TpH NOJICTaHOBKe X BMecTo My (T,_,) OYAET CXONMTBCS K OO (A, x)
PaBHOMEDHO OTHOCHTEJbHO X B KaxXJI0M KOHeuHOM uHTepBaje. Ilo-
5TOMy HA OCHOBAHHU JEMMEI 3 coBMecTHOE pacupeleleHne BeJHIHH

M, (Te)s -+ o 1, (*TN) GyneT CXOOUTBCS K COBMECTHOMY paclipelelie-
npo penuny Mg (1y), .- ., Mg (Ty)-
Tax kax

E(we) — o (T) = §(Tk D)~ Mo (Fer) +

S [als, E(s)) —a(s, mg(7s- 1))]ds+

Th—1

Tk
[ [o6s, 660 — o (s, mi(me))]de ),

Th—1

TO, HCHOJb3yqa YC/HOBHE Jlummuna u HEKOTOpbI¢ NPOCThIE npeo6pa-
30BaHud, MOJYUYHM '

MIE (o) — s (TP =
=ME(T,_ )= (Touy) P 2ME (7)) — Mo (Tem) | X
S la(s, £(s))—a(s, ng (te-))) s+

Th1
T 2

m( ) @ s —ato me @) +

k=1
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T 2
+M ( | (o5, 86 — o (s, my(ze_y))) o (s)) <
Te—1
<MJzg (Te—r) — M (Tk—l) |2 -+
Tk
+2KM[g (v, ) =i (v | | 186 =i, jds +

k—1
Tk
+2M § ([als, 86D —a(s, mi (e )P+
Tr—-1

+[o(s, E(s)) —o (s, n, (Tk_l))]ﬁ) ds <
SMIE (Ty) = Mo (B) P (1 H (7 — 72,)) +

i3
+H | 186) —&(m-)) Pas,
Te—1

rae H =2K -4 8K® CienoBarenbHO, HCIOJB3YS YiKe NPUMEHSB-
muecs OLeHKH, IIOoJyyaeM

N Tp
M) = () < HeM Y. [8() —E(me-) Pds.
k=1 T,_,

W3 caepctus 2 § 2 ra. VIII suiTekaer, uTo
l Mlg(sl)—§(82)12<C|81—-821,

TaK 4TO .
M€ (v) = 6 (7)) = O [max (7, — 7). 3)
AHaJIOrHUHBIMU PacCyXJIeHUAIMH yCTaHaBJHBaeM, 4YTO
Jim M, (%) =, (v)F=0 (max (v, —7,_})). (4)

3aMeTHM Tenepb, 4YTO, KAaKOBbl Obl HH OBLIM BEIECTBEHHBIE
YHCHA Ay, .., Ay M COyUalHBIE BEJHYHHB Ej, ..., En, N,
cOpaBelJ/INBO HEPaBEHCTBO

[Mexp(iME + ... = ikplm) — Mexp(idm; + ... + iAo 1<
SMlexp{it G —n)+ oov + hpEp—nm)} — 11
SMILE =)+ oo FhnCn—m) <

<A/ 5u S Me—nr. ©

s Ny
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BosbMeM NPOHSBOJIbHbIE HHCJAA S, - .., S H3 [0, 1]. Moxuo cuu-
TaTh, UTO §;==Ty,. Toraa

In—l_lz—iw\ M exp {i 22 A, (ts,)} — Mexp {i 20 (v} |<
< 11?20 l Mexp {i 2 Amy (Te,)} — Mexp {i Z’”f";(Tk;)}lJr

fl

T8 [ Moo {1 ()~ Moo ff D)} +

+ l M exp {i )y hing(rkj)} — Mexp {i PN (Tkj)} { <
<0 (,\/mmfx (Tk""Tk—l))

pBuay cootroumenuil (3), (4), (5) ¥ CXOLMMOCTH COBMECTHOrO pac-
NpejlesieHns BEAWUHH 1, (S;) K COBMECTHOMY Dpacnpeielenuio Bg-

auunn 1) (s;). TlpoussosbHoCTb max (v, — Tp—y) YyOexkiaaer Hac
k

B cupaBelansocTy TeopeMsl. [

Teopema 2. B ycaosusx reopemvt 1 daa 6CAKG20 Henpepbis-
H020 Ha @Flo, 1) Pyuryuonara [ pacnpedenenue f(En(t)) Oyder cxo-
dursca & pacnpedeaenuro [(E(L)).

JoxasareabcTgo. YuuThiBasg CXOAHMOCTb KOHEGUHOMEPHBIX pac-
npefesneHnfi mpomeccoB &n(f) K KOHEUHOMEPHBIM paclpele/eHuiM
nponecca E(f) u 3amedanne § 2, MOKEM CBeCTH J0Ka3aTeJbCTBO
TEOpeMbl K JJOKa3aTeJIbCTBY COOTHOLICHHA

lim lim P{ stu”1>|<h|§n(t’)—§n(t”)l> e}=0. . (6

h>o n->oo |-

Vicnonibsys paccyxkicHus teopembl 2 § 2, yGexpaemcd, 410
P{ sup lgn(t/)—gn (t”)‘ > 5}<

jt =t I<h

e
<ki;] P { kh<tsgga+])h|§"(t) —gn(kh) l > 74_}.

O6o3naunM uyepe3 S, HauOOJbIUHA H3 HHAEKCOB 1, NJs KOTOPHIX
tar << kh. Torna

P{ sip la0—t(n>F}<

Eh<t< (R+1) R

<P { sup ‘gnfn.— E>nhl > —Z_ } <

sp<f <[p<spyqtl

<p{ sup |§n1"‘§n8k|>%}'

SpSISSpytl

Tlns javblefeli OLEHKH 9TOA BepOATHOCTH morpebyerca
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“JlemMa 4. Ecau &y, &, ..., Em 0Opasyor yens Mapkosa u
¢ seposaTHocToO 1

P{lgm_§k|>c|§k}<a: ede a<l,
T0O

P{Suplékl>20}& 7 PUERI > ¢}

Hokxazareascrso.
P{S}alpl&al>20, & | <<c)=

=k§ P{EI<2, i<k—1, |8]> 2, [t,< )<<

m

<Y PEIS2, i<k—1, |8]> 2, |5, — &> c}=

=,§1 MP {8 1<2, i<k—1, 8| > 201 &} P{En— &> clEN<

<e) MP (18,120, i<tk — 1, |51 > 20| &) — P {sup| &4 > 2¢).

3HauuT,

P{sgplékl>2e}<P{|§ml> c}+P{sgpl§kl>2c, En <} <<
<P{lEn]> 0}+GP{Sgpl§kl>2c}.
I/IS nmocJenuero COOTHOIOCHUA H BBLITEKAET JA0Ka3aTeJabCTBO

gevmmsl. W
BosBpaTuMcsi K 10Ka3aTeJbCTBY TeopeMmbl. Tak Kak

P {'§”3k+1+1 - gnjl > 6] gnj} < 751'2' M ([§n3k+1+1 - En]]2 |§nj) =

2
gnj} <

Sp41
== Kl? M { ( Z [@n (nrs Enr) Doy + 05 (tnry Enr) c‘)nr])
r={
o Sk+1
<&M [( Y nturs Enr) Atm)
r=j
gn!] <
r={
9 Sp+1
< 82 M [( Z an (tnr’ gnr) Al(nr)

2
gn/:l +
) Sk+1 °
+aM [( 2, onllor &) w"’)
r=1

2

gnj] +
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Sk+1
2
IR ICATR I
r=j :
4
+ 52 M ( Z On (tnr: gnr) Oy (tnl’ fénl) mnrM (C‘)nl I Enl) l gnj) =
]=T<l<8k+l
Sk+1 2 Sk-l;x
=M [( Z An (tnr: gnr) Al‘nr) + Z On (tnr; gnr) Afnr l gni]
r=j r=j
u (I)YHKU,HH a, U O, OrPDAHHYCHE!, a
Sk+1
Y Aty <h42 maxAtn,,
r=sp

TO CYWECTBYET TaKas MOCTOSHHAA H;, uTO
H
P{|Enspe,+1— Eri| > 01 Ens} <5 (B4 2m;];xAtn,).
CJeoBaTeNbHO, HOPH JOCTATOYHO Majbix # H BCEX AOCTATOYHO

6OJbIIHX 1
P { l gnsk+1+l - gn]l > 8/16} < 1/2’
M TOTJa Ha OCHOBAaHHM JeMMEl 4

P, SUD  15(0) = Ea(kh) | > /1) 2P {[Ensyy 11—y | > o/16}.

M3 cxomuMocTH KOHEUHOMEpHBIX pacmpeaeseHull &, (f) K KoHeuHo-
MepHLIM pacnpejiesieHUsiM E(f) BBITEKaeT, YTO

Tim P {|&nsy 41— Ensy | > o/16} SP{IE((k + 1)) — E(kh) | > /16},
3HaYuT,

Tm P stp_ 12.() — 8. (") 1> e} <
< ), PUBR+ 1) —E(6)| > ¢/16) <
kR <1
<) ( ) M| E(kh + B) — E(kR) |

Eh< 1
Ho mnpu mekotropom L MIE(t 4 A)—E()|*<CLA* Bma ocHOBaHHH
caeacteusa 2 § 2 ra. VIIL, tax uro

JE,F’{ sup [, () —E, (") > e} < (176)4”“

1t —t"|<h

Cootnomenue (6), a agauur, H TeopeMa jaoxkasann., B
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§ 5. IlpoctpancTeo dyHnkumnii Ge3 pa3pniBop BTOPOro pona

OtGosnauum uepes Dy, 1) COBOKYNHOCTh (GYHKUHE ¥ (f), ompexe-
JeHHBIX Ha orpeske [0, 1], npHHIMAIONHX BelleCTBEHHLIE 3HAYEHHUS
M HMEIONUX B KaxIOH TOuUKe mpejeskl cleBa H chnpaBa. QOyHKIuH,
COBNAJlAlOIHE BO BCEX TOUKAX HENPEPHBHOCTH, GYIYT CUHTATHCA
HEePa3IHYHMBIMH; TIO3TOMY €CTECTBEHHC I[PHUHATH KaKOe-TO CTaH-
JapTHOE ONpelelieHHe 3HaYeHHH PynKuuH X (f) B TOUKax pa3phiBa.
B nasnpmefimem Gyaer mpepmosiararecs, 4TO AJA BCeX GYHKIHIT H3
Do, 1] BHNOJHAIOTCA COOTHOIIEHS

2(f)y=x(t+0), x©0)=x(+0), x(1)==x(—0). (1)

HMsyuenue mpocrpanctsa Dip (] M0A€3HO, TaK KaK CyIIECTBYIOT
KJIacchl CaAydYafiEbiX MPOLECCOB, y KOTOPHIX BbIGOPOUHBIE (YHKIHHU
C BEPOSATHOCTBIO 1 He MMeoT Pas3pEIBOB BTOPOrO poia (HampuMep,
NIPONECChl ¢ HE3ABHCHMBIMH NPHPAILEHHSMHU, MapKOBCKHE MpPOIECCHI
IpH BecbMa WIMPOKHX MpPEANOOKeHHsX). UTo6n MOXKHO OLIIO HC-
MOJIb30BATh pesyabTathl § 1, Hy:KHO BBecTH B Do, 1] METPHKY, B KO-
TOpolt Do, 1] IPEBPATHIOCH Gbl B cerapabesbHOE MeTpUYecKoe Npo-
CTPAHCTBO, o6/1ajaioliee TeM CBOMCTBOM, YTO MHUHHMAaJbHas O-aJj-
reGpa, cojepxkallas Bce LHIHHAPHUECKHE MHOMKECTBA, COBIafaeT
¢ 0-ajre6poit GopesJeBCKHX MHOMKECTB 3TOTO NpocTpaHctBa. yKeaa-
TEJbHO MPH 3TOM, 4TOOLl MeTpHKa OBLTa AOCTAaTOUHO «CHJABHOH»
(T. €. uTOOH! OBLLIO BO3MOMKHO MEHbBIUE CXOASIIHXCS MOC/CI0BATENb-
HOCTell W, 3HAUUT, 6OJIbIIe HEeNPEPLIBHLIX B 9TOH MeTpHKe (GYHKIHO-
HajoB). PaBHoMepHas Mertpuxa

Pu(x, )= sup [x()—y ()]
(IS g

AJISL 3THX UeJlell He TOMUTCA, TaK Kak B 3TolH Merpuke Do (] He 6y-
fet cenapaleabHbIM MPOCTPAHCTBOM (MHOMKECTBO (GYHKIMH x4 (f) =

= l—_—{——w, 0 <s <1, nmeer MOLIHOCTb KOHTHHYYMa, HO pac-
CTOSTHHE MeXKAY KaXKAbIMH [BYMS 3JeMEHTaMH 3TOro MHOXKeCTBa
pasHo 1). Baenmem B npocrpancTse Dig, 1] METPHKY, SBAAOUIYIOCS
HECKOJIbKO 0C/Mab/eHHON 10 CPaBHEHHIO C PaBHOMEDPHOH.

O6osnaunm uepes A COBOKYNHOCTb BCEX HENMPEPBIBHBIX MOHO-
TOHHO Bo3pacrarouwx Ha [0, 1] uncaoBrx GyHRIEH A(f), 418 KOTO-
peix A(0) =0, A(1)==1 (T.e. A 0TOGpakaeT HeNPEPLIBHO H B3aUM-
HO oxHo3HauHo [0, 1] ma camoro ce6s).

OTmeTuM, 4TO A/ BceX A & A CyUIeCTBYIOT o6paThble (GyHKIHH
A e A, rakixke npusagiexaume A. Ectu Ay 0 Ay & A, T0 U Ca10K-
Has QyHKOUsS A; (Ag(-)) Oymer mpuHamiexarb A.

Onpenennm Tenepe s Kaxno# mapsl x(f) u y(t) us Dy, 1] Be-
JIUYUHY

pg (¥, y) = inf [sup|x()— y ) [ +suplt =2 O1. (@)
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Mokaxem, ut0 0, onpenenser Metpuky B Dy . Has storo
HYKHO INPOBEPHUTb, UYTO (YHKIHST P, YAOBJETBOPAET TPeM MeTpu-
UECKHUM aKCHOMAaM: a) Pg(x, y) =0 U paBHO HYJIO TOrAA U TOJBKO
TOTZla, KOTAa X = y; 6) pg (%, §) =pg5 (Y, )i B) pg (%, 2) <05 (%, y) +
+ pg(y, 2) nas Beex x(t), y(t), 2(t) us Dy .

CsofictBo a) oueBuaHo. CBOMCTBO 6) BhITEKaeT M3 COOTHOLIEHUS

oy, X)= o [Suply(t)—x(%(f))|+Slzlplt—7»(t)|]=

= mfA[suply(x ) — x|+ sup |27 @) — [ =05 (. 0).

AT e

OcTaHoBHMCH Ha CBOWCTBE B)— HEPABEHCTBE TPEYrOJbHHKA.
Iyers x(t), y(f) u 2(f) — HeKOTOPHIE q)yHKuuH us Dy, . Has sest-
Koro e >0 MOXHO yKasaThb OQYHKUHH A;(f) u Ay (f), Aas KOTOpBIX
BHITIOJNHANNCE 6Bl CGOTHOIIEHHS

0 (%, y)/suplx(t)~y(7»1(t))l+s§1plt——7»1(t)l—s,

2 (5, 2) > sup 9 (1) — 2 (o () |+ sup [ £ — A2 6) | . 3)

Toraa
pg %, 2) <slt1pIX(f) — 2O+ Sltlpl F—2( ()<<

<sgpix(t)—y(?n(f))!+syplt——7»x(t)i+ |
+ SIth'!/(?"l @) =2 (o e O]+ supl A () — 22 (i () | =
=suplx () —y (A O+ suplt — A, () 1+
+suply(t) — 2 (e () |+ sup [t — Ar (1)),

TaK Kak ecsH ¢ mpoGeraer [0, 1], 1o A, (¢) 6ymer Takxe npoberark
otpesok [0, 1]. YuurteiBasi cooTHoeHus (3), mojyuaem

Pg(x, 2) <Koy (X, y) + pg(y, 2) 4 2e,

OTKyZa BBHAY IPOH3BOJBHOCTH &> 0 K BHITEKaeT B).
TlosioxuM

A, (x) = sup [min{lx(t)—x @O |x@¢") — 2@} +

t-eS<H SIS KEFe

4 sup lx()—x(0 14 sup [x(®)— (L
0ige

I=cat gl
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Jlerko yGeputbes, uro pas x(t) & Dy,
limA, (x)=0.
c=>0

Jdemma 1. Hycre x(t)— pynsyua uz Dy, u [, Bl = [0, 1].
Ecau x(f) ue umeer cxauxos, npesocxodawux & na [a, B}, To npu
[V =t <e, V, 1" <=, f]

[x(t) —x (") | <20, (x) +e.

Joxasareascreo. Boibepem npoussosbroe 6 & (0, €) 0 TOURy T
B npoMexyTke [f/,¢”], obaagamumyio cpoiicTBoM: mpu [ & [/, T)
(x@)—x@) | <A (x)+ 6, [x@t)—x(x)|=A,(x)+ 5. Ecan raxoi
Touku Her, 1o Toraa |x () — x(t”) <A, (x) + 8 u, sHauur, yrBep-
XJeHHe JeMMH BHIOJHeHo. Ecau Touka T CyilecTByer, TO, 1O~

T i@ — 2 120 — 5 () 1] <A),

alx(@)—x{)|=A,(x)+ 6, umeem | x (v) — x(t”) |<<A, (x). Takum

obpazom,

(") —x () I<Ix (") —x (@) |+ ]x(x) —x(x —0) |+
+lx(r—0)—x() <28, (x) + 6+ e

[Tepexons k mnpegeny npu &} 0, moayyaeM JoKasaTesbcTBO
gemMmbl. M
OGosnauum uepes Hy, , COBOKynHOCTs ¢yHKumit x(f) u3 Dio, 11,

k
Laustl) I NPHHUM 210~

IMOCTOSIHHBIX Ha KaxXAOM H3 HHTEDPBAJOB [_E’ "

LMX 3HAYEHHSI, KPATHbBIE M.
JdemMma 2. Has kamdod ¢pyuxyuu x(t) us Dig, 11 cywecreyer
pynrkyua x* (1) usz Hy, o TQKAQS, 4TO

po(t, ) <o + o445 (1), (4)

k k o
[oxasareavctso. B KaxkIoM H3 OTPE3KOB [7[’ —:—:-I—) Haligercs

He GoJiee ONHOM TOUKM, CKAUOK B KOTOPOH mnpesocxoaut 24, (x).
n

JeficTBUTENIBHO, €CJAH T — OJHA TakKas ToduKa, TO TOTAa
|x(s) —x(t —0)[=min[]x(s) — x (v —0) |;
&
[x(t) —x(v—0)[]<<A; (x) npu se[-;, 1:),

() —x@I<A @ npn ser 4]
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H, sHAuHT, | ¥ (s) — x(s — 0) [ 24, (x) <24, (x). Ilyers 7, — Touka
n

n
oTpesKa [% k_}; 1 ], B KOTOPOl | ¥ (Tz) — x (1, — 0) I==2A; (x), ecau

TaKas TOYKAa B 3TOM orpeske cymecrtsyer. OGo3Hayum ’zxepes A (1)
¢yERmmo w3 A, aas KoTopo# A(kj; 1)=17k u z‘—%<k(f)<t
(Takoit OGymer, Hanpumep, KYCOWHO JHHeHHAs QYHKIHS, olpeiesse-
Masi paseuctBamu A (0)=0, A ( k_: ! ) =1, A(l)= 1). ITos10:KBM
¥({)=x((#). Dyugnus %(f) Gymer uMeTb PasphiBbl, NPEBOCXOAL-
mue 24, (x), Wb B TOYKAX BUIA — H

n

1
—.

g (X, i)<sgplfc(t)—x(h(t))l+sgp!f—-?»(t)l<

Iyctb, masee, X (f) — dyHKUuA, paBHas )'c(i) npu

te[g, k1 ) E<n—1; x()=7 (n—l
Torna
p@(x,fc*)<sup|z(t)—f*(r>l<sgpijuﬁi|" )— ()]

Tax xak ckauk# x(¢), npesocxozpsmme 2A; (X), IPOUCXOAAT JIHIIb

n
k kR k+1
B TOYKax BHJLA P TO B IOJYHHTEDPBAJE |—

~, ) TaKHX cKau-

KOB HET, M, 3HAUHT, N0 JeMMe 1

lx(%)——fc(t)’<2A_1_(fc)+2A_?_(x) mu (<[, £EL),

n n

Ouennm A (¥):

n

AL ()= sup [min{| () — £ () | 2() — 2(") 1}] +
n foe < <
4+ sup [E@O)—E0) |+ sup [Z@O)—EZ()]=
0<t< 1-<t<1

= sup [min{[x@A @) —x @@ [xA @) —x QNI +

1
t—%<t'<_t<t”<t+7

+ sup [xA@))—x0) [+ sup JxA@)—x)][
Q<t<% 1—%<t<1
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1

3ameruM, uto npH f; < L) —l——;

1 1
f1—7<l(f1) < M@ ISL<OL+

TaK UTO O<7»(t2)-—?»(t1)<712—. IMosTomy A (X)<<A» (x). 3nauwur,
n n
oo (E, ) <44 > (0).

n
Haxonen, nosoxum x*(f) = % Ent (mx* (f)), rre Ent(x) — neaas

yactb x. Tak kax Ix*(t)—)?*(f)lgTL" TO

00 (6, X)) <0 (8, B) 0 (7, ¥) 0 (B, #) < w405 (1) 4+ . W

L
o
Caencreue. I[lpocrpancreo Dy | ¢ merpuroll pg cenapa-

benvHo. '
Teopema 1. [Tycre L — nexoropas noaowcuressrHas nOCTOAH-

Has, a o (8) — pynryus, onpedeeHHas, Henpepovi8HAs 1L MOHOTOHKAS

npu 6> 0, npuden gilmm(é)=0. O6o3uauun wepesd K(L, ®) mHo-

v
scecrgo  pynxyul uz Dy 5,  YOOBACTEOPAIOUUX  COOTHOULEHUAM
lx@)I<<L, A, (x) < o(c). Toeda K (L, ®) snsasercs KOMNAKTOM 8 Me-
TPUKE 0 gy

JokazareascTs0. 3aMeTHM, BO-IEPBHIX, 4TO AJs Kaxjoro &€ >0
K (L, ®) uMeeT KOHEUYHYIO €-CeTb; TaKYIO &-ceThb 00pasyloT QyHKIHH
us H,, ,, VLOBJETBOPSIOIIHe cooTHOIeHHIO | X (f) <L, ecoin m U n

1 1 2
BHIOpaHbl Tak, 4T0 — - ——+ 4o (7) < e. Muoxecro K(L, w)
3aMKHYTO. JIerko NpOBEPHTb COOTHOIIEHHE

Ac ()C) <Ac+o@ (%, ¥ (y) + 39@ (x: y)'

[MostoMmy, ecan pg(xn, ¥)—>0 n x, & K(L, ®), TO Aad BCAKOTO
a>0 o
AR <lim Ay (x,) + 3o <o (e + a) + 3a.
n—->o

3uaunt, BBUAY HenpepeiBHOCTH @ A, (X¥) < @(c). OueBHAHO Takxe,
uTO SUp| X (t)l<sgply(t)l+3p@ (x, y), Tak urto

sup| (1< @ [Sltlp [x, )|+ 305 (x,, ®)]< L.
n oo
CieoBaTeabHO, Npelet NMOCAef0BaTeIbHOCTH, HNpPHHALIeKallel

K(L, w), 6yner raxxke npunamgiexats K(L, o). Ocraercs noka-
3aTh, 4YTO BcAKas (yHZAMEHTaJ/IbHas [0CJAELOBATENBHOCTb Xn(f),
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npuHamiexamas K(L, o), Oymer cxomsuelica (Torma Mbl NOKa-
xeM, uto K(L, ©) ABAAETCS MOJHBIM METPHYECKHM IMPOCTPAHCTBOM
C KOH@UHOH e-ceThbio IJIsl Kaxjaoro € >0, a 370 H 03HauaeT, YTO
K(L, o)— komnakr). [lycts x, (f)— nocIe10BATEABHOCTD (HYHKIHH
uz K(L, o), ans KOTopo#t pg (Xn, X,)—0 mpu 7 1 m—>oco (T.e.
Xn (1) — dyHoaMeHTalbHAsT TOCJAEAOBATEABHOCTH). JlocTaToOuHO T1I0-
Ka3aThb, YTO HEKOTOPAs MOAMOC/EAOBATEJNbHOCTb Xn, ({) HMeer mpe-

nea %(t). IToaToMy MOXKHO CYHTATh, YTO MOC/IELOBATENBHOCTD Xq (1)

1
TaKOBa, UTO Pg4(X,, X, ) < pt Torga cylmecTByer MOC/AeR0Ba-

TEJIbHOCTb QYHKIHH Ay (f) U3 A Takasd, uTo

1
Slth [ X (8) = Xp11 R () | < P

1
2n+1 "

sgplt—kn+1(t)l<
Monoxum p, (t) =4 (f), 1, () =2, (n,-1 (). Tak kax
1
SUP | s (1) — Bas () IS g

TO iy, (f) CXOZUTCS K HEKOTOPOH HeyObiBalolllel HenmpepblBHOH (YyHK-
uud w(?), ynosaerBopsiomel ycaoBuaM p(0)=0, n(l)=1. Ha-
Jee,

1

S}—lp I Xn (Un (t)) — Xp—1 (“’n—l (t)) I = SEplxn (A'n (t)) — Xp—1 ([) l <§F .

TTostoMy Xn(un(f)) paBHOMEPHO CXOAUTCA K HEKOTOPOH (yHK-
mun x* (1) usz Dy, 13 Pacemorpum cBA3b MexAy GYHKUHAMH x* ()
# u(#). Ilycrs p(f) mocrosgHHa HAa HEKOTOPOM NpOMeEXYTKe [o, Bl
Ecnn x* (o) = x*(f), To x*{(f) Takxke nocrosinHa Ha [a, B]; eciu ke
x* (o) %= x*(B), To cymecrByer Takoe y & [o, B], uto x*(f) = x*(a)
npu t & {a, v), x* ({) = x*(B) npu ¢t [y, p]. deiicTBuresibHo, B npo-
THBHOM cJyYae HallJHCh OBl Takue Touku ' < ¢ < ¢/, mpunan-
Jgexauue [o, B, uto x* (') == x*(¢), x* (") = x*(¥'"), u Torna

r}Lm min [} 2, (W, () — %, (W N I 120 (0 7)) — 2, (0, 7N 1] =
= min[|x* (') — £ (") |, | 2" (") — 2" (") 1] > 0,

x0T, (1) <y (87) < (7)) 1 pg (¢), 1, (17), 1y (#77) cTpeMsaTes

K u(a). dro mporuBopeuusio O6B TOMY, UYTO IIOCJIELOBATEILHOCTD

x,(f) npuragnexur K(L, ®). OGosnauuM uepe3 %(f) ¢(yHKUuuio H3
D, 1), ONpele/eHHYI0 COOTHOUIEHHEM

()= (un@), (8)

BLIMOJIHAIOIIMMCSL BO BCeX TOYKAaX f, B KOTOPHIX W(S) > u(f) mas
Bcex s & (4, 1]. CoorHowenne (5) ompene/isfieT eIHHCTBEHHYIO QYHK-
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uuio X (¢) us Do, 1. [Tokaxem, yto 31a QyHxuus ¥(¢) Oymer mpe-
JeJIOM TIOC/Ie0BaTeIbHOCTH Xy, (¢). JJIst 3TOTO IOCTPOMM BCIOMOra-
TeJpHble QYHKUHH @n(f) u3 A. IlycTb 71, T, ..., Tp — BCE TOUKH
[0, 1], B KoTOpBIX ¥(f) MMeeT ckKaukH, npesocxoisamue 1/n. OBosHa-
unm uepes [o;, B;] MakcuMaJbHLIH NMPOMEXYTOK, Ha KOTOPOM u(9)
IpHHAMAET 3HAYEHHEe T; (STOT NPOMEXKYTOK MOXKET COAepKAaTb U
OJHY TOYKY).

Ilycts y; — Takas Touka upomexyTka [a;, B;], uto mpu (&
e [ay, vi) ¥ () =%(v; —0), a npu f & [y;, fif x*(#)==*%(x;) (B uacr-
HOCTH, ecaH o; =vy;, To t (f) Ha [o;, B;] npuHEMaeT exuHCTBEHHOE
3Havenue X (v;)). BmBepeM g,, He mpeBocxoasuiee 1/n, Tak, uToGH
Ae (%) < 1/n. Tlycts @, (#) — byHKUUs, yAOBJETBOPSIOmMAR COOTHO-

meHnaM @, (v;) =7;, 9. () —n)[<e,. Ouennm Stuplx*(t)—-

— %(p, () |. Ecan ¢ He NpUHANJEKHT HH OLHOMY W3 INPOMEKYT-
koB o, Byl, T |

| (1) — X(9, (1) | =] 2 (u (1)) — X (@, (1) <24, (%) + U/n

Ha OCHOBAHHM JeMMbl 1, Tak kak X(f) Mexnay u(f) u @,(f) ne
HMeeT ckaukos, mpesocxoasmix l/n. Ecnu < la;, v;), 10

O=F OIS sup 1% —0) = 6| < A, (3,

n Vi

MOCKOMBbKY |X(t; — 0) — X (t;) [ > 1/n. AHa/nOruyHO yCTaHABIHBAEM,
uto npu ¢ [vy, Bl 167 () — X (@, (8) | < Ae, (X). Caenosatesbo,

sup | () — £ (@, (£) <2, (%) + 1/n < 30
OuenuM Tenepb pg (%, X). HMueem
09 (%, )< og(x, ), £ (w1 @) +

+ 05 (5" (' (), 2(@, (12" (0))) + 00 (RO, 2(w, (0" D)) <
<sup |, (s () — () |+ sup 1 £ () — £ (@, () |+

- 1,3,
+sup|t—@, (' )| Sgm o+
. 1 3 {
+Sltlplun(f)—q3n(t)|<'§r7+7{+§ﬁ+ &y

Taxum 06pas3oM, pg (xn, )'c)—>0, T. €. MOCJAeL0BATENbHOCTh X, CXO-
autest K oyngunn X (¢). M

Teopema 2. Ecau koneunomephble pacnpederenus nocaedo-
gareabHoCcTu npoyeccos Etn(f), He umerowjux paspoisos 8TOPOSO
poda, cx00ATCA K KOHEUHOMEepHbLM pacnpedererusn npoyecca E(?)
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u 048 aw0boco e > 0
lim fim P {A. (Eq (1)) > e} =0, (6)

c>0 n->oo

10 045 8CAK020 QyHnKyuonaisa f, onpederennoeo wa Dio 1] U He-
npepeleroeo 8 MeTpuxe p,, pacnpedeienue f(&,(t)) 6yder cxo-

dursca Kk pacnpedeaenuro f(E(1)).
Hokasareavcrgo. Vcnoaw3ys sameuanue § 2, yGexjpaemcs, 4TO
ycaosre (6) Baeder cieayiolilee ycJIoBUe:

lim sup P {A, €, (1)) > e} =0. 9

Hcnonb3ys sameuanust 1 u 4 § 1 u reopemy 1, Buauwm, uto and
JOKa3aTe/bCTBa TEOPEMBI LOCTATOUHO MOKAa3aTh, YTO

lim sup P {sup|&, ()| > L}=0. (8)'
L>w n t

Ho nas seaxolt dyuxkuuu x (¢) us Lo 11

sup [x(f)1<_sup ()|+A1(x

0<t<1 o<k m

m

TaK KaK IpH te[f-, k—ntl] HJIH |x(t)—x(%)|<Al(x),
m

k41
m

HIn lx(t) —x ( )I <A (x). TToatomy

P{Sutplgn(t)|>L}<P{ksggtlgn(—:{)l>L_s}+
"I‘P{ATln_(En('))>8}.

Cayuafinas Bequ4YHHa SUp

k<m
PaBHOMEPHO OTHOCHTEJBHO 7. DTO CJAedyeT U3 CXOAHMOCTH KOHEUHO-
MepHBIX pacnpefeneHdll E,(f) K KOHEUHOMEPHLIM pacIpeieaeHusiM

() e

E(%), 4TO BJIEHET CXOLHMOCTbL PACIpPELEJeHHs Sup
2N

k
£, (?)} orpaHHYeHa 10 BEPOSTHOCTH

HpejeeHHRIo sup lg(—,%)| 3Hauur,

Tim sup P{suplgn(t)|>L} supP{A | E.(-)>e},

L>ox n m

ITepexoas K mpepeny npu m — co, yOexAaeMCs B COpaBelJUBOCTH

8). =
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§ 6. CxoauMoOCTb CyMM OJHHAKOBO pacnpejeeHHbiX
HE3aBHCHMMbIX CJY4YaHHbIX BeJUYHH
K OAHOPOJHOMY NpoUECCYy ¢ HE3aBUCHMBIMH NPHPALIEHHAMH

[ycrb Eni, &nay - .., Enn TOPH KaXKAOM A SBJASIOTCS HE3ABHCH-
MBIMH OJHHAKOBO paclpefesJeHHbIMH CaAyuyalHbBIMH BesanduHaMmiu. [To-
JOKHM Spp = Eni + ...+ Enr. PaccemorpuM cayuaBiHbelll mpolecc

o k-1 k
£, (f), onpeleneHHBIH COOTHOLIEHUAMH &y (£) == Sy, tE[ pand’ 7)

(Sno =10), Ex(l)= S,n. DTOT mpolecc sBJIAETCS MPOLECCOM C He-
3aBUCHMBIMH TpUpPALLEHHAMH, HMEIOLUHMM pa3phiBbl B TOYKax k/n.
B stom naparpade GyayT HCCAENOBATBCS YCJIOBUA, NPH KOTOPBIX
KOHEYHOMEpPHble paclpefefeHus Npoueccos &, (f) ¥ pacnpegesenus
HENpPEepPhIBHBIX B METPHKE O, (PYHKIHOHAJOB OT 3THX NPOIECcoB Oy-

OyT CXOAUTbCA K KOHEUHOMEPHBIM pachpeeseHHsM H pacnpejele-
HUSM COOTBETCTBYIOLIMX (DYHKIHOHAJOB OT OAHOPOAHOIO mpolecca
E(f) ¢ He3saBHCUMBIMH InpupalieHdsMH. Mel Gygem cYMTaTb, YTO
BLHIGOpOUHBle (YHKLHHM nOpolecca §(f) (xoropeil 6ymer NnpeanoJa-
raThCsd CTOXACTHUECKH HENPEpPbIBHBIM) ¢ BEPOSITHOCTBIO | mpuHai-
aexat Do, 11. Kax nssecrio (cm. ra. I, § 3), xapaxrepucradeckas
(YHKIHSA OJHOPOAHOTO MPOILEcca C He3aBHCHMBIMY HpHpalleHUAMH
MOXKeT GBITH IIPEACTABJIEHA B BU[E

Meir& (1) = exp{t[ihy + S (ei%u — = e N1+ 46 (u)]} s (1)

1+ u? u?

rae G — MOHOTOHHAsI OTpaHUYeHHAas QYHKUHUs, npuyeM popmy.a (1)
HOJHOCTBIO OIlpelesisieT KOHeYHOMepHble pachpeneseHdsl npoHecca
E(f). CpskeM ¢ NOCJAE0BATEJIBHOCTBIO CYMM S, ABE BEJHUHHDI: :

o0

Vo=n Tz dF(),  Gu=n (L ar,w), @

— 0 —co

rae Fj (X)— GyHKUMS pacupejie/ieHus: BeJAHYHH Enp.

Teopema 1. Ecau cywecrsyror wucso y u Heyboisaroujas
oeparuventasn gyukyus G(x) rakue, 4ro y, =y u G,(x)= G(x),
TO KOHeUHOMepHble pacnpedeierus npoyeccos &, (t) cxodircs K KO-
Heunomepubim pacnpedesenusm npoyecca E(f) ¢ xapaxrepucTuve-
ckol gpyuxyueld (1). Ipu stom dan 8cakozo ¢gyukyuonara f, onpe-
Oeaennoeo Ha Dip 1] U HEAPEPHIBHO2O 8 MeTpPuKe 0a» pacnpedeae-
Hue f(En(+)) 6yder cxodutoca x pacnpedesenuro f(E(+)).

Hoxasareascreo. TIocKONbKY &, (f) Takxke SBJASETCS NPOLECCOM
C He3aBHCHMBIMH OpDHpAlleHHSIMH, TO AMsT AOKasaTenbcTBa CXOLH-
MOCTH KOHEUHOMEDHBIX paclpeieleHHH AOCTaTOYHO AOKasare, HTO



548 INMPEJEJBLHBIE TEOPEMbBI IJISI CJAYUAMHDBIX TTPOUECCOB [Ta. 1X

pacnpenedenne En(fa)—En(f) npu 0K h Tl << 1 cxoaurtes
K pacnpejneneHnio §(f2)—E(f;). DTo 3Ke BLITEKaeT H3 INpejefb-
HOH TeopeMbl JAJdf CyYMM He3aBHCHMBIX CJYYaHHBIX BeJHUHH
(cm. B. B. I'nenenxo [3), ctp. 289). Bocnosp30BaBmnch 3aMeyanem ¢
§ 1 u yuurniBas reopemy 2 § 5, ybGexpgaemcs, uTo AJd JOKa3aTe/lb-
CTBa TEOPEMbl JOCTATOYHO NOKa3aTh, YTO IJs Bcakoro € = 0

lim lim F’{A (€, () >e}=0. 3)

c->0 n>ox

Has noxasatenbctBa (3) HYXKHa cleLyo0oHlas
Jemma 1. [ycre &, &, ..., En — HE308uCUMble 00UHAKOBO
pacnpeldenennvle seauuunivt. Toeda

i :
P{ sup min[ > Yt ]>e}<
0<i<j<iI<n Lle=m31 E=j+1
k 2
<[P {su A>=4) . ¢
\( {skp i;gll>2}) 4)
‘ . . ;
Horasarearsctso. Ilyetb i < j <1 1 Z gk)>s Z £ > 8
k=i+1 k=j+1
i i
Torna uau ;lgk >~;—, HIIH kZlgk >% u pad Becex r<j uiH
i 1
E tp >%, HJH Z t >—;—- Taxkum o6pasom, coObiTHe
k=r+1 k=r+1
i i
sup mm[ Er s & ]>s}
{i<i<’ k=zi:+1 k=7+1
BJeueT ojHO H3 cobumrtuit A, (r=1, ..., n):

={lt+ o FBI<$ E<r—Lla+ .+ I>5
SuplErn+ ..o 1>
I>r

Tax kak
PA)=P{Iti+ .. +&I<E, k<r—Lla+ ... +&I>5}X
XP{suplesi+ .o +uI>F]
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TO, YUHTHIBAS, YTO BeJHYUHBI Ei OJJHHAaKOBO pacnpenesetb, noJy-

TaeM
i 3
P - . \
{ o, o] $ 8| 58 ]>g}<
<ZP{|§1 +§k|<2»k — L&+ +§r|>_;_}><

XP{supltnt . +§z|>§-}<
e

<P{ sup I5+ ... +ui>5} Y Plla+ . FEIST,

1<Ii<<n
E<r—Lla+ . +§,|>i}=
—(P{ sup &+ ... +§zl>-§—})2.l

1<<i<n
Boaspamaacs K J0Ka3aTeJbCTBY TCOpDEMbl, 3aMETHM, 4YTO

A (N sup lx()—xO) 1+ sup [x(@)—x(D)I+
osE<e l—e<{EI

+ max sup min[| x (¢)—x ") [, 1x(@¢")—x ") ]].
0<k< 1 ket <<tk +3)¢
IToatomy

P{Ac(an(-))>a}<P{oggc|zn(t>—'§n(0)1>§-}+
+P{ swp_ 150 =& 01>} +

1-e<<E]

+ Z {kc<t <t//<tp”<(k+3) min[| &, (") — &, () |;

k<—-

5 =5 11> 2} <P{ s 160 -501>F}+

0t <<e

+P{ sup_ 18 —&0OI> |+

1—e<{I<1

+ Z (P {kc<ts<u(lz+a) cl Ea(t) — Ea ko) | > %})2'

Ecaun n << l/c, to Jerko BuaeTb, 4To A (En(-))= 0, Tak KaK
i+ 1

gn(f) mocrosiuma Ha HHTEpBasax [—:1—, P ) Ecnu xe n > 1/c,

T0 XOTS UMCJO TOUeK BHAA i/n B HHTepBaje [ke, (k -+ 3)c] mensiercs
¢ H3MeHeHHEM k, OfHAKO OHO He MPEBOCXOAMT 4YHC/Ia STHX TOYEK
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B uHTepBade [0, 4c], Tak uTO Beeraa

P8 (6 () > b <2P{sup 1840~ £ (0)]> e/4) +
F(1+ )(P{ swp 15,0 —50)1> %} ).

o<t
,U,JIH OLEHKH BEPOSATHOCTH J
g
Pl 180 —801> =P s |3

0t Cde

hE

BBEJIEM BeJHUHHBL g,}i =E,, ecau | &, <L, gni =0, ecau|E,; | > L,
gni =§,; — gni Torna

Z Eut | >

sup
1<k N

—{—P{ sup

ISESN

>

I<kN

1 sup } P{ sup lgnkl>0}+

k
Z gni

k

¥ (g — ME,)

{=]

N
} P&l > L+
i=1

ZMgm}

i=1
NDE
SNP{|&u|> L} + —— 21—
(Z_Nngnll)

(MB BOCMOJIB3OBAJINMCL HepaBeHCTBOM KoJMOropoBa — aaMeuaHueM
x Teopeme 5 § 1 ra. III), ecan Toabko N |MEy | <e/4.

Ecimu L u — L gBAsiioTCS TOUKAMHU HeNpepblBHOCTH (YVHKUHH G,
TO CHpPaBenJHBH NpPeJe/bHbIE COOTHOUIEHHS

lim Pl > = fim | 12 a0,m— | 52400,

n-»o0

1%1>L lx1>L
lim nMg), = lim n S xdF, (x)=
> o0 fi>0 |xl<L
=y —limn S 1+ Tr o dF,( x)+11mn S — ) dF, (x)=
nre 9 * n>e iy T+ )
=y — S —;dG(x)—l— S xdG (x) =y,
Ix)>L |xI<L

T 14 L2
r}l_)rr:oan IlmnM G < < lim nM e 2 = (14 L? S daG (x).
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ITostomy, ecau 4c[le<—6—, TO
Z gm —}

1 2
<t | a0+ — 2
1> L (z-“lv,_l)

3HayuT, A1 LOCTATOYHO MAJBIX ¢

HmP{ sup [8,() =2, (01>} <Ko,

n-»co {0<t<4c

ﬁr—nP{ sup

n->»co [<k<dne

4c(14+L% S daG (x)

rae K — HEKOTOpas nocCrosiHHas, TakK 4TO

Tim P{ sup 15,00 —&,0)1> § }<Ke.

0<Ci<C4e

W3 nocnennero cootHouwenus Butekaer (3). M

PaccmorpuM B KauecTBe CJAeACTBHI U3 3TOH 0OlLleldl TeopeMH He-
KOTOpHIE KOHKPETHEIE Npefle/lbHble TEOPEMEL

Cnencteue 1. [Hycre a(f) u b(f)> 0 — Henpepoigroie
QyLKyuL, o — seujecTeernoe 4ucao. Ecau coinoanenst ycaosus reo-
pemot 1, T0

igrgop{a(%)~ab(7’j-)<Snk<a(§)+ab(§), k=T n}=
=Pla()—ab() <E() <a()+ab(t), 0<I <1}

Oasn 8cex oo >0, 0aa KOTOPBIX Npasas 4acTe HOCAEOHE20 paseH-
cT8a ABAAETCA HenpepbisHol pyHkyued o,

Cnencreue 2. Mycro g(x)— Henpepbteua;z pynkyus, onpe-
desennan npuy x (— oo, 00); T020Q, eCAlL BbINOAHEHbL YCAOBUR
Teopemvt 1, 10O

1

lim P{ Zg nk)<a} {S (g(t))df<a}
Rw=]

015 8cex o, 043 KOTOpbLY

i
P{Sg(g(l))dt=a}=0.

0
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JlokasaTenbCTBA 3THX YTBEPIKIAEHHH TOJAYIUM, PACCMOTPEB HYHK-
HHOHAJBL

()= s 20— R )= gty

BeneM GyHKUHOHAN yq (% (+)), paBHBIH HYJIO, ecn sup X (f) <a,
<1

M paBHBl x(T)— @, eciu sup x(t) = a, rie v— TakKasg ToYKa OT-

peska [0, 1], uto x(t)<<a npn t<7t, ax(t)=a yo(x(+)) Hasw-
BaeTCs BEJIMUHHON IepPBOro mepeckoka PYHKUHH X(-) uepe3 ypo-
BeHb 4.
Canencreue 3. Ecau a Takoso, uto das scex t << t, = [0, 1]
P{ sup &(s)==a}==0, 1o pacnpedesenue Yo (E,(-)) cxodurcsa
tisis <ty
& pacnpedeaenuro yq(E(-)). :
dTo yTBepkJeHHe BbITeKaeT H3 3aMeuanus 3 § 1 u roro, uto
Ya(X(-)) HenmpepblBHO Ha BceX Xx(-), AJS KOTOPLHIX & He SBAAETCH
JIOKAJbHBIM MaKCHMYMOM.



NPUMEYAHHUA

Huxecaenywomue NpEMEUaHusi COJEeP:KAT HEKOTOPble YKasaHusg Ha JHTepa-
TYPY MO 3aTPOHYTLIM BONPOCAM M He MpecJeAyIOT cBOell Lenblo AaTh MOJHYK Gub-
JAuorpaduI0 UAM OCBETHTb MCTODHIO OCHOBHBIX HJeH TeOpuH ClydafiHBIX mpouec-
coB. BOo MHOrMX cCJaydasgX Mbl TO3BOJHJN ce0e He CCHIIATBCA HA OPHIHHAJbHBHIE
TPYAHOLOCTYNHEE DPAaGOTh, a OTCBUIANM YHTaTesNs K Gojiee MO3AHMM yYeCHHKaM
¥ MoHorpadusM, cojepxamuMm Gubauorpaduio N0  COOTBETCTBYIOIIHM  BO-
[poOCam.

Inasa |

§ 1. CucTemaTuyeckoe M3ydeHHE BONPOCOB TEOPHH CJIyYaHHBIX NpOLECCOB
6biio Hauato B pagorax E. E. Cayuxoro [1] n A. H. Koamoroposa [7], 8] [1as-
HYIO POJb B CO3J@HHH TEOPHH CYYaiHBIX mpolleccos chirpamn pagorst A. H. Koa-
moroposa [7], [8]

§ 2. TayccoBnl mpouecchl IWHPOKO MPHMEHSIOTCA BO MHOTHX MPHKJANHBIX T€O-
PeTHKO-BEPOSTHOCTHHIX 3ajayax (cM., uampumep, . Kpamep, M. JlupGertep
{1]), B 3amauax CTATHCTHKH, NPOrHO3a ¥ GUALTPAUHM cAYYAHHEIX MPOLECCOB, B
TEeOPHH ONTHMAJBHOTO YOpaBJeHHs peleHusMH aAuepeHUHanbHbX YpaBHEHHH,
BOAMYIaembix cayuaiinniM npoueccom (P. HI. Jlunuep, A. H. Ilupses [1], K. Ocr-
pem [1]). MuoromepHoe o6oGlleHHe NEHTPANbHON NpeenbHOH TeOpeMbl BIEpBHE
Guito noayueno C. H. Bepuinrefinonm [3].

§ 3. Buepsble mpoliecc GPOYHOBCKOro JBHMEHH paccmartpusan JI. Ba-
menbe [1]. TONMUKOM K M3YYeHHIO NPOM3BOJBHEIX NPOLECCOB ¢ HE3aBUCHMBIMU TNIDH-
pamenusMy nocayxuia pabora B. ®unertu [1]. A. H. Koamoropos [4] nawen xa-
PAKTEPHCTHIECKY!0 (GYHKUHIO MPOM3BOJBHOTO NMPOLECCa C He3ABACHMBIMH NpHpale-
HHSIMY H KOHEUHBLIM MOMEHTOM BTODOro nopsiika; o6mas GopMyJa NpHHAAJeXHT
1. Jleeu [1].

§ 4. MapkoBCKHe IpOLleCCH C HempepLIBHEIM BpeMeHeM (B LIHPOKOM cMblcie)
M HX OCHOBHble THIHl Oblin BBedeHbl B padore A. H. Koamoroposa [8]. Teopembt
cyllecTBOBaHHs pelltenuit ypasnenu#l Koamoroposa snepsbie paccMarpusan B. @en-
aep [1], [2] )

§ 5. CraunoHapHbie TPOLECCH B UIMPOKOM cMulcie Gbini BBeaeHbl A. S, Xun-
quapiM [3]. Kone6aHust co cayyafinbiMu aMIAMTyAaMu ¥ (pasaMu paccMaTpUBainch
BO Muorux paborax. Cwm., wmanpumep, H. H. BoroawGos [l]. Cnektpaashoe
MpE/CTaBJCHAE KOPPENSUMOHHOH (PYHKUMU CTALHOHAPHOrO B IIHPOKOM CMBIC/e
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npourecca OGbuto mosyueno A. §. Xunmumnbim  [3], muoromepnoe o6o06ienue
navo T. Kpamepom [l]. ®opMyna ans KoppeauHOHHOA GYHKIHH OXHOPOLHOTO #
M30TPOMHOro CAy4aiiHoro noas comepxurcs B paGore k. lenGepra [1].

Faasa 1

§ 1. O6menpunaras B HacTOsIllee BpeMsi TEOPETHKO-MHOMKeCTBeHHAas aKCHO-
MaTHKa TeopHH BeposTHOcTed npengaoxena A. H. Koamoropoebim B 1929 r. ¥ us-
goxeHa B ero monorpadun [7]. Tlo noBoay Teopuu Mepbl M HHTerpasa cM. KHHTH
[1. Xanmoma {1], A. H. Koamoroposa u C. B. ®omuna [1]. Ona wsjaoxena Taxkxe
B8 yueGHHKax mo Teopun sepositHocreit. I1. Hesé [1], M. Jlosma [1], II. JI. Xeu-
uekena u A. Toprpa [1].

§ 2. OcuoBuas TeopeMma storo naparpada (teopema 5) poKazaHa B MO-
gorpadpun A. H. Koamoroposa [7] (zasi cemefictBa cayuaiiubix Benuuun). o-
Ka3aTesbCTBO TeopeMHl 6 MOXKHO Haiitd, manpumep, B kaurax II. Xaamoma [l1],
K. Hesé [1]. -

§ 3. Teopuss yCNOBHBIX BepOATHOCTEH M YCJOBHBIX MaTeMaTHYECKHX OXKHja-
uuft nocrpoena A. H. Koamoroposrim [7]. HanbHefimne ycoBeplIeHCTBOBAHUA NpPH-
wanaexat k. JI. Qy6y [1].

§ 4. O6wu#i sakon «0 uau 1» ortkpuir A. H. Koamoroposwim [7]).

Taasa 111

§ 1. Maprudranel paccMaTpHBA/JHCh Da3HBIMH aBTOPAMH, HO HX cHCTeMaTH-
qeckasi Teopua MHoruMm ofsasama JUxk. JI. Hy6y [1]. EMy npunapgiexar ocHOBHbIE
HepaBeHCTBa [/ MapTHHrAJOB, TeOpeMa O CyLlecTBOBAHUHM Mpejesa, MOHATHe MOo-
AyMapTHHTasa ¥ APYrHe peayabTatol. Dojblue cBefeHuil 0 MapTHHIAjax MOMKHO
uaiita B MoHorpaduax Jxk. JI. [lyGa [1], Meitepa 1], J)K. Hesé [2]. /

§ 2. OcHoBHble wuien W pe3yJbTaTbl 3TOro  naparpada  npuHaznexar
A. H. Kosmoroposy u A. §I. Xunuuny [1] u A. H. Koamoropoy [1]. Bonee mno-
NPOGHO pAAL HE3aBHCHMBEIX CJyuYafiHBIX BeJHYHH PacCMOTPeHbl B MOHOrpadusx
k. J1. Oy6a [1], M. Jlozsa [1}, A. B. Cropoxona [6].

§ 3. BoanukHOBeHHe 3PTOAHYECKOll TeOPeMbl CBA3AHO ¢ MPOOieMaMu CTaTHUCTH-
geckoil mMexaunku., CM. no aromy mosony kuury A. §I. Xunuuna [5]. Tlepsuie apro-
nuueckde teopemit JIxk. Hefimana u k. Bupkxoda mociyXu/inm mayanaoM HHTEH-
cuBHOro passutus Teopuu. OG30p mepBOro NepHOAA DAa3BHTHS 3PTOAHUECKOH Teo-
pun cozepxutcsa B MoHorpatun E. Xonda [1]. ITpocToe 10Ka3aTesbcTBO TeOpeMBl
Bupkxoba — Xunuuna npennoxeno A. H. Koamoroposum [9], Ianbneiimee pas-
BHTHe 3Profvueckofi Teopuu ocsenteno B kuurax [1. Xanmoma [2], TI. Bramunr-
caes [1].

§ 4. 3amaun TeopuH BOCCTAHOBJIEHHS HEOAHOKpPATHO oOCYKAa/luch B Teo-
PeTHUECHX U T[PHKJAZHBIX TEOPETHKO-BEPOSITHOCTHHX padorax. Cm. B. Ces-
aep [6].

§ 5. Llenu MapkoBa ¢ KOHEYHBIM YHCJOM cOCTOsiHUI Gbuin BBeierbl (1906 r.)
n usydens A. A. Mapkosem [1]. OGuiee ompelenenue uenu H mpoliecca Maprosa
npunagnexnt A. H. Koamoroposy [8].
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§ 6. llenn MapkoBa cO CYETHLIM UYHCJIOM COCTOSIHHH BIEpBLIE H3Y4aauch
B paborax A. H. Koamoroposa [6] u B paajbyefilieM MHOTHMH aBTOPaMH.
Cm. B. ®eanep [3], Uxyn Kait-nait [1], Hx. Hdx. Kemenn, Hx. JI. Caean,
A. Kuann [1].

I'nasa 1V

§§ 1—3. B0o3MOXKHOCTL NOCTPOEHHsT CAyualHOro mpouecca, cTOXacTHYeCKH 3K-
BHBAJICHTHOTO JAHHOMY, BHIGOPOYHble (YHKIHH KOTOPOro YAOBJETBOPAIOT Olpe-
J¢/ieHHBIM YCJAOBMAM pery/aspHOCTH, BnepBbie paccmatpusanu E. E. Cayuxudl u
A. H. Koamoropos (cM. padory E. E. Cayukoro [2]). B nanprefimeli paspabotke
BU3HHKAIOIYX 37€Ch BONPOCOB M Pa3HbIX BAPHAHTOB AKCHOMATHUYECKOrO Onpejese-
Husg cayvafiHoli (QYEKIMH MHOrO CYUIECTBEHHBIX Pe3yJabTaTOB [PUHAIJIEKHUT
HAx. JI. Oy6y. CcrlIkM Ha nepBOHauasbHble paloOTH COAEPXKATCA B €ro MOHOrpa-
¢un [1]. OcuoBuble uaen u Teopemn §§ 2, 3 mpumaznexar k. JI. LyGy.

§ 4. Teopema 1 B HeckoabKo Gosiee caabod GopMyaupoBke Oblla A0Ka3aHa
H. H. Yenunosnm [1], Teopema 2 — JIx. Kunnu [1] (a4 MapKOBCKHX HpOLECccOB).
OrcyTcTBHE paspblBOB BTOPOFO poja y CTOXAcTHUeCKH HeMpPepHIBHBIX IIPOLECCOB
¢ HEe3aBHCUMBIMH NpHpauleHussMu ycranosda I1. Jlesu [1].

§ 5. Teopema 2 mokasana HezasucuMo E. B. Hemxuueiv [1] u Jx. Kannu
[1] (nnst mapkosckux mpoueccoB). Heckoneko Goaee caaGuiii BapuaHT teopemnl 6
npunaanexut A, H. Koamoroposy u Bmepsoie onySaukopan B padote E. E. Cayu-
Koro [2}; no moBOAY JOKaNbHHX CBOWCTB TayCCOBBIX NPOLECCOB CM. MOHOTpaduio
[. Kpamepa u M. JlunGerrepa [1] u nomemennnifi B Heft o63op 0. K. Beasesa.

§ 6. CpolictBa BBHIGOPOYHBIX (GYHKUMH [OJYMapTHHraJ10B  paccMaTpuBal

Ax. JI. Oy6 [1].

Fnaa V

§ 1. Bejlenrie B TeOpHIO THALOEPTOBA NPOCTPAHCTBA MOXHO HAHTH B KHHTE
A. H. Koamoroposa u C. B. ®omuna [l], Gosee nosinoe H3JjOKeHHe — B KHHUTe
H. 1. Axuesepa n M. M. 'nasmana [1].

§ 2. Cm. E. E. Cayuxuit [1], M. Jloss [1], [2].

§ 3. Teopuro croxacTuueckux  uHTerpanos  npemjoxun I'. Kpawmep [1];
A. H. Koamoropos BrepBbie BHISICHHJ CBSI3b CTOXACTHUECKHX HHTETPAJIOB H TEOPHHU
CNeKTPaJbHBIX NPeAcTaBieHHH caydalfHEIX QYHKUME c TeopueHl ruapdeprosa Mpo-
crpanctsa [10], [11], [12].

§ 4. Teopema | npunaagexur K. Kapyneny [1], Teopema 2 —I'. Kpamepy [1]
Bosiee moapo6HO O CHEKTPasbHONl TEODHH CTAUHOHAPHBIX [IPOLECCOB CM. MOHOrpa-
¢un E. Xennana [1] u I'. Jxenxnnca u 4. Barrca 1)

§ 5. Bosiee 06myio teopuio auHefiHbIX MPeoGpa3cBaHufl coyyaliHBIX NPOIECCOB
MOXHO IIOCTPOHTb C [OMOIUBIO TeODHU OOOOLIEHHBIX C/AyYaBHBIX MPOIECCOB, MpPEX-
aoxennoil M. M. Tenvdangom u K. Uto (cm. K. M. T'eavdana u H. 5. BuneHkun
[11, K. UTo [5]).

§ 6. OcuoBHBle pe3ynbTaThl IJs CTALMOHAPHLIX TOCAEeI0BATENBHOCTEH [OMY-
uennt A. H. KoamoroposuiM [12], gas npoueccoe — K. Kapyuenom [2].
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Fnasa VI

§ 1. OGwasn Teopus cayuafiubix Gayxkpaanui uanoxena B Kuure ®. Cruuepa
[2], TaM Ke MOXKHO HaliTH M YKa3aHus HA NEPBOMCTOUHHKH. YCJOBHA OTPaHHYeH-
HOCTH cayyafiHOro Gymianusi u GOpPMYyJbl AJA paclpefeneHHss MakcHMyMma Hai-
el @, Cnunepom [1]. PacnpeneneHne BeJMUHHB M MOMEHTA I€PeCKOKa H3yua-
aoct B. A. PorosuneuM [1].

§ 2. OGoGuwennmii npoumecc Ilyaccona Gbln Beeaen A. §l. Xunuunbm [1].
Pacnpefenenye BelHYHHBI M MOMEHTA I1€PeCKOKa 4epe3 HEKOTOPLil ypOBeHb H3Y-
yajock B padorax B. A. Porosuna [2], I. B. I'ycaka [1]. .

§ 3. Crporoe mOCTPOeHHe BHHEPOBCKOIO hpollecca H H3ydeHHe CBOHCTB ero
BLIGOPOUHKX (ynKuuil 6e10 npoBeseno H. Buunepowm [1]. Yciopue nenpepsiBHOCTH
nporecca ¢ He3aBHCHMBIMH NpupauleHusaMu npunanexut A, Sl Xunuusy [1] ra L.
PesyabTaThl TeopeM 2 M 3 BbITeKalT n3 obmux pesyasratos M. I Tlerpos-
ckoro [1].

§ 4. Paanoxenue mpollecca Ha HEMPEPLIBHYIO H CKAYKOOOPA3HYIO COCTABJAIO-
mue npopeaexo I1. Jlesu [1]. Tam nmoayuen u BHBOL ofuiell HOpMYJIsl Aas Xapak-
TepHCTHUECKOH (YHKLHH NpoLiecca ¢ HE3aBUCHMBbIMHM MpHpawleHHsMH. B uacTHeix
cayuasix sta popMmyna Opaa moaydena B. ®umertn {1}, A. H. KonmoroposbiM [41.
Hcnonb30BaHHLIA B KHHTe METOJ H3YUEHHsI mpouecca ¢ MOMOULbIO Mephl, NOCTPOeH-
Hofl no ckaukawm, npuaagiexur K. Hro [1, 7].

§ 5. PocT OZHOPOJHBIX MPOUECCOB ¢ HE3aBUCHMBIME MPHpALIEHHAMH H3yYasH
A. . Xunuun [4], B. B. Tneaenko [1], [2]. 3axon mosTopHOro jorapudma i BH-
HEPOBCKOTO npollecca Aokasad A, §. Xunuunpim [l], ra. V.

TaaBa VI

§ 1. OcuoBoit ofuIefi TeOpHH MAapPKOBCKHX NPOLECCOB  MOCAYHKH./IA pa6ora
A. H. Koamoroposa [8]. HanbHefimuii aHanus onpejeneHust MapKOBCKOrO mpouecca
uposegen Jx. JI. dyGom [1]. HanGonee ofluee onpeneneHne 3TOrO MOHATHS IPH-
seneno B kuure E. B. [Iuinkuna [4]. TToHsiTHe cTPOrod MapKOBOCTH —H3Y4asoch
Ix. JI. Oy6om {1}, E. B. Ouuxuueiv [5], E. B. Qumkuse # A, A, IOmkeBuueM
[1]. JocraToynoe YcjioBHe CTPOTOH MapKOBOCTH MOJYYEHO E. B. JIblHKUHBIM H
A. A. IOukesuuem [1].

§ 2. Ckaukoofpasuble MpoOleccH ¢ NPOH3BOJBHEIM  (HaA30BEIM mpoCTpaH-
creoM msyuenn k. JI. JlyGom, M3/I0KeHHe €ro pe3y/bTaTOB HMEETC B €ro xe
kuure [1].

§ ‘3. Tlpouecchl cO CYETHLIM UHC/IOM COCTOAHMHA, B TOM uHc/Ie BBIBOX YpaBHe-
mufi Koamoroposa — cM. A. H. Koamoropos [8]. IndpdepenuupyeMocTs BeposTHO-
cteft mepexoxa yeranosaena A. H. Kosamoropossiv {13]. Teopemsr cyulecTBOBanus
pewenuit ypasnernii A. H. Konmoroposa usyuasuch B. ®eanepom [l], [2]. Obuwei
TeOpHH OIHOPOLHBLIX TPOIECCOB CO CUETHBIM MHOXKECTBOM COCTOSHHH TOCBAIEHA
kuura K. JI. Uxkyna [1].

§ 4. MHorousic/ieHHble ecTecTBEHHOHAYuHbIe MPUMePH mpoieccos Mapkoea, B
TOM uMC/JE [POLECCOB DPOXKJIeHHS M rufeid, MOXKHO HaiiTH B KHHUIE B. den-

aepa [3].
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§ 5. Bertmsumyecs npolieccsl ¢ AHCKPETHLIM BpeMeHeM BIepBble paccMaTpHBa-
auch B pabore TI'. Barcoma n B. TanbTona [1]. OGumee onpenenenle peTBslle-
rocs npoumecca pano B crathe A. H. Kosmoroposa u H. A. [mutpmesa [l].
Jas uwacrosmero naparpada ueronbzopaHa obsopras crathd B. A. Cesacrba-
uwoBa [1].

Faasa VIII

BeposiTHOCTHAR TpakTOBKa sBacuus muddysun paccmorpena A, . Xumuu-
upm 1}, 1. 111 CroxacTuueckue AuddepeHuHasbHble YPABHEHUs s cayyadHbiX
npotieccoB paccmatpubasuck C. H. Bepumreiinom [1], H. N. Tuxmanom [1], [2],
K. Hro [3], [4]. 3aech HcTOJb3yeTcsl B OCHOBHOM TEPMHHOJIOTHSI M O0O3HAUeHHs
K. Hro. Bosee ofliee H3noxeHHe TEODHH CTOXacTHYeCKHX AM(depeHlHanbHbIX
ypapuennii — B Kaure WM. U. Tuxmana u A. B. Cxopoxoza [1}.

§ 1. OcHoBHBle pesyabTaTkl 5TOro naparpada npuHafjexart K. Uro {2, [6]

§ 2. Ypasrenus B Takofi dopme paccMarpusan K. Hro [3], [4]; um noxkasana
TeopeMa CYIIECTBOBAHUA H €JWHCTBEHHOCTH, a TaKxKe TO, TO pellleHHe GyjAeT mpo-
neccoM Mapxkoga.

§ 3. HOuddepenuupyeMocTs pelleHHl CTOXAaCTHYECKMX ypABHEHUH N0 Hadalb-
HbIM gaHHbM yeranoBua WM. U. T'uxman [2].

§ 4. Vnes sumsona ypasuennii Konmoroposa, ucnoansys an¢depennupye-
MOCTb pellieHHs] CTOXAaCTHYECKOTO ypaBHEHHs [0 HayajbHBIM JAHHBIM, TPUHHAAJE-
xuT U. WU, Tuxmany [2] BuiBon ypaBHeHHH AJs pacmpefeseHust aiJIMTHBHOTO
(GyHKLHOHANA OT npollecca GPOYHOBCKOrO ABHMKEHHsI NPUHAINEKUT M. Kauy [1},
[2], a B o6wem cayuae — E. B. Ouikuny [3]. .

§ 5. [pumenenue mudepeHUHAIbHEIX YPaBHEHHHA K CJAYYaHHBIM OJYKAaHUAM
B orpaHmuenHoll ofmactu npepnoxeno M. T. Tlerposckum [1]. duddysuonusie
polieccHl B OrpaHHueHHbX 06aacTax paceMarpusan A. f. XuuunH [1], ra. 111, IV.
Pacnpenenenus (YHKIHOHAJIOB, CBS3AHHBIX ¢ BpeMEHeM JOCTHXKEHHs IpaHull OAHO-
MepHbIM Au(Gy3HOHHBIM mpoueccoM, usydan P. 3. Xacomuackuit [1]. Onnomep-
Hble anddysHounble mpoueccsl paccMoTpenni B kmure M. M. T'mxmaHa u A. B. Cxo-
poxoza [1].

§ 6. YcioBusi aGcoJIOTHOH HempepblBHOCTH Mep M BHA HJOTHOCTH AJfA Iug-
dysuonnbIX mpoueccos uayuamucs M. B. T'upcanosmm [I] u A. B. Ckopoxoznom [4].-

Tnaea 1X

ITpesesbnble TeOpeME AJS BeposiTHOCTell COCHLITHH, 3aBHCAIIMX OT Bcefl Tpaek-
TOpuy mpoliecca (BePOSITHOCTEA TOrO, YTO Mpolecc OCTaeTcs B KPUBOJIMHEHOH MO~
noce), paccmatpusany snepsbie A. H. Koamoropos [3], [5], M. T. Terporckuii [1]
u A, §1. Xununu [1]. Tleppas ofmas npeaenbnas TeopeMa Ans NPOU3BOJBLHEIX He-
NnpepsIBHEIX B MeTpuKe ¥ ¢ynxuumonanos nomyuena M. Jlonckepom [1] (B caydae
CXOZIMMOCTH CYMM OJMHAKOBO DPaclpefeieHHbIX He3aBHCHMBIX CJYYadHBIX BETHUHH
K npoueccy GPOYHOBCKOTO IBHKEHHS).

§ 1. Bonpocsl ¢1aGoll cXOAHMOCTH Mep B METDPHUECKHX NPOCTPaHCTBay H3ydal
10. B. TIpoxopos [1], [3].
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§ 2. O6uiasn nmpelenbnHas Teopema AAS HENDPEPBLIBHLIX MPOLECCOB MOJYyYEHA
0. B. Ilpoxoposuim [1], [3].

§ 3. IlpeneabHble TeopeMbl /s DA3JHYHLIX YaCTHLIX C/y4aeB pPaccMaTpuBa-
auch A. H. Koamoroposuim [3], [5], M. Kauem u I1. dppemem [1], [2]. O6masn Teo-
pema npunaptexut 0. B. Ilpoxoposy [1], [3]) UacTHbiit cayuait (caencTBue) mo-
ayded panee M. JloHckepom [1].

§ 4. KoukpeTHeie cayyad CXOIMMOCTH K AM(Qy3HOHHBEIM IpoLieccaM paccMma-
tpuaa C. H. Bepuwreitn [1], [3], A. . Xunuun [1], U. HU. Tuxman [4], [B], Teo-
peMbnl Aast %-HempephBHBIX (yHkuuoHanoB — I'. Mapysma [1], 1O0. B. Tlpoxopos
[2], A. B. Ckopoxox [4], [5].

§ 5. CxopuMocTb, paccMOTpeHHas B 3ToM maparpade, sBefeda A. B. Ckopo-
xonom [1]. MurepecHas npenenbHas TeopeMa JAJs INIPOLeEccOB (e3 pa3pbiBOB BTO-
poro poxa noayuena H. H. Uennosnim [1].

§ 6. IlpesenbHas TeopeMa [Js BepPOATHOCTH TOrO, 4YTO I0CJAEL0BATEJIbHOCTh
CYMM JIeXKHT B KPHBOJHHefiHo#t mosoce, noayuena M. M. T'mxmanom [3]. Obummue
TeopeMHl 1A (yHKUHOHAMOB paccMartpusanu A. B. Ckopoxon [2], 0. B. Ipoxo-
pos [3;
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